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Anti-Jordan triple systems

Anti-Jordan triple systems were introduced by Faulkner and
Ferrar in (1980). The classification of finite-dimensional simple
anti-Jordan triple systems over an algebraically closed field of
characteristic 0 was given by Bashir (2008).

Definition. A vector space V over a field F endowed with a
trilinear operation V. x VxV — V, (a,b,c) — (a,b,c) is said to
be an anti-Jordan triple system if the following conditions are
satisfied for alla,b,c,d,e € V:

(a,b,a) =0,
(a,b,{(c,d,e)) = ((a,b,c),d,e)+ (c,(bad),e)+ {cd (ab,e)).

Remark. If A is an associative algebra, A defines an anti-Jordan
triple system A_ relative to the product (a,b,c) = abc — cba.
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Anti-Jordan triple systems

Definition.

@ A representation of an anti-Jordan triple system J is a
homomorphism p: J — (End V)_ from J to the
anti-Jordan triple system of endomorphisms of a vector
space V. In other words, p is a linear mapping that satisfies

p({a,b,c)) = p(a)p(b)p(c) — p(c)p(b)p(a),

foralla,b,c € 3.

e Two representations p; and p; of an anti-Jordan triple
system J on the same vector space V are equivalent if there
exists an invertible endomorphism T such that
p2(a) = T 1p1(a)T foralla € 3.
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Anti-Jordan triple systems

Examples. Let F be an algebraically closed field of
characteristic 0. The following are simple finite-dimensional
anti-Jordan triple systems over F:

(i) T1 = My, (F), together with the trilinear operation
(x,y,2)1 = xyz — zyx.
(i) T2 = Myun(F), together with the trilinear operation

(x,y,2), = xy'az — zy'ax, where a = < OI g >, and
—1r

2r = m.
(iii) T3 = Myun(F), together with the trilinear operation

(x,y,2)3 = xby'z — zby'x, where b = ( OI IOr >, and
—r

2r = n.
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Noncommutative Grobner bases in free associative

algebras

Definition. Let X = {x1,...,x,} be a set of symbols with the
total order x; < x; if and only if i < .

@ The free monoid generated by X is the set X* of all (possibly
empty) words w = x;, - - - x;, (deg(w) =k > 0) with the
(associative) operation of concatenation.

o The degree-lexicographical (deglex) order < on X* is defined
as follows: u < v if and only if either (i) deg(u) < deg(v)
or (ii) deg(u) = deg(v) and u = wx;u’, v = wx;v’ where
xi < xj (w,u',v" € X*).

@ The free (unital) associative algebra generated by X is the
vector space F(X) with basis X* and multiplication
extended bilinearly from concatenation in X*.
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Noncommutative Grobner bases

Definition.
@ The leading monomial of f € F(X), denoted LM(f), is the
highest element of f with respect to deglex order.
e If [ is any ideal of F(X) then the set of normal words modulo
Iis defined by N(I) = {u € X* | u # LM(f) for any f € I}.
e We write C(I) for the subspace of F(X) spanned by N(I).

Proposition. If I C F(X) is an ideal then F(X) = C(I) ® L.

Definition. Let G C F(X) be a subset generating an ideal

I C F(X). A noncommutative polynomial f € F(X) is in normal
form modulo G if no monomial occurring in f has a factor of the
form LM(g) for any g € G.
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Noncommutative Grobner bases

Definition. A subset G C I is a Grobner basis of I if for all f € I
there is a ¢ € G such that LM(g) is a factor of LM(f). A subset
G C F(X) is self-reduced if every ¢ € G is in normal form modulo
G\ {g} and every g € G is monic: the coefficient of LM(g) is 1.

Definition. Let g, € F(X) be two monic noncommutative
polynomials. Assume that LM(g) is not a factor of LM(/) and
that LM(h) is not a factor of LM(g). Let u, v € X* be such that
(i) LM(g)u =ovLM(h), (ii) u is a proper right factor of
LM(h), and v is a proper left factor of LM(g). In this case the
element gu — vh € F(X) is called a composition of g and h.

