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The Unitary Group

For the purposes of this talk, we will restrict our attention to the
unitary group, U(n, q).

Note here that we consider what is sometimes called the general
unitary group.

Let g = p°, where p is a prime and c is a positive integer.
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The Unitary Group

For the purposes of this talk, we will restrict our attention to the
unitary group, U(n, q).

Note here that we consider what is sometimes called the general
unitary group.

Let g = p°, where p is a prime and c is a positive integer.
Let IF» denote the finite field of order 4°.

The unitary group U(n, q) is the group of isometries of a
non-degenerate hermitian form defined on V x V, where V' is a
vector space of dimension n over F ..
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Properties of the Unitary Group

The order of the unitary group is

U(n,q)l = ¢" "2 ] — (D).

i=1
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Properties of the Unitary Group

The order of the unitary group is
U(n,g)l ="V T]@ - (-1)).
i=1

The centre Z, of U(n, q) is a cyclic group of order g + 1.
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We wish to describe two important representations (or characters) of
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The Weil Representation of the Unitary Group

Properties of the Unitary Group

The order of the unitary group is
U(n,g)l ="V T]@ - (-1)).
i=1

The centre Z, of U(n, q) is a cyclic group of order g + 1.

We wish to describe two important representations (or characters) of
U(n,q).

The first is the Steinberg representation, which is irreducible of
degree ¢""~1)/2_ 1t can be constructed by using the theory of a group
with a B, N pair.
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Properties of the Unitary Group

The order of the unitary group is
U(n,g)l ="V T]@ - (-1)).
i=1

The centre Z, of U(n, q) is a cyclic group of order g + 1.

We wish to describe two important representations (or characters) of
U(n,q).

The first is the Steinberg representation, which is irreducible of
degree ¢""~1)/2_ 1t can be constructed by using the theory of a group
with a B, N pair.

The Steinberg representation is defined over the rational numbers
and Z, is contained in its kernel.
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The Steinberg and Weil Characters

Let St, denote the character of the Steinberg representation. Clearly,
St, is rational-valued.
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Let St, denote the character of the Steinberg representation. Clearly,
St, is rational-valued.
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elements of order divisible by p in U(n, q).
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The Steinberg and Weil Characters

Let St, denote the character of the Steinberg representation. Clearly,
St, is rational-valued.

We have St,(1) = ¢""~1/2, which is the p-part of |U(n, q)|.

Thus St,, has defect 0 modulo p and therefore vanishes on all
elements of order divisible by p in U(n, q).

The Weil representation of U(n, q) is a complex representation of
degree g" of this group.

Let ¢, denote the character of the Weil representation of U(n, q).

Given an element g of U(n,q), we have

n(g) = (—1)"(—q)

where ¢(g) = dim ker (g — I).
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Irreducible Constituents of the Weil Character

This implies in particular that ¢, is rational-valued.
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multiplicity 1, which we shall denote by ¢, ..., ¢1.
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The Weil Representation of the Unitary Group

Irreducible Constituents of the Weil Character

This implies in particular that ¢, is rational-valued.

If n > 2, ¢, has g + 1 irreducible constituents, each occurring with
multiplicity 1, which we shall denote by ¢, ..., ¢1.

These irreducible characters may be described in the following way.

Let z denote a generator of Z,, and let ¢ denote a complex root of
unity of order g + 1.

Let \; denote the linear character of Z, given by
N(Z) =€l

for0 <i,j <qg.
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Degrees of the Constituents

Then we have

Oz, = da(DN;
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Degrees of the Constituents

Then we have ‘
Onlz, = dn(1)A;

and we see that the irreducible constituents of ¢, are labelled by the
irreducible characters of Z,,.
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The Weil Representation of the Unitary Group

Degrees of the Constituents

Then we have ‘
Onlz, = dn(1)A;

and we see that the irreducible constituents of ¢, are labelled by the
irreducible characters of Z,,.

In particular, ¢9 is the unique irreducible constituent of ¢, that is
trivial on Z,, and it must therefore be rational-valued.
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Degrees of the Constituents

Then we have ‘
Pnlz, = on(DA;

and we see that the irreducible constituents of ¢, are labelled by the
irreducible characters of Z,,.

