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Motivations

This work was inspired by the papers of:

Douglas, Premat, de Guise and Repka.

In particular from the paper of Douglas and Premat:

A class of nonunitary, Finite Dimensional Represen-
tations of the Euclidian Lie Algebra e(2) Communi-
cation in Algebra 35 (2007) 1433–1448

follows that there exist a 2–dimensional abelian Lie
algebra such that how any sl(3,C)–module restricted
to these algebra remains indecomposable.



This is true for any simple An–modules

P. Casati Irreducible S Ln+1–Representations remain
Indecomposable restricted to some Abelian Sub-
algebras Journal of Lie Theory Volume 20 (2010)
393–407

Is this fact still true for the other simple Lie alge-
bras?

The answer is yes!

For the simple Lie algebras C2, G2 this was proved
by A. Premat in an unpublished paper.



Notations

Let g be the simple Lie algebra of classical type of
rank n. Let h be its Cartan subalgebra, h∗ its com-
plex dual, and let ∆ = ∆(sl(n,C), h) ∈ h∗ the corre-
sponding set of roots. Then we may decompose g
as

g = h ⊕
∑
α∈∆

gα

where gα = {X ∈ g| [H, X] = α(H)X ∀H ∈ h}. Let
∆ = ∆+ ∪ −∆+ be further the decomposition of the
root system in positive and negative roots and de-
fine

n+ =
∑
β∈∆+ gβ

n+ =
∑
β∈−∆+ gβ.

We denote by Π = {α1, . . . , αn} the corresponding
set of simple roots and accordingly we fix a Cheval-
ley basis of g: Xβ ∈ gβ and Yβ ∈ g−β for β ∈ ∆+, and
Hα ∈ h for α simple.



The abelian Lie algebra an

Let Π = ΠY ∪ ΠX the decomposition of the set of
simple roots Π:

ΠY = {α2i+1}i=0,...,
[
n
2

]
ΠX = {α2i}i=1,...,

[
n
2

]
where [x] denotes the integer part of x.

Then n–dimensional subalgebra an
spanned by {Xα,Yβ}α∈ΠX,β∈ΠY is abelian.



Littelman Basis case An

For a dominat weight λ of g, let V(λ) be the corre-
sponding irreducible finite dimensional g–module of
highest weight λ and uλ ∈ V(λ) be a heighest weight
vector.
Denote by λ j
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form a basis Lλ of V(λ).



Littelman Type Basis for Cn (Bn)

For a dominat weight λ of g, let V(λ) be the corre-
sponding irreducible finite dimensional g–module of
highest weight λ and uλ ∈ V(λ) be a heighest weight
vector.
Denote by λ j
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Example C2

Let λ ∈ h∗ such that λ(α1) = λ1, λ(α2) = λ2, then
the basis for V(λ) is:
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The Set of Generators

Let V be a an–modules, a subset of elements {v1, . . . vm}

in V is said to be a set of generators of V if V =

U(an){v1, . . . vm}. The set is called a minimal set of
generators if fewer than m vectors will not gener-
ate V. In the case of the an–modules V(λ) a set of
generators W is a set of homogeneous generators
if any element inW is a g–weight vector.

There exist a (complicate) subset of Lλ which is a
set of minimal generators of the an–modules V(λ).



Case An

Theorem Let Gλ be the subset of Lλ = {a ∈
S| Y(a)uλ ∈ Lλ} given by:

Gλ =
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then the corresponding subset Gλ = {Y(a)uλ| a ∈
Gλ} of the Littelmann basis Lλ is a set of homoge-
neous an–generators of V(λ).



The Properties of the set Gλ

Lemma No proper subset G′ of Gλ (G′ ( G)
generates Gλ.

Theorem The set Gλ is a minimal set of gener-
ators.

Proposition Any set W = {w1, . . .wk} of homo-
geneous generators contains an element wg such
that:

wg = agg ag , 0 ∈ C.

where g is the element of the set of generators Gλ
given by

g = Y
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Lemma Let W = {w1, . . .wk} be a set (non nec-
essarily minimal) of generators then there exists a
wk inW such that

wk = a g +
∑

g∈Gλ,g,g

Plg(X2 j,Y2 j+1)Y(ag)uλ.



The Lie algebra sn

Let sn = h o an be the subalgebra of sl(n,C) given
by the semidirect product between the Cartan sub-
algebra h and the subalgebra an. The sl(n + 1,C)–
module (an–module) V(λ) is also a sn–module, on
which the subalgebra h acts diagonally. Obviously
any set of generators of the an–module V(λ) is also
a set of generators of the sn–module V(λ). More-
over for what said above any sn–submodule of V(λ)
is a sl(n + 1,C)–weight module, i.e., it can decom-
posed as a direct sum of sl(n+1,C)–weight spaces.

Proposition If the sn–module V(λ) decomposes
in a direct sum of two subspaces: V(λ) = U ⊕ T ,
then g belongs either to U or to T .



The Main Theorem

Theorem The an–module V(λ) is indecompos-
able.

Hint of the Proof

Use the theory of the irreducible finite dimensional
sl(n,C)–modules together with an induction argu-
ment over the lenght of the elements of the Littel-
man basis.