Lemma. (Diamond Lemma, (Bergman, 1978)) If I C F(X) is an
ideal generated by a self-reduced set G, then G is a Grobner
basis of I if and only if for all compositions f of the elements of
G the normal form of f modulo G is zero.
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Noncommutative Grobner bases

Given an ideal I in F(X), we want a basis for the quotient
algebra F(X)/I. If G is a Grobner basis for I then we can easily
determine a basis for F(X) /I: it is the set of all w € X* such that
LM(g) is not a subword of w for all ¢ € G.
Algorithm-GB. (Buchberger-Bergman-Mora)
Input: Go = {g1,.--,4s}
Output: G = {¢1,...,9m, ... }, a Grobner basis for I = (Gp)
Initialization: G := Go, S := {0(8:,8j) | i # & € Go}
While S # @ Do
Choose any 0(g;, &) € S,
S:=5—{o(gi.&)}
N(o(gi,gj)) mod G =r
If r # 0 Then
G:=GU{r}
5:=5U{o(gr),0(rg) | g € G}
Remark. This algorithm may not terminate, since the resulting
Grobner basis may not be finite.
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Universal associative enveloping algebra

Definition. Let J be an anti-Jordan triple system over a field F
and let 2 be an associative algebra. Leti: J — 2 be an
anti-Jordan homomorphism. The pair (2, 1) is called a universal
enveloping algebra of J if for any associative algebra A and every
anti-Jordan homomorphism f : J — A there exists a unique
algebra homomorphism f : 2 — A such that the map foi = f.
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Infinite dimensional universal enveloping algebras

G. Benkart and T. Roby (1998) introduced the down-up algebras
over complex numbers. We define it over an arbitrary field.

Definition. Let F be a field and «, B,y € F be fixed arbitrary
parameters. Then the down-up algebra A(«, B, y) is the unital
associative F-algebra with generators 4, b and relations,

b’a = abab + Bab® + b, ba* = aaba + Ba’b + ya.

Example. Consider the 2-dimensional anti-Jordan triple system
J with basis B = {a = E13,b = Ep } of 2 x 2 matrix units and
triple product (a, b, c) = abc — cba. The multiplication table of J
is zero. The universal enveloping algebra 2((J) has two
generators a, b and relations b2a = ab?, ba* = a%b. Thus,

2A(3) =2 A(0,1,0).
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Universal envelope of the anti-Jordan of n x n matrices

Let J be the anti-Jordan triple system of all n x 1 (1 > 2)
matrices over an algebraically closed field F of characteristic 0
with the triple product (a,b,c) = abc — cba.

e We write J;; for the Kronecker delta, and 31] =1-4;;.

o Let ) = {1,2,...,n} be a finite index set.

o Let B = {E;;}jcq be an ordered basis of J, where E;} is the
matrix with a single 1 in the ith row and jth column, and
zeros elsewhere.

@ The structure constants for J are
<Ei,j/ Ek,(;'/ Em,z‘> — j,l<51;",mEz',f - 5t,k5é’,iEm,j (i/j/ k/ é/ mzt S Q)

e Consider the bijection ¢: B — X = {¢;;};jcq defined by
¢(E;;) = e;j. We extend ¢ to a linear map ¢: J — F(X).

@ We use the deglex order < where ¢;; < ¢ if either i <k, or
i=kandj < /.
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Universal envelope of the anti-Jordan of n x n matrices

Let G C F(X) consist of these elements (i, ], k, 7,s,t € Q):

Rgi,j,k,t) = ejjeixert — exiCixci — eir (k < 1),
Ry = eijejieit — eisejieij — e (F<J),
R = eijerietk — errericij + et (F < i),
Rii'f'k) = €jj€k,i€ik — €jkCk,i€ij T €ij (k<j),
Réi,j,k,trrﬁ) = ) 0hsCrs — €r50ksCj (r<i,j#kort#r,s#kort#i,
Rg’j’k't's) = €€k 1Cis — CisChiCij (S <j jAkort#i s#kort#i).

Let I C F(X) be the ideal generated by G. We write A = F(X) /I
with surjection 77: F(X) — 2 sendingftof +I,andi = o ¢
for the natural map i: J — 2.

Lemma. The unital associative algebra 2 and the linear map i
form the universal associative envelope of the anti-Jordan triple
system J.
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Universal envelope of the anti-Jordan of n x n matrices

Our goal is to complete the set G to a Grobner basis for the
ideal I.