In particular, ¢9 is the unique irreducible constituent of ¢, that is
trivial on Z,, and it must therefore be rational-valued.

We have the degree formulae

n_ (1)
) = Ty
o) = chrlgigq.
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Reality Properties of the Irreducible Constituents of the Weil Character
Outline
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The Real-Valued Irreducible Constituents

Lemma

Suppose that n > 2.
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¢, When g is a power of 2. It is also rational-valued.
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The Real-Valued Irreducible Constituents

Lemma
Suppose that n > 2.

The character ¢! is the unique real-valued irreducible constituent of
¢, When g is a power of 2. It is also rational-valued.

When g is a power of an odd prime, there are two real-valued
irreducible constituents of ¢,,, namely,
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The Real-Valued Irreducible Constituents

Lemma
Suppose that n > 2.

The character ¢! is the unique real-valued irreducible constituent of
¢, When g is a power of 2. It is also rational-valued.

When g is a power of an odd prime, there are two real-valued
irreducible constituents of ¢, namely, ¢2 and ¢/,, where 2r = g + 1.

These two characters are in fact rational-valued.
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The Frobenius-Schur Indicator

Let G be a finite group and let x be an irreducible complex character
of G.
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The Frobenius-Schur Indicator

Let G be a finite group and let x be an irreducible complex character
of G.

We define the Frobenius-Schur indicator v () of x by

e 5 )
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The Frobenius-Schur Indicator

Let G be a finite group and let x be an irreducible complex character
of G.

We define the Frobenius-Schur indicator v () of x by
Z X(
e
geG

Then v(x) takes one of the three values, 0, 1 and —1.
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The Frobenius-Schur Indicator

Let G be a finite group and let x be an irreducible complex character
of G.

We define the Frobenius-Schur indicator v(x) of x by
e G L)
geG
Then v(x) takes one of the three values, 0, 1 and —1.

We have v(x) = 0 if x is not real-valued.
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The Frobenius-Schur Indicator

Let G be a finite group and let x be an irreducible complex character
of G.

We define the Frobenius-Schur indicator v () of x by
e G L)
8€G
Then v(x) takes one of the three values, 0, 1 and —1.
We have v(x) = 0 if x is not real-valued.

v(x) = 1if x is both real-valued and the character of a
representation defined over R.
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The Frobenius-Schur Indicator

v(x) = —1if x is real-valued and not the character of a
representation defined over R.
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v(x) = —1if x is real-valued and not the character of a
representation defined over R.

We sometimes say that an irreducible character y is of orthogonal
type if v(x) = 1 and of symplectic type if v(x) = —1.
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The Frobenius-Schur Indicator

v(x) = —1if x is real-valued and not the character of a
representation defined over R.

We sometimes say that an irreducible character y is of orthogonal
type if v(x) = 1 and of symplectic type if v(x) = —1.

It is an interesting problem, not entirely solved, to find the
Frobenius-Schur indicator of, say, any irreducible complex character
of a finite group of Lie type.
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The Frobenius-Schur Indicator

v(x) = —1if x is real-valued and not the character of a
representation defined over R.

We sometimes say that an irreducible character y is of orthogonal
type if v(x) = 1 and of symplectic type if v(x) = —1.

It is an interesting problem, not entirely solved, to find the
Frobenius-Schur indicator of, say, any irreducible complex character
of a finite group of Lie type.

In this talk, we are are looking at a special case in U(n, g).
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The Indicators of Constituents of the Weil Character

@ Suppose that g is odd and n is even. Then v(¢}) = —1 (recall
2r=q+1).
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@ Suppose that g is odd and n is even. Then v(¢}) = —1 (recall
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@ Suppose that n > 3 is odd. Then v(4)) = —1.

@ In all other cases, the real-valued irreducible constituents of the
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The Indicators of Constituents of the Weil Character

@ Suppose that g is odd and n is even. Then v(¢}) = —1 (recall
2r=q+1).

@ Suppose that n > 3 is odd. Then v(4)) = —1.

@ In all other cases, the real-valued irreducible constituents of the
Weil character have indicator equal to 1.

