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Hopf algebras

All algebras defined over C.

Nicolas Guay (joint work with Xiaoguang Ma and Hongjia Cher  Coideal subalgebras of quantized enveloping algebras



Hopf algebras

All algebras defined over C.

A: C-vector space, A associative algebra if
dm: AQc A— A such that

AQc A®c A—& AQc A
1®m m
AQc A _ A

+ unit p: C — A.
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Hopf algebras

A coassociative coalgebra if A : A — A®c A such

A < A®c A

A A®1

A®(CA A®(CA®(CA

1A

+ counite : A— C.
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Hopf algebras

A coassociative coalgebra if A : A — A®c A such

A N ARc A
A A®L
A®c A 94 ARc AQc A

+ counite : A— C.

bialgebra = algebra + coalgebra 4+ compatibility conditions
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Hopf algebras

Hopf algebra = bialgebra + antipode (“multiplicative inverse™)
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Hopf algebras

Hopf algebra = bialgebra + antipode (“multiplicative inverse™)

g: Lie algebra. g is a Hopf algebra. For X € g:

AX)=X®1+1®X, ¢(X) =0, S(X) = —X.
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Hopf algebras

Hopf algebra = bialgebra + antipode (“multiplicative inverse™)

g: Lie algebra. g is a Hopf algebra. For X € g:

AX)=X®1+1®X, ¢(X) =0, S(X) = —X.

g semisimple ~ il,g, g € C: quantized enveloping algebra
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Hopf algebras

Hopf algebra = bialgebra + antipode (“multiplicative inverse™)

g: Lie algebra. g is a Hopf algebra. For X € g:
AX)=X®1+1®X, ¢(X) =0, S(X)=—-X.

g semisimple ~ il,g, g € C: quantized enveloping algebra

$,g: defined by e, f;, k,-il and g-deformed Serre relations.
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Hopf algebras

Hopf algebra = bialgebra + antipode (“multiplicative inverse™)

g: Lie algebra. g is a Hopf algebra. For X € g:

AX)=X®1+1®X, ¢(X) =0, S(X) = —X.

g semisimple ~ il,g, g € C: quantized enveloping algebra
$,g: defined by e, f;, k,-il and g-deformed Serre relations.

For gl,,, 3 other definition.
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Hopf algebras

Set

R = Z qé"fE,-,- ® Ejj + (q — q’l) Z E,J ® EJ',' S Endc((C")®2

ij=1 ij=1
i>j
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Hopf algebras

Set

R = Z qé"fE,-,- ® Ejj + (q — q’l) Z E,J ® EJ',' S Endc((C")®2

ij=1 ij=1
i>j

In Endc(C")®3:

Rr=R®1, R3=1QR, Ri3:+Q@1Q+*
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Hopf algebras

Set

R = Z qé"fE,-,- ® Ejj + (q — q’l) Z E,J ® EJ',' S Endc((C")®2

ij=1 ij=1
i>j

In Endc(C")®3:

Rr=R®1, R3=1QR, Ri3:+Q@1Q+*

Quantum Yang-Baxter equation:

R12 R13 R23 = R23 R13 R12
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Hopf algebras

Uqgly =ty Tyl < i j < n)

T =201t ®Ej, T= i1t ®Ejy

Nicolas Guay (joint work with Xiaoguang Ma and Hongjia Cher  Coideal subalgebras of quantized enveloping algebras



Hopf algebras

gl = (ty, ty|1 < i, j < n)
T=3] t;®F, T=3_t®F

Relations for g,

T: upper triangular, T: lower triangular
titi = tity =1, 1<i<n
RT2 Tl = Tl T2R in ,qu[n ®(C EIld(c(Cn)®2

4 two more sets of relations.
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Hopf algebras

Uqgly =ty Tyl < i j < n)
T= Z7J:1 tj ® Ej T= Z?,j:l EiJ' ® Ej

Relations for Uggl,:
T: upper triangular, T: lower triangular

titi = tit; =1, 1<i<n
RT2 Tl = Tl T2R in ,qu[n ®(C EIld(c(Cn)®2

4 two more sets of relations.