Lemma. The set of all normal forms modulo G of nontrivial
compositions among elements of G includes the set G; which
consists of these elements:

gl(r,t,m) = Crtlt,m — €r1€1,m (m 7£ 7, t 7é 1)/
gz(l’t’é) =eisepi—eipery (tFLi#1),
.7k, . .
93(” ) = eijee (i7# L, j#k).
Lemma. The set of all normal forms modulo G U G, of

nontrivial compositions among elements of G U G; includes the
set G» which consists of these elements:

gi”) =€, — €161,y + e%,1 —eyein (r,i € Q\{1}).
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Universal envelope of the anti-Jordan of n x n matrices

Lemma. The set of all normal forms modulo G U G U G, of
nontrivial compositions among elements of G U G1 U G
includes the set G3 which consists of these elements:

gér'i) = e, 10161 — 3%,1‘7,1 —e1 (r<i;ireQ\{1}),
gém =ej1e18r] — eilem (i<rireQ\{1}),
g;m =e1811610 — 3%,131,5 (t< ;e\ {1}),
gél't) = e 8101 — 3%,131,2 +ey (U<tlteQ\{1}),
Qér) =e,161,6r1 — 23%’1@,1 —e1 (reQ\{1}),
G\ = ey epier, — 28 01, ey, (reQ\{1}),
G = epneviens (r#i#0),
G — ey yeier, (r#i# ),
G =evteriein — 3edy —den (i€ Q\{1}),

gl(;) =eie1e1 — 3611 +3e11 (1€ Q\{1}).
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Universal envelope of the anti-Jordan of n x n matrices

Lemma. The set of all normal forms modulo GU Gy U G, U G3
of nontrivial compositions among elements of GU G U G, U G3
includes the set G4 which consists of these elements:

917 e1 161, — €1,1€1,is 918 6’1 1€i1 +€1,1€i1 (i €0 \ {1})1

5
G19 = €11 —e1,1-
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Universal envelope of the anti-Jordan of n x n matrices

Lemma. The self-reduced form & of the set G U J*_; G; consists
of these elements:

géi'j) =eje1e1) —ejerien — e (7 € Q\{1}),
in'j'k) =eijejr —eipere (L k€ k#i,j#1),
Qz(i'j A — eijeri —erjet (L k€ Qj#k i#1),
G = ejene (ijkte it j#k),
G = eie; —einer;—erjepn + &, (ij € Q\{1}),
i = eiterjen —etqein — e (i,j € Qi#1Lj#i),
G = ejrer e — ey (i,j € Q\{1}i #)),
Q;i'j) = €1,i€i,1€1,] — e%,lel,j (i,je QN{1} i #]),
Qéi'j) = eigperj —eigeni e (Lj€QiFji#A),
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Universal envelope of the anti-Jordan of n x n matrices

G = ejnerien — 263 e — ey (i€ Q\ {1}),
GO = ey o101, — 283 11+ 01y (€ Q\{1}),
GUM — ererjer  (kijeQki#j),
GUM — erieren, (kij e Qik#j),
913 =eie1e1 — 36, —ye11 (1€ Q\{1}),
G =eniener;i— dely +en (i€ Q\{1}),
01 = erjeipers — ey — derr (i€ Q\{1}),
Gig = enerenn — 36, +den (i€ O\ {1}),
1) =edyer; —ener; (i€ Q\{1}),
Gl =& ein+eiien (i€ Q)\{1}),

5
Gio =e11 —e11.
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Grobner basis and finite dimensionality

The following lemma plays a crucial role in proving that the set
& is a Grobner basis for the ideal 1.

Lemma. For the universal enveloping algebra £, either

(i) dim 2 = oo, 0or (if) dim A < co and dim A > 4n* 4 1.

Theorem. With notation as above. If J is the anti-Jordan triple
system of all n x n matrices (n > 2) then:

(i) The set ® is a Grobner basis for the ideal I.

(if) The universal enveloping algebra 2 of J is finite
dimensional with basis B consists of 41 + 1 monomials:

B = {1, 61',]', 61',161,]', 6%,161,]', 6%/1 | Z,] & Q}
U {elliej,l ’ i,j €0, (Z,]) 75 (1,1)} U {ellielllejll ‘ i,j S Q,j 75 1}
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The structure constants of A

Lemma. Define an anti-automorphism 7: F(X) — F(X) of the
free associative algebra generated by X = {e;;}jcq by

11(e;j) = ej;- Then ;7 induces an anti-automorphism of order 2
on .