The proof of this theorem is by induction on n, making use of
knowledge of the restriction of ¢, to smaller unitary subgroups.
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Tensoring with the Steinberg Character

e Tensoring with the Steinberg Character
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Theorem of Hiss-Zalesski-Brunat

When g is odd, we let €, denote the linear character of order 2 of
U(n, q) given by
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Theorem of Hiss-Zalesski-Brunat

When g is odd, we let €, denote the linear character of order 2 of
U(n, q) given by
€(g) = det(g)’,

where, as usual, 2r =g + 1.
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Theorem of Hiss-Zalesski-Brunat

When g is odd, we let €, denote the linear character of order 2 of
U(n, q) given by
€(g) = det(g)’,

where, as usual, 2r =g + 1.

We define the character w, of U(n,q) to equal ¢, if g is even and to
equal €,¢, if g is odd.
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Theorem of Hiss-Zalesski-Brunat

When g is odd, we let €, denote the linear character of order 2 of
U(n, q) given by
€(g) = det(g)’,

where, as usual, 2r =g + 1.

We define the character w, of U(n,q) to equal ¢, if g is even and to
equal €,¢, if g is odd.

We now apply a theorem of Hiss, Zalesski and Brunat, The
Weil-Steinberg character of finite classical groups. With an appendix
by Olivier Brunat. Represent. Theory 13 (2009), 427—-459.
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Multiplicity-Free Product

Theorem: HZB (2009)

The product w, St, is a multiplicity-free character of U(n, q).
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Multiplicity-Free Product

Theorem: HZB (2009)

The product w, St, is a multiplicity-free character of U(n, q).

Furthermore,
Styi1 |U(n,q) = wySt,.

It follows that ¢, St,, is also multiplicity-free and its irreducible
constituents have the form ¢, x, where x is any irreducible constituent
of w,St,.
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Multiplicity-Free Product

Theorem: HZB (2009)

The product w, St, is a multiplicity-free character of U(n, q).

Furthermore,
Styi1 |U(n,q) = wySt,.

It follows that ¢, St,, is also multiplicity-free and its irreducible
constituents have the form ¢, x, where x is any irreducible constituent
of w,St,.

We now prove a result about the Schur index of each constituent of
PnSty.
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Schur Index 1

Each irreducible constituent of ¢,,St, has Schur index 1 over Q.
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Schur Index 1

Each irreducible constituent of ¢,,St,, has Schur index 1 over Q. \

Proof
St,41 is the character of a representation of U(n + 1, q) defined over

Q.

It follows that the restriction of St, 1 to U(n, q) is the character of a
representation of U(n,q) defined over Q.
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Schur Index 1

Each irreducible constituent of ¢,,St,, has Schur index 1 over Q. \

Proof
St,41 is the character of a representation of U(n + 1, q) defined over

Q.

It follows that the restriction of St, 1 to U(n, q) is the character of a
representation of U(n,q) defined over Q.

Since each irreducible constituent of this restriction occurs with
multiplicity 1, the result is clear, as we know now that ¢, St, is the
character of this restriction.
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Outline

° Some Consequences
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More on Schur Indices

While we know that ¢,,St, is rational-valued, we do not necessarily
know much about the field of values of its irreducible constituents.
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More on Schur Indices

While we know that ¢, St is rational-valued, we do not necessarily
know much about the field of values of its irreducible constituents.

However, we know that it must also be the case that each irreducible
constituent of the products ¢;,5t,, for 0 <i < g, has Schur index 1
over Q, since ¢! St,, is a subcharacter of ¢,,5t,,.
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More on Schur Indices

While we know that ¢, St is rational-valued, we do not necessarily
know much about the field of values of its irreducible constituents.

However, we know that it must also be the case that each irreducible
constituent of the products ¢;,5t,, for 0 <i < g, has Schur index 1
over Q, since ¢! St,, is a subcharacter of ¢,,5t,,.

This has interesting consequences when we choose ¢! to be a
character with v(¢}) = —1.
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Non-Real Constituents

Suppose that 7 is odd and at least 3. Then no irreducible constituent
of ¢St is real-valued.
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Non-Real Constituents

Suppose that 7 is odd and at least 3. Then no irreducible constituent
of ¢St is real-valued.

