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Cell Biology: Epidermal Growth Factor binding/dimerization

Early events of EGF signaling
.
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Some challenges and questions:

« Disparity in scales and models;
DNS require ensemble averages for large systems

* Model reduction, however no clear scale separation;
need hierarchical coarse-graining

« Deterministic vs stochastic closures;
when is stochasticity important?

« Error control, stability of the hybrid algrithm;
efficient allocation of computational resources
adaptivity, model and mesh refinement
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A mathematical prototype hybrid model

We introduce the microscopic spin flip
stochastic Ising process {o,}..,

Coupled to a PDE/ODE that serves as
a caricature of an overlying gas phase

dynamics.
d 1
— Ef = —ELf
~ (o) . (o)
d 1
d_ =—9(X,0)
Te
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The Stochastic Component: %Ef (o) EET (o)

7

We assume a lattice A and denote by
o(x) the value of the spin at location x 01 0 1 1 o(X

A spin configuration c is an element of
the configuration space ¥ ={0,1}*
and we write

o={o(X):xe A}

The stochastic process {c,}., isa
continuous time jump Markov process
on L°(Z,R) with generator L

Lf (o) =2 c(x,0)[f(c")~ (o)]

XeA
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Arrhenius

The Stochastic Component: Spin-Flip Dynamics

The Arrhenius spin-flip rate c(x,s) at lattice site x and spin configuration c is given by

c.e PV hen o(x) =0
C(X,G):{ d W G( )
C

when o(x) =1

a

with interaction potential U (x) = Z J(x,2)o(z)=h(X)

and local interaction via J (X,y)= 1 V [ XY
2L+1 \ 2L+1

Parameters/Constants:

" o —c _ 1 where T, Is the characteristic time of the stochastic process
a~ vd

-
. L denotes the interaction radius
 V is usual taken to be some uniform constant
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The Stochastic Component: %Ef (o) EET (o)

7

Equilibrium states of the stochastic model are described by the Gibbs measure at the
prescribed temperature T

e
/uﬂ,N(dO-):Ze it )PN(dJ)

1
where H(o)=—— ZU (X)o(X) is the energy Hamiltonian for £ = %
XeA

and B, (d0)= [ pldo() witr  pe()=0)=-, plo()=D=>

XeA
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The Stochastic Component: %Ef (o) EET (o)

7

The probability of a spin-flip at x during time [t, t+At] is
c(x, o)At +O(At?)

The dynamics as described here leave the Gibbs measure invariant since they satisfy
detailed balance,

c(x,0) =c(x,07)exp(-pA,H (o))

where A H(o)=H(c")—-H(o)
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The Deterministic Component 7,—-= g(X,5)

Some examples for the ODE

cGL: g(X,o)=(@a(@)+ia)X —y| X[ X +9X"
Bistable: g(X,o)=a(c)X +yX°
Saddle: g(X,o)=a(c)+X?

Linear: g(X,o)=a(c)+b—-cX
where a(c) depends linearly on &
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Hybrid System Coupling

The stochastic system and the ODE are coupled via, respectively:

« The external field, h= h()_{)

« The area fraction ¢ (or total coverage) defined as the spatial average
of the stochastic process o,

EZ%EG(X)
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Part |. Deterministic Closure
The main requirement is the ergodicity property of the stochastic process

N -~ -
lim = 0g(X,crt)dt:g(X)

T—)ooT

Due to special structure of g (depends linearly on ©)
we have

g(X)=E,,,9(X.5) =g(X,E, &)=0(X,u,(h(X)))

Where U (h) can be found from the known Gibbs equilibrium measure

(=23 T o(e ™R, (0)

oy XeA
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Part |. Determ

Suppose X = X(t) is the solution of the

hybrid system:

<

And X = X(t)is the solution of the

(reduced) averaged system:

Inistic Closure

d 1
il = — ELf
- (o) - (o)
_tyzig(f,gt) for te[0,T]
YO—X
Givenu,  (h(X,))
d_ 1 _ .
d—Xt=—g(Xt,U/;,N(h(Xt))) for tE[O,T]
t (P
L X=X

On an arbitrary bounded time interval [0,

lim P
020 o«t<T

T] with fixed N and tc we have:

sup | )?(t)— X(t)[>0)=0 foranyo>0
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dx/dt = f(t,X)

Stability and Potential Wells

Stabilty Profile. (b=1,714-0.05, B, =2)
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Energy Profile and Wells (b=1,jqe=-0.05, B J; =2)

T T T T
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Height Difference (rel to ‘Cc)l 1.055510=1 0555
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Space X. (Ext. Pot. = 5X-1, rc=1)
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Solutions of the coupled system
Direct Numerical Simulation vs Deterministic Closure

o___ 100
Time t (‘Cc=1 ).

Initial
— DNS
—— Aver. Principle Sol.
o S50 | 100 150 200
Time t (tc=0-1 ).
Initial
— DNS
—— Aver. Principle Sol.
o 5 150 200

Remaining ...

