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This talk is mainly based on the paper:

Irreducible Modules Over the Virasoro Algebra, Documenta

Mathematica 16 (2011) 709-721. (Joint with Rencai Lii and
Kaiming Zhao)
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Virasoro Algebra Vir

Let C be the field of complex numbers, and sometimes we
also regard it as a one dimensional Lie algebra. All vector
spaces and algebras are over C. For any Lie algebra £, we
denote its universal enveloping algebra by U (L).

Let C[t*!] be the Laurent polynomial algebra in t. The Lie
algebra of all derivations Der(C[t!]) = {f(t) & | f € C[t*!]}
IS the Witt algebra, denoted by .

The universal central extension of Witt algebra is the
Virasoro algebra, denote by Vir. As a vector space,
Vir = W @ Cz1, where Cz; Is the center of Vir.
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Virasoro Algebra Vir

If we denote d; = t”lat, then Vir has a standard basis
{di,z1 | i € Z}, and the Lie brackets are given by

dm,dn) = (0 —m)dpmin + Om —n 21, Y m,n € Z,

We have the triangular decomposition
Vir = Viry @ Virg @ Vir_,

where Viry = > .., Cd+; and Virg = Cdy + Cz1, which acts
semi-simply on the algebra via the adjoint representation.
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Weight Modules over Vir

A Vir-module V is called a weight module if

where Vir, = Home (Virg, C) is the dual space and
Vx={v eV |xv=X\x)v,Vr e Virg}

IS called the weight space.

The support of a weight module V' is defined as

supp(V) = {A € Viry | V), #0.}
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Weight Modules over Vir

A weight Vir-module V' is called

highest/lowest weight if IV = U (Vir)v for some nonzero v
with VirLv = 0 respectively;

Harish-Chandra if all its weight spaces are finitely
dimensional,

a module of the intermediate series if it is indecomposable
and all its weight spaces are no larger than 1-dimensional.
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Irreducible Weight Modules over Vir

Theorem (1992, Mathieu [1]). Any irreducible
Harish-Chandra module over Vir is either a highest weight
module, or a lowest weight module or a module of
Intermediate series.

Theorem (2007, Mazorchuk and Zhao [2]). Let V' be an
Irreducible weight Vir-module with supp(V') C A + Z for
some )\ € Virg, then

dng € Z, dim V)4, < +00 = dim V), < +o00, Vn € Z.

Remark. For any irreducible weight Vir-module V/, we have
supp(V') C A + Z for some A € Viry,.
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Irreducible Weight Modules over Vir

In 1997, H. Zhang [3] constructed a class of weight
Vir-modules with infinitely dimensional weight spaces.
Among them are many irreducible ones.

In 2001, C. Conley and C. Martin [4] constructed another
class of irreducible weight Vir-modules with infinitely
dimensional weight spaces, indexed by 4 parameters.
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Classical Whittaker Modules over Vir

Let ¢ : Vir, — C be a nonzero Lie algebra homomorphism
and c € C.

We can define a 1-dimensional Vir, ¢ Cz;-module Cv by

d;v = o(d;)v, zv=cv, Vi€N.

Then we have the induced Vir-module

L= |nd¥}§+@CZ1 Cv = U(Vir) ® Co.
U(V1r+€BCz1)

L, . is called the universal Whittaker module of type .
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Classical Whittaker Modules over Vir

Theorem (2009, M. Ondrus and E. Wiesner[5]). The
module L, . is irreducible if ¢(d;) # 0 and ¢(d2) # 0.

In 2011, S. Yanagida [6] proved that L, . is Irreducible if
p(d1) # 0 and ¢(d2) = 0.

We will generalize the above results to a much more
general case and with less restrictions.
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New Irreducible Whittaker Modules over Vir

For any m € N, we have a subalgebra Vir'™ = @,-,,, d.

Let o, : Virl™ — C be any nonzero Lie algebra
homomorphism and ¢ be any complex number.

We can define a 1-dimensional Vir™ & Cz;-module Cv by

div = @(d;)v  z1v=cv, Yi>m.

Then we have the induced Vir-module

. Vir o :
Le,,c = INdg; on) g, Cv = U(Vir) ® Co.
U(Vir'™@Cz)

L, . 1s a Whittaker module in the sense of Batra and
Mazorchuk [7].
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The Heisenberg-Virasoro Algebra

Heisenberg-Virasoro algebra HVir is a Lie algebra over C
with the basis

{dn, t", 21, 20,23 | n € Z}
and the Lie bracket given by

3

[dna dm] = (m - n)dn—i—m T 571,—771%217 (1)
(dp, t™] = mt™ " + 5n’_m(n2 + n)za, (2)
117 = by s, @)

HVir, 21| = [HVir, 29| = [HVir, 23] = 0. (4)
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Weight Modules over HVir

Remark. The subalgebra of HVir spanned by {d;,z; | i € Z}
IS just the Virasoro algebra.