Proposition. Let i,j,k, £ € ). Then in A, we have
e e = Ok 0] ( i1+ 010 1) e1,jej1 + (5]‘,131‘,1 + 3113/1) eij1e1,i
— 8110181} +0ieeinene] +xdigerjecs, (1)
eij e, =i <5j,k54,1 (%’ + %‘%) + 3040k,06 ‘,1) e
+ 014k 00,168 101 + Sj (255,@,1 + 0y (5;‘,1 +01 3/1)) et 1en0
+3 (5&15]',@,]' - /},k‘sk,Zfsj,l) el — (5j,k5£,jg£,1 + f?j,kak,zng) e1]

+ 3165 (en 11601 +€ir), )]
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The structure constants of A

eprer € = 0ia | <5j,k‘5/{,1 (%‘ + %@,j) + %@,kak,ﬂ ',1) e+ gj,k5k,£3',1€%,1€j,1
+ 9k (254,]'34,1 +04 ((5;',1 + @1@1)) (6%,166,1 + €e,1>
+3 <5z,15j,k3z,j - @,k5k,z5j,1>€1,1 — 8404,0¢1€1]
+3i10ik (52,16%,161,1' +311 (erieren + %’)) , ®)
eij-e1ker1 =01 (3 (5i,k5£,1gi,l + Xi,k@ﬁu%) e
+ 8k 0031001 el 161 + Ok (51',1 +8;1071 (251',( + @/)) el e
+1 (gi,kgz,lfsk,eéi,l - 5i,kfsé,1gi,1> e11 + 01001 (5i,kf5i,e + gz‘,kék,l) ei1)

+0;16ix (52,1 (6%,161,]' - 61,j> + 3@,161,]'61,162,1) ;o (k0 #(1,1),
4
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The structure constants of A

e1eee1 - €i = 013 (51‘,1(54,131',1 + @,k&,ﬁkﬂsm) €3 1+ 0ixdy, 0031001 € 101,
+ 0k (51',1 + 311001 (251',/: + fik)) (%,131,4 - t’u)
+3 (gi,kgf,l‘sk,k‘si,l - 5i,kf5z,13i,1) e11 + 8;101,10;x0; ¢e1,1]
+ 010k <‘5€,1€%,1€j,1 +f§e,1€1,zel,1e1,/); (k€) #(1,1), (5)
eij - e1ke1,16¢1 = Oik [*61,]‘6@,1 + 5‘,1(5]',5% (e‘h + 6%,1)]; L#1, (6)
eij - €1 161k = 8j1[din <5k,13%,1 + 51«,161,181*)
+di1 <5i,k% (3%,1 - 3%,1) + fi,1€1,k> |- 3]‘,1(51',15k,1€1,j€1,1, (7)

4 5 (2 5 2
eij-e1y =01 [51',161,1 + i1 (6’1,131',1 + 61‘,1)] —9i10i1 (31,16’1,]' - 61,j> /

®)
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The structure constants of A

€161,/ 1610 = 0jxde1 (5&]'51',1@‘11,1 + %ge,ﬂh (5‘11,1 + e%,1>)
+3 [5j,kgi,1‘5i,é (254,]'3(2,1 + gz,/ (5;‘,1 + 5}1&1))
+ 3j,k5k,z (31',151',151‘,]' + 5‘,15;',1) ] (6%,1 - €%,1>
+ ik (52,131,1 + 00001 + 0y, <5j,1 + 3]‘,154,1)) eipere, (9)
€161, - e1ker1 = 5]‘,1@,1(5&4% (51‘,1 (e%,l + efl) + 23[,16;‘,161,1)
— 01 (5]‘,151',1 + @,1&,151',]‘) epep;  (k€) #(1,1), (10)
€161,/ " €1e1,18,,1 = —Ok1 (51',15]',1 + @,151',1') e%,1eé,1; L#1, (11)
eijerj - 101k =01 {51@1 (51‘,161,1 +6i1 (6’%,161',1 + €i,1)>
+ 0k ((51',16%,161,1( + 011 (ey pernein + ei,k)) }

= 510610574 (31 —ena) (12)
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The structure constants of A

Proposition. Let,j,k, £ € Q and (i,j) # (1,1). Then in A, we
have

eje e‘il = 5]',131',161,1 + 3-/1(5',,-% (eil — e‘fl) , (13)
€1,i€j,1 " €101 = %[5i,15j,k5&13;‘,1 (ef1 - 3%,1)
+ {G4di10i0 (5]',1 +5j111 (25j,z + 3,2))
+ @‘,kgz,ﬂk,e @,13]',551',]‘ + 51',15]',1) I (3%,1 + e%,l) ]

— ik (5]',1 +9j1 (55,15:‘,1 + @1)) erier;  (k0) #(1,1),

(14)
2 > 9 2 =
€1,i,1 - 1161k = <—5j,15i,15k,1 + 5j,15i,j5k,i) €111, +6,10¢16i1€1,i
S (1 3 I
+6ij0j1 (z5k,1 (61,1 + 61,1) + 5k,if5k,1€1,1€1,k) p (15)
4 Sos 1 (4 2
eyiej1- €11 = dj1e1i€1,1 + 6j16,10i3 (61,1 + 61,1> , (16)
e1,i€¢1 - e1xe1,1e01 = —Ojkerieregs; L #F L (17)
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The structure constants of A