Explicitly:
@t — @ tiptia = (= 1) (Op<a — 8icj) tiativ
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Hopf algebras

A(ty) = Z tk @ tyj, e(T) =1, S(T) = T-1
k=1
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Hopf algebras

A(ty) = Z tk @ tyj, e(T) =1, S(T) = T-1
k=1

Lgl, = gl, Q¢ C[t, t7]: loop algebra.
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Hopf algebras

A(ty) = Z tk @ tyj, e(T) =1, S(T) = T-1
k=1

Lgl, = gl, Q¢ C[t, t7]: loop algebra.

Need

e

P = Z Ei ®Eji : C"Q@c C"

ij=1

R(u,v) = uR — vR where R = PRT'!P =R — (¢— g )P
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Hopf algebras

Ug(Lgly) = <t,§f),f§j’)|1 < i,j < n,r e Z=p)y with relations:
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Hopf algebras

Uq(Lgly) = < i ), u | < i,j < n,r€ Z=o) with relations:
1) =70 =0, ifl<j<i<n 1) =77t =1
Set T(u) = 27, t;(u) ® Ej where t;(u) = ), o ti u".
R(u,v)Ta(v) T1(u) = T1(u) Ta(v)R(u, v)

4 two more sets of relations.
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Hopf algebras

Uq(Lgly) = < i ), u | < i,j < n,r€ Z=o) with relations:
1) =70 =0, ifl<j<i<n 1) =77t =1
Set T(u) = 27, t;(u) ® Ej where t;(u) = ), o ti u".
R(u,v)Ta(v) T1(u) = T1(u) Ta(v)R(u, v)

4 two more sets of relations.

Coproduct and antipode:

n

A(ty(u)) = ) tulu) @ tig(u), S(T(u)) = T(u)™

k=1
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Hopf algebras

Y(gln) = < | J < n,r € Z=o) with relations

R(u—v)Ti(u)Ta(v) = To(v) Ti(v)R(u — v)

where
Tiw)= Y WO ESL T =Y T;1)e1ek
ij=1 ij=1
e8]
P
ZTr) u", Rlu—v)=1+ :
u—v
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Hopf algebras

Y(gln) = < | J < n,r € Z=o) with relations

R(u—v)Ti(u)Ta(v) = To(v) Ti(v)R(u — v)

where
Tiw)= Y WO ESL T =Y T;1)e1ek
ij=1 ij=1
P
ZTr) u", Rlu—v)=1+ :
u—v

Y (gl,): Hopf algebra, same formulas as for 4l,(Lgl,).

Nicolas Guay (joint work with Xiaoguang Ma and Hongjia Cher  Coideal subalgebras of quantized enveloping algebras



Hopf algebras

Y(gln) = < | J < n,r € Z=o) with relations

R(u—v)Ti(u)Ta(v) = To(v) Ti(v)R(u — v)

where
Tiw)= Y WO ESL T =Y T;1)e1ek
ij=1 ij=1
P
ZTr) u", Rlu—v)=1+ :
u—v

Y (gl,): Hopf algebra, same formulas as for 4l,(Lgl,).

Y (gl,) is a deformation of U(gl, ®c C[t]).
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Twisted loop algebras

0:gl,©
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Twisted loop algebras

0:gl,©

al,(C[t, t71])? = invariants =

{X®p(t) € glo(C[t, tNIOX) @ p(t™1) = X @ p(t)}.
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Twisted loop algebras

0:gl,©

al,(C[t, t71])? = invariants =

{X®p(t) € glo(C[t, tNIOX) @ p(t™1) = X @ p(t)}.

al,(C[t])? = invariants =

{(X®p(t) € gl (C[t])|0(X) @ p(—t) = X @ p(1)}-
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Twisted loop algebras

Ex.: 61(X) = =Xt glf =~ o,,.
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Twisted loop algebras

Ex.: 61(X) = =Xt glf =~ o,,.