We have the triangular decomposition
HVir = HViry & HVirg @ HVir_,

where HVirg = Cdy + Ct + Cz; + Czy 4+ Cz3 and
HViry = Zi>0(Cdii S5 Ctiz).

We can define the concepts of weight modules and other
special modules for HVir as we do for Vir.
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Automorphisms of HVir

Forany a =>"._,a;t" € C[t*!] and b € C, we have an
automorphism o = o, € Aut(HVir) defined as

o(dy) =d, +t"(a+nb) — (n+ 1)a_p29

B (E;ez 0 —n—i
2

b
-+ a_nnb),z;g + dn,()b(ZQ + §Z3)7

O'(tn) =" + 5n’()b,2‘3 — A_p23,

0'(21) —z1 — 24bzo — 12[)223 U(ZQ) — 29 + bzg 0'(23) = 23.
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Twisted modules from Automorphism

For any o € Aut(HVir) and weight HVir-module V', we can
give V a different HVir-module structure by defining:

rov=oc(x)v, VeecHVir,veV

We denote the resulted new module by V7.

Then by restricting the action to the Virasoro subalgebra,
we can view the new module as a Vir-module, which we still
denote by V7.
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Oscillator Representation of HVir

Let B =Clxy,22--- ,xy, -] be the Fock space. Make B into
an HVir-module by the following actions (See [8]):

9,

"= —,
0xn,

t™" =nxz,, VneN

tOZO, z1=1, 29=0, 2z23=1

1 o
dn:—§z:t7’-tz+n:,VnEZ.

1€4
o . o th ot if i <y
Remark. (£ - t/)v = ti(tiv)and : ¢ - ¢ =4~ =T
tottif >

The action of d,, iIs well defined.
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New Irreducible Whittaker Modules over Vir

For o, € Aut(HVir), a € C[t*],b € C, we can construct the
Vir-module B+*, which we denote by B, ;, for convenience.

Theorem. For any o« € C[t*!]\ C[t] and b € C, the module
B, p 1S Irreducible over Vir.
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New Irreducible Whittaker Modules over Vir

Theorem. For any a = Zﬁ_m a;t* with a_,, # 0,m € N and
b € C, we have

Ba,b = O, ,C?

where ¢,,(d,) = —(ZiEZ 5=+ nba_,) for all n > m and
c=1-— 1202

Remark. For any Lie algebra homomorphism

om + VIrl™ — C with oy, (daym) # 0 and any ¢ € C, we can
find some a € C[t*!]\ C[t] and some b € C such that

Ba,b = Om,,C

Thus we have L, . Is irreducible if ¢, (d2y,) # 0.
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New Whittaker modules over Vir

Use the theorem and remark on the last page, we can
deduce the following more general result:

Theorem. For any Lie algebra homomorphism

om : Vir™ — C and any ¢ € C, the Whittaker module L, .
IS irreducible if and only if ¢, (d2y,) # 0 OF ¥y, (dom—1) # 0.

Remark. Recently, E. Felinska, Z. Jaskolski and M.
Kosztolowicz [9] reobtained the above result. Their method

IS based on some technique computations, similar to that of
M. Ondrus and E. Wiesner [5].
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Intermediate Series Modules over HVir

For any \, u, F' € C, we have the modules of intermediate
series V (A, u, F) for HVir. As a vector space

)‘ s B GB Cunp,

the action of HViron V(A u, F') is
A Un, = ()‘ TN+ m,u)vm+m t" v, = Fumgn, Y m,n € Z,

21Uy, = 29Uy = 23U, = 0, V n € Z.

V(A u, F)isreducible ifand only if A € Z, 4 = 0,1 and F = 0.
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New Irreducible Modules over Vir

For convenience, we denote A = V(0,0,1).

Let o € C[t*!],b € C and o, € Aut(HVir) be an
automorphism. We obtain the Vir-module A, ; = A%*.

Remark. One can construct Vir-modules using the general
HVir-modules of intermediate series to obtain V (\, u, 7).
However, we can not get essentially different irreducible
modules from them other than from A =V (0,0, 1).
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New Irreducible Modules over Vir

Irreducibility of A, ;:

Theorem. Let o € C[t*!] and b € C.

1. Ifb & {0,1}, then A, Is irreducible;
Aq o Is Irreducible if and only if a € Z;
Aq 1 Is irreducible if and only if « € C )\ Z;
If o € C\ Z, then Ay 1 = Anp;

If o ¢ C, then A, 1 contains a unique nonzero proper
submodule and this submodule is isomorphic to A, .

a bk~ WD
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New Irreducible Modules over Vir

Isomorphisms between A, ;.

Theorem. Let oy, s € CltF] and by, b9 € C.

1. If b1 £{0,1}, then A, 5, = Aq,p, If and only if
a1 — Q9 e 7 and b1 = by;
2. Ifb1 € {0,1}, then A, p, = Aq,p, If and only if
a1 — Qo € 4]
3. Ap 0= Ay, ifandonly if g e C\ Z and oy — as € Z.
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THANKS!
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