Remaining ...




A Rare Event
Direct Numerical Simulation vs Deterministic Closure

Initial Remaining ...

—— Monte Carlo data
1+ —— Awver. Principle data

Space X

o 1000 2000 3000 2000 6000 800 10000 12000
Time t ("Cc=1 )- B Jo = 0.01, Ext. Pot

Deterministic closures can fail in extended time simulations.
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Another example: Coupled system with Hopf ODE
Direct Numerical Simulation vs Deterministic Closure

System solution. X(0) = Y(0)=1 System solution. X(0) = Y(0)=1

Solutions X(f)
Solutions X(t)

9550 2600 9650 9700 9750 2800 2850 9900 9950

—— Stochastic System
‘ —— Awveraging Principle

Solutions Y(f)
6
«

Solutions Y(t)
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©
s ©
S
= -0.5
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- .
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So.

0.9

2 closures
o 0.85 L.
S ©os can fail if =>>1
% 0.75 )
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Part Il. Stochastic Closures
We define the coarse random process, 7(k) = ZO‘(X) fork=1, ... m
xeDy

and n={nk):keA} with 7r(k)e0l..g and N=mgq

where A = 1; N[01] (naturally A, = A
m

Fine Lattice A
Viicro Coarce Lattice Ac
cells: 234
- +r rrrrrr!r!rr!r e ! ! r " " ! T T T Y LY Y Y T T T e T T LT
rrrrr 1"+ttt ¢+t 7r 7Tt > 177> 171717177 °00 1707177171717 171717717177 1717717 1T 7171
Coarse 1 5 3 4
cells

Total number of micro cells: N
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Part Il. Stochastic Closures

The coarse grained generator for the Markovian process 7 is defined to be,

L.f () =D c.(kp)[f(m+58)—f(m)]

+Cy (KT (7 =6)—1(7)]

For any test function f e L°O(Hn,q; R) where the coarse level
adsorption/desorption rates are,

C.(K,77) = do[q—-7n(K)]
c, (k,17) = dorp(k)e e

With a corresponding coarse potential

U (k)= J(k,Dn(1)+3(0,0)(7(k) ~1) —h(X)

leA,
Ik
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Compare Stochastic Transient and Equilibrium Dynamics.
Microscopic %Ef (a):iELf (o) vs Coarse Grained %Ef’(n)ziELCf’(n)

7y 7

Coverage in Time
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Coarse Grained Stochastic Closure

Our Coarse Grained system therefore becomes,

d

-

1

X ==—0q(X,77
it Tcg( 7)
<
d ., 1 ,
d—Ef (7)=—EL.f'()
\ { T,

and gives a stochastic closure at this level.

»  This stochastic closure is expected to be valid for all time since no
linearization arguments or use of expected values are involved.

« This stochastic closure is an approximation to the original hybrid system
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Direct Numerical Simulation vs Stochastic Coarse Grained Closure (q=20).

Microscopic vs coarce grained (g=20) solution X

| | |
— Total CPU time: 15 min. 25 sec. | |

-— - Total CPU time: 56 sec.
Fast Stochastic Case h
A AN AVA < .' y /N VA% v Va A
| | | | | | | | | I_
50 100 150 200 250 300 350 400 450 500
T T T T T T I I I T
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-— - Total CPU time: 58 sec.
- Equivalent Characteristic Times 7
= | | | | | | | | | 4
50 100 150 200 250 300 350 400 450 500
T T T T T T I I T T
— Total CPU time: 16 min 34 sec.
B -— - Total CPU time: 57 sec. .
B Slow Stochastic Case n
B ——+ — 1 1 — i —1— 41"—\—0':
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Time t
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Hopf Bifurcation
Direct Numerical Simulation vs Stochastic Coarse Grained Closure (q=20)

System solution. X(0) = Y(0) =1

Solutions X(t)

1
9000 9100 9200 9300 9400 9500 9600 9700 9800 9900

— Microscopic
— - Coarse Grained (q=20)

1k I I 1 L/ | I I ]

9000 9100 9200 __ 9300 9400 9500 9600 9700 9800 9900
Time t (a(o, _)=4(c,_-0.5))

Solutions Y(t)

bar

Mean Coverages

9000 9100 9200 9300 9400 9500 9600 9700 9800 9900
Time t (zr = 5, beta=2, JO=1, L=20, N=1000)
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Rare events
and
Phase Transitions
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Solution X

Reuvisit the rare event: Direct Numerical Simulation vs Stochastic Coarse Grained Closure

0.8

0.6

0.4

0.2

We can capture the rare event

Comparisons of Coupled System Solutions in Time

Microscopic g=1, CPU time = 21min and 36sec
Coarse-grained q=10, CPU time = 1min and 37sec
Coarse-grained =20, CPU time = 1min and 35sec
B J0=0.01

Total m x q =1000

Pot. Radius=20

200

400 600 800 1000
Time (non-dim)
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In the case of phase transitions the Coarse Grained closure

still agrees with the DNS solution.

