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All algebras defined over C.

A: C-vector space, A associative algebra if
Dm : AbC A ÝÑ A such that

AbC AbC A
mb1 //
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// A

+ unit µ : C ÝÑ A.
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A coassociative coalgebra if D∆ : A ÝÑ AbC A such

A
∆

//

∆

��

AbC A

∆b1

��

		55

AbC A
1b∆

// AbC AbC A

+ counit ε : A ÝÑ C.

bialgebra = algebra + coalgebra + compatibility conditions
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Hopf algebra = bialgebra + antipode (“multiplicative inverse”)

g: Lie algebra. Ug is a Hopf algebra. For X P g:

∆pX q � X b 1 � 1 b X , εpX q � 0, SpX q � �X .

g semisimple ; Uqg, q P C: quantized enveloping algebra

Uqg: defined by ei , fi , k
�1
i and q-deformed Serre relations.

For gln, D other definition.
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Set

R �
ņ

i ,j�1

qδijEii b Ejj � pq � q�1q
ņ

i,j�1
i¡j

Eij b Eji P EndCpCnqb2

In EndCpCnqb3:

R12 � R b 1, R23 � 1 b R , R13 : � b 1 b �

Quantum Yang-Baxter equation:

R12R13R23 � R23R13R12
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Uqgln � xtij , t ij |1 ¤ i , j ¤ ny

T �
°n

i ,j�1 tij b Eij , T �
°n

i ,j�1 t ij b Eij

Relations for Uqgln:
T : upper triangular, T : lower triangular

tii t ii � t ii tii � 1, 1 ¤ i ¤ n

RT2T1 � T1T2R in Uqgln bC EndCpCnqb2

+ two more sets of relations.

Explicitly:

qδij tiatjb � qδabtjbtia � pq � q�1qpδb a � δi jqtjatib
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∆ptijq �
ņ

k�1

tik b tkj , εpT q � I , SpT q � T�1

Lgln � gln bC Crt, t�1s: loop algebra.

Need

P �
ņ

i ,j�1

Eij b Eji :

ò

Cn bC Cn

Rpu, vq � u rR � vR where rR � PR�1P � R � pq � q�1qP
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UqpLglnq � xt
prq
ij , t

prq
ij |1 ¤ i , j ¤ n, r P Z¥0y with relations:

t
p0q
ij � t

p0q
ji � 0, if 1 ¤ j   i ¤ n, t

p0q
ii t

p0q
ii � t

p0q
ii t

p0q
ii � 1

Set T puq �
°n

i ,j�1 tijpuq b Eij where tijpuq �
°

r¥0 t
p0q
ij u�r .

Rpu, vqT2pvqT1puq � T1puqT2pvqRpu, vq

+ two more sets of relations.

Coproduct and antipode:

∆ptijpuqq �
ņ

k�1

tikpuq b tkjpuq, SpT puqq � T puq�1
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Y pglnq � xT
prq
ij |1 ¤ i , j ¤ n, r P Z¥0y with relations

Rpu � vqT1puqT2pvq � T2pvqT1puqRpu � vq

where

T1puq �
ņ

i ,j�1

Tijpuq b Eij b 1, T2puq �
ņ

i ,j�1

Tijpuq b 1 b Eij

Tijpuq �
8̧

r�0

T
prq
ij u�r , Rpu � vq � 1 �

P

u � v
.

Y pglnq: Hopf algebra, same formulas as for UqpLglnq.

Y pglnq is a deformation of Upgln bC Crtsq.
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θ : gln ý

glnpCrt, t�1sqθ � invariants �

tX b pptq P glnpCrt, t�1sq|θpX q b ppt�1q � X b pptqu.

glnpCrtsqθ � invariants �

tX b pptq P glnpCrtsq|θpX q b pp�tq � X b pptqu.
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Ex.: θ1pX q � �X t , glθn � on.

Ex.: θ2pX q � �JX tJ�1 where J �

�
0 In
�In 0



, glθn � spn.

Ex.: 1 ¤ p ¤ n, Θ � diagp

phkkikkj
1, . . . , 1,

n�phkkkkkikkkkkj
�1, . . . ,�1q.

θ3pX q � ΘXΘ�1,
glθn � glp ` gln�p
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θi ÐÑ glnrt
�1sθi ÐÑ Uθiq glnrs

�1s

Definition

Uθ3
q pLglnq � xs

prq
ij |1 ¤ i , j ¤ n, r P Z¥0y � UqpLglnq,

Spuq � psijpuqq
n
i ,j�1

Spuq � T puqG puqT pu�1q�1

where

G puq �
uJ � u�1J�1

u � u�1
, J : matrix
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Theorem (G-Ma)

lim
q ÞÑ1

Uθ3
q pLglnq � UpglnpCrt, t�1sqθ3q
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θi ÐÑ glnrts
θi ÐÑ Y θi pglnq : twisted Yangian.

Definition

Y θ3pglnq � xb
prq
ij : 1 ¤ i , j ¤ n, r P Z¥0y � Y pglnq,

Bpuq � pbijpuqq
n
i ,j�1

Bpuq � T puqpΘ � τu�1qT p�uq�1

Y θi pglnq is a deformation of Uglnrts
θi .
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H : Hopf algebra, A � H a subalgebra.

A: coideal subalgebra if ∆pAq � H b A or ∆pAq � Ab H .

Theorem (G-Ma, Molev-Ragoucy)

Uθiq pLglnq is a coideal subalgebra of UqpLglnq.

Y θi pglnq is a coideal subalgebra of Y pglnq.

Twisted Yangians and twisted quantum loop algebras can be
defined via the reflection equation.
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Theorem (Molev-Ragoucy, G-Ma)

Definition relations for Y θ3pglnq:

Rpu � vqB1puqRpu � vqB2pvq � B2pvqRpu � vqB1puqRpu � vq

BpuqBp�uq � 1 � τ 2u�2

Definition relations for Uθ3
q pLglnq:

R21pv , uqS1puqRpu
�1, vqS2pvq � S2pvqR21pu

�1, vqS1puqRpv , uq

+ vanishing condition for s
p0q
ij .
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Wl � Sl o Z2.
HqpWlq: affine Hecke algebra � xσ1, . . . , σl�1, σly
Hτ pWlq: degenerate affine Hecke algebra

Theorem (G-Ma)

D functors mod�HqpWlq ÝÑ mod� Uθ3
q pLglnq

M ÞÑ M bCpqq pCnqbl{

�
l�1̧

i�1

Impσi � q�2q � Impσl � q4lq

�

mod� Hτ pWlq ÝÑ mod� Y θ3gln
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HqpWlq: affine Hecke algebra � xσ1, . . . , σl�1, σly
Hτ pWlq: degenerate affine Hecke algebra

Theorem (G-Ma)

D functors mod�HqpWlq ÝÑ mod� Uθ3
q pLglnq

M ÞÑ M bCpqq pCnqbl{

�
l�1̧

i�1

Impσi � q�2q � Impσl � q4lq

�

mod� Hτ pWlq ÝÑ mod� Y θ3gln
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Theorem (G-Ma)

The fermionic Fock space Λ8 (infinite wedge product with a
stability condition) is a Y θ3gln-module.
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Theorem (Molev-Ragoucy, Chen-G)

The center of Y θ3gln is a polynomial algebra in infinitely many
variables. It is generated by the coefficients of the Sklyanin
determinant:

sdetBpuq � θpuqqdetT puq
�
qdetT p�u � n � 1q

��1

where θpuq: power series.

Similar result for Uθ3
q pLglnq.
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