Proposition. Let i,j, k € ). Then in 2, we have
el ek e = Oy [5]',1 ((5k,1 + %gkl) i+ %gmt’il) + 5',161,161,]‘]
— 8kidj 101011801, (18)
el iek-einen = [5k,i‘5j,1 <5k,1 + %Xkl) + %gk,ifsk,lgi,léi,j] e1,1

+3 (5k,i3k,15j,1 - &,1‘51(,131,151',]‘) e

+ (5k,1 <5k,i(§j,1 - g]@i‘si,l) + &1511) el e, (19)

ef1e1) - e1,igi1 = Ok (*51‘,16%,151,1 +6;10;j% (6% + €1,1)> ; (6)) # (1,1),
(20)
elrery-enjeinet = 61diaeieps; L # L, (21)
e 101 ff%,ﬂfl,j = Og1€1,1€1,), (22)
e’%,lel,j : e%,l = 5',13?,1- (23)
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The structure constants of A

Proposition. Leti,j, k, £ € Q) and ¢ # 1. Then in 2, we have

everienn - €ij = 80[5{ <5k15 15z1+5115zk> €11
+ (‘/S\i,lfsi,k - ‘5k,1‘/5;',15i,1) €21} — 8101101
- 3k,1 e1xeinl, (24)
€1,ke1,1€4,1 " €1,i€j,1 = Jig [5k,1 ( 13 <€1 1—6 1) - @,13%,131',1)
5

= 0k1 ( 1€1,k€1,1€j,1 + ;1 (311€1k_31k>)]

(i,j) # (1,1), (25)
S oo1(a 2.
€1,i€1,1€j,1 * €1,k€1,1€7,1 = Sjk (61,1'@[,1 —6i16i03 (61,1 + 61,1>> ; J#FL (26)
b 4
epke1ery -eine; =0, eprerieqy-ejqie1j =0, ejperepr-ejq =0. (27)
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The structure constants of A

Proposition. Leti,j € (). Then in 2, we have

6’%,1 “eij = i1 (5]',16’1,1 + 3]',16%,161,]') - 31’,15]',16%,161',1, (28)

efl -e1iej1 = di1e11€j,1 + 3,;15,1(51',/% <e‘1{1 + eil> ;@) # (1,1, (29
el1-eipen = dipererj + 31‘,151‘,]% (6%,1 - 6%,1> , (30)
ety elien = el e, (31)
el1-eieinen = dinetie; £ (32)
ety-ely=ely (33)
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The center of A

Our next aim is to determine the center of 2:
Z(A) ={ze€ AU | zu=uz, forall u € A}.

Theorem. The center Z(2) of the (unital) universal enveloping
algebra 2 has dimension 5 with basis:

n
_ (n=2) 2 2 4
Z1 = e — oy Qo eidin tery,
i—2
n n
2
zp=(2—n)ei;+ ) eyein+ Y eie;
i=2 i=2
3 n
_ 1 1
23 = —36€1,1 T 3611+ Zel,i€1,1€i,1,

=2

n
Z4 = Zei,i/ z5 = 1.
i=1
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Explicit decomposition of 2

Theorem. The universal enveloping algebra 2 of the
anti-Jordan triple system J can be decomposed as follows:

Ql - F@Mﬂ/n(F) @Mn,n(F) @Mn’n(F) @Mn’n(F),

where M, , is the ordinary associative algebra of all n x n
matrices.

Corollary. The universal enveloping algebra of the simple
anti-Jordan triple system of all n X n matrices over an
algebraically closed field of characteristic 0 is semisimple.
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Irreducible representations of the anti-Jordan triple
system of n X n matrices

@ There are 5 irreducible representations of the simple
anti-Jordan triple system of n x n matrices:

n
Bz(j) +ZD11 +ZD11 4
i=

n ) n
1 :A1/1 +2Bi,i +
i=1 i=1

1,1 = Bg[,)l) —B

1 0 1

i — 1D} +1D1Y,

ej =B — B 1D\ +1D\}); ij#1,i#],
e, =B — B —1D\Y +1D{Y; i#1,

er; = 1B — 1B —1D!) +1DY; i#1,
ej1 = 2B —2B!) 1 §’) +1D; i#1,

where ] = /—1.
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Conjecture. If the universal enveloping algebra of a simple
finite dimensional anti-Jordan triple system is finite
dimensional, then it is semisimple.
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Thank You
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