The Free Energy Minimizer uB(h)

1 T 'I T T T T
o9f -
0.8f .
0.7} -
(&)
c 06 _
K=
©
Nosr s
@D
[ e
8)0 4 .
So
0.3 -
02 -
BJ,=6
0.1 B J0= 4 - )
BJo=2
0 T | | | | 1
-4 -3 -2 - 0 1 2 3 4
External Potential h
q DNS 2 4 5 10 20 25 50 100
Rel Error % | O .01 .22 .38 .82 3.42 491 17.69 77.73
CPU(sec) | 309647 132143 85449 58412 38344 16215 7574 4577 345
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Solutions X

Solution Differences
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0.1
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-0.04
0

Direct Numerical Simulation vs Coarse Grained Closure (for g = 10)

Externally Driven Phase Transitions

Microscopic and Coarse Grained (q = 10) Solutions in Time
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2000 3000 4000 5000 6000 7000 8000

Differences of Solutions: XMicro—X oG

B J0=O.01, N=1000 Nodes, Pot. Radius=20

9000

1000

2000 3000 4000 5000 6000 7000 8000
Time (non-dim). = = .001

9000 10000



Solution Differences

Externally Driven Phase Transitions
Direct Numerical Simulation vs Coarse Grained Closure (q=50, 100)

Solutions X

Microscopic and Coarse Grained (q = 50) Solutions in Time Microscopic and Coarse Grained (q = 100) Solutions in Time
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Error Estimates

Theorem: Suppose the process Ul defined by the coarse generator L, is the coarse
approximation of the microscopic process {0i}iqor; then for any q < L and N where mg=N
The information loss as g/L -> 0 is

1 c .
N R(TQTJO,[O,T] | Qﬂo’[O’T]) =T O(Ij

Theorem: Let w € L°(Z.) be a test function on the coarse level s.t there exist a test function
peL”(Z) with property v(To)=¢(o). Given the initial configuration o, we define the coarse
configuration 7, =To, Assume the microscopic process ({o.}.0,A} with the initial condition
% and the approximating coarse process ({77.}w0. A} With the initial condition 7o =Ty then
the weak error satisfies for final time T,

|Ely (Tor)]-Ely ()]l C, [%j
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Intermittency and
Metastability Phenomena
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Phase transitions Il Strong particle/particle interactions (FhN equation)

iX =ao +b—-cX
dt

EEf (o) =ELf (o)
dt |

Step 1: Mean field approximations (ODES):

d
—X=au+b—-cx
dt

d — I u+h(x(t))
aEf (o)=1-u—-ue ™

Bistable, excitable, oscillatory regimes (strong interactions)
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Analysis of CG signal for X. q=1 and q=10
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Auto-corr

Raw Signal

6]
4]

4)
o

0.8

0.6

0.4

0.2

Analysis of CG signal for X. q=1 and q=50
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Periodogram

Power spectrum

[ — q_1
! n — — q=50 | |
| 1
|
ool 'lfn \
\ l|ﬂ \ .
\‘lﬁﬂ%}yﬂw ( lw
TR Ly i ‘3' ) \l(\
AT | 'lm Al
| Kl _
' Vil
| ﬁJJ“y N

\\;l ' V\J\{\T\\M\,\/ _
VP A XK

Power spectrum

O = N W »h 00 O N

r'/"‘//" v \L’\J‘L"/‘Y\’W -
| | | | | | | SE VT WA o o At
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
x 107
TN X T T T T T T
4\'/ \{\) //\,\/ '\‘/\\-/ o q_1 =
i ¥ — - 9=50
. \' 7N —
'\\/\// M/ o
o~ \ \7 |
J \\
\\',\. _
\Vv
AR _
AN
l l l l l l l T T.’—'“ T
0.01 0.02 0.03 0.04 0.05 0.086 0.07 0.08 0.09 0.1

Frequency

Alexandros Sopasakis, UNCC



Conclusions

Presented a coupled Prototype Hybrid System consisting of:
Stochastic Noise M odel
{CGLtype— General Bifurcating ODE
capable of describing the behavior of several different physical systems

Studied two types of closures for this system:
a) Deterministic (averaging principle, mean field)
b) Stochastic  (coarse grained Monte Carlo)

Examined solutions under extreme phenomena exhibiting

* rare events,

» phase transitions and

* intermittency/metastability effects.
Deterministic type closures (averaging principle / mean field) are valid for finite
time intervals (T <<) and for the case of fast stochastic dynamics (z — )
relative to the ODE

The (stochastic) Coarse Grained Monte Carlo closure seems to be always valid
under certain conditions: g < L
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Last but not least the CGMC method offers much more than just
agreement in average quantities.

There is spatial agreement as well
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