Ex.: 0(X) = —JX*J™! where J = _O/ I(')’ , ol =~ sp,,.
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Twisted loop algebras

Ex.: 61(X) = =Xt glf =~ o,,.

Ex.: 0(X) = —JX*J™! where J = ( 0 I”), gl ~sp,.
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Twisted loop algebras

0 — gla[t71]" «— Uggls[s™]
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Twisted loop algebras

0 — gla[t71]" «— Uggls[s™]

Definition

U (Lgly) = (s|1 < i j < nr € Zog) © Ugl(Laly),
S(u) = (s5(u))}j_s

S(u) = T(u)G(u)T ()™

where ) 1
G(u) = %, J: matrix
u—u-
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Twisted loop algebras

Theorem (G-Ma)

lim 40 (Lala) = U(gly(C[t, t71])™)
q—
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Twisted loop algebras

0; «— gl [t]” <« Y% (gl,) : twisted Yangian.
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Twisted loop algebras

0; «— gl [t]” <« Y% (gl,) : twisted Yangian.

Definition

Y%(gl,) = (b 1 <ij<n, reZso)c Y(gly),
B(u) = (by(u));—4

B(u) = T(w)(© + 7u V) T(—u)*

Y% (gl,) is a deformation of Lgl,[t]%.
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Coideal subalgebras

H: Hopf algebra, A © H a subalgebra.

A: coideal subalgebra if A(A)c H® Aor A(A) c AQ H.

Nicolas Guay (joint work with Xiaoguang Ma and Hongjia Cher  Coideal subalgebras of quantized enveloping algebras



Coideal subalgebras

H: Hopf algebra, A © H a subalgebra.

A: coideal subalgebra if A(A)c H® Aor A(A) c AQ H.
Theorem (G-Ma, Molev-Ragoucy)

U9 (Lgly) is a coideal subalgebra of Uq(Lgl,).

Y?(gl,) is a coideal subalgebra of Y (gl,).

Twisted Yangians and twisted quantum loop algebras can be
defined via the reflection equation.
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Coideal subalgebras

Theorem (Molev-Ragoucy, G-Ma)

Definition relations for Y% (gl,):
R(u—v)Bi(u)R(u+ v)By(v) = By(v)R(u+ v)Bi(u)R(u—v)

B(u)B(—u) =1— 72u?

Definition relations for 4% (Lgl,):

Ro1 (v, u)S1(u)R(u™, v)Sa(v) = Sy (v)Ror (u™!, v)S1 (1) R(v, u)

+ vanishing condition for s,.(jo).
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Representation theory

W, = 51 Zs.
H,(W)): affine Hecke algebra > {o1,...,0/_1,0))
H.(W)): degenerate affine Hecke algebra
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Representation theory

W, = 51 Zs.
H,(W)): affine Hecke algebra > {o1,...,0/_1,0))
H.(W)): degenerate affine Hecke algebra

Theorem (G-Ma)

3 functors mod — Hg(W;) — mod — U%(Lgl,)

/-1
M— M ®(C(q) ((Cn)®l/ (Z Im(a,- + qu) + Im(a/ + q‘”))

i=1

mod — H,(W,) — mod — Y%gl,
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Representation theory

Theorem (G-Ma)

The fermionic Fock space N* (infinite wedge product with a
stability condition) is a Y%gl,-module.
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Theorem (Molev-Ragoucy, Chen-G)

The center of Y%gl,, is a polynomial algebra in infinitely many
variables. It is generated by the coefficients of the Sklyanin
determinant:

sdetB(u) = (u)qdet T (u) (qdet T(—u + n — 1))*1

where O(u): power series.

Similar result for 4% (Lgl,).
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