The same conclusion holds for the irreducible constituents of ¢r,St, if
n is even and g is odd.

Briefly, this follows since St, is'real-valued with v(St,) =1, and,
under the given hypotheses, ¢!, is real-valued with v(¢},) = —1.
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Non-Real Constituents

Suppose that 7 is odd and at least 3. Then no irreducible constituent
of ¢St is real-valued.

The same conclusion holds for the irreducible constituents of ¢r,St, if
n is even and g is odd.

Briefly, this follows since St, is real-valued with v(St,) = 1, and,
under the given hypotheses, ¢!, is real-valued with v(¢},) = —1.

Given this, and the fact that all irreducible constituents of ¢! St, have
Schur index 1, these constituents cannot be real-valued.
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Some Consequences

Let x be any real-valued irreducible character of U(n, g).
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Some Consequences

Let x be any real-valued irreducible character of U(n, g).

Then ¢ is not a constituent of xSt, if n is odd and at least 3.

Similarly, ¢}, is not a constituent of xSt,, if n is even and g is odd.

Proof
We just consider the case that = is odd.
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Let x be any real-valued irreducible character of U(n, g).

Then ¢ is not a constituent of xSt, if n is odd and at least 3.

Similarly, ¢}, is not a constituent of xSt,, if n is even and g is odd.

Proof
We just consider the case that = is odd.

Since we are assuming that y is real-valued,

(¢25tna X) = 07
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Some Consequences

Let x be any real-valued irreducible character of U(n, g).

Then ¢ is not a constituent of xSt, if n is odd and at least 3.

Similarly, ¢}, is not a constituent of xSt,, if n is even and g is odd.

Proof
We just consider the case that = is odd.

Since we are assuming that y is real-valued,

(¢25tna X) = 07

where the parentheses denote the usual inner product of characters.
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Some Consequences

i
ueh

Proof Concluded

However, as all characters involved in the inner product are
real-valued, we have

(xStn, ¢2) = (¢>25tn,x) =0.

Tensor Products CMS, Regina, June 4, 2012 21/23



Some Consequences

i
ueh

Proof Concluded
However, as all characters involved in the inner product are
real-valued, we have

(xStn, ¢2) = (¢>25tn,x) =0.

Thus ¢? is not a constituent of ySt,,.
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The Steinberg Square

When 7 is odd and at least 3, ¢! is not a constituent of St2. I
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The Steinberg Square

When 7 is odd and at least 3, ¢J is not a constituent of St2.

This is an immediate consequence of the previous corollary and it
may seem strange that we have drawn attention to it.
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This is an immediate consequence of the previous corollary and it
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x of U(n, q) as a constituent, provided Z, is contained in the kernel of
X-

Tensor Products CMS, Regina, June 4, 2012 22/23



The Steinberg Square

When 7 is odd and at least 3, ¢9 is not a constituent of St2. \

This is an immediate consequence of the previous corollary and it
may seem strange that we have drawn attention to it.

As far as we know, St*> does contain every other irreducible character
x of U(n, q) as a constituent, provided Z, is contained in the kernel of
X-

Indeed, it may be the case that the square of the Steinberg character
of a simple group of Lie type contains all irreducible characters of the
group, except for this special case.
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The Steinberg Square

We note that if G is a finite group of Lie type over I, where g is a
power of 2, and St is the Steinberg character of G, then St occurs
with odd multiplicity in St2.
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The Steinberg Square

We note that if G is a finite group of Lie type over I, where g is a
power of 2, and St is the Steinberg character of G, then St occurs
with odd multiplicity in St2.

Furthermore, St occurs with non-zero multiplicity in the symmetric
part of the tensor square of St2.
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Some Consequences

The Steinberg Square

We note that if G is a finite group of Lie type over I, where g is a
power of 2, and St is the Steinberg character of G, then St occurs
with odd multiplicity in St2.

Furthermore, St occurs with non-zero multiplicity in the symmetric
part of the tensor square of St2.

This is not necessarily true when g is odd.
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