EV\'\‘TDP:’ awd MO‘ACOMNQM'UQ
Mahler Measure

LJO\ wb wovk unth Klaws Sew M‘&d'tj

l. What s Mahler weasure ?
f)= M re, xM+ +c € Z[z]
m(f;):f l0g |£0™%)| art.
M= ™
Why was Mahler interested 7

L(f)=te g+t S+ ---4+1C)

Clear: Lifg) < Lig)L(g)

How much Smaller canyh be ¢



Quite a bt
2= L({x")= L((x'—c,) xM T XN g )))

L= LIx™"p v = 2n
How bhaa can This 36‘?’ ?

Mahter Sw Noanced ME) a3 an
“Ivrear AiLW'e core” ThaT 1S never reduced
anaer N\nw"('ﬁ P heatiew s

Mlfq) = M(£)-M(q)

&eg £

M) LY S 2 7 MIE)

-deq (£9)
27 L)L) € Lifs)

- Mak\er T Cav\ bfrra -

2. Ev\'\‘row awna Mah ler meaqsure

oL auTomerptisy, of cowpach abeliav.
) p
\

grovp X (HWink f‘i '\—7 on T

fki Haar measoyve on X

Bs v f-hall around 0 w X



g
%

e

iocks




®

hix) = ew¥vp |
)= en¥Vpy of o/, measurves Volume decresse:

Wl

Oi“ ”5 Ili W "ca l& ’ "
‘N(o()"‘-— \\M \\W\SM : (3 ,“ | .0(' ¢

€30 WO 9=0

E . -
X let «e GL(r,Z) act ow Xf-r“\r

o« (8,) If ¢ Was <igewwalues X, ., %
| - j 1)~y Ne
MQD ' (8)) % I ,/\J')-‘“

UJ- 1>

o W= [ legtix)
x )= det (tI-o0)= ITH-%)
=
F&d’ (je W) AN & ™t
wsfx’taj M= [ oy 1€
2 h(x)= Z j' [03 ‘ezmt—kj [t

js] (o]



GCeneval Arawmewovk :

f= F(%)"Zf X eZ[xi'] ~~—y Z-achon Xe oo
o} CD\WPMI o.\> 3p X

. v/
| x#:-—-{tefrr": T £ t,,,=0 all neZj
L

|

Kpt= < left Shft })(

’L
S
Ex: 0= X = x—, X£ 1t c®” ‘t =t o tas
L ne?z,}
T
Actually ol 1S just B “] on M ‘n dsquise
t-; ta t» tz. | ﬁ; L t" tltl ‘t 3

X 3 T . ® ‘&1:\ R .

"l +t3 - ) t°]

RL X 1s ’POV\'\T\'CLJ\\& dual 0*’ Z[x ‘]/<F"‘)>
X‘F s dual To mult. (o~/ X< Own j

Thm \n(u;)_—-m(f-) all £eZ[x*I\ ]

(a lowng Wistory, complete generality
Aue 4o Yuzvinsky)




O Twis frawmevoor i extewds directly o
poly momials \n several (commuﬁnﬂ) voriables:

f=fbo) = L F, %y’ € Z[x y*) vy Z=ackon o,

W)
™%

=0 VM, vx}

. o
TZDX:s {te® L2 ft
¥ 4y 9

o 2" action gew by < , L |
;i
Ex: -F[K)3)=l+x—4“j;
2.2
X =3ted® :t, +t % =0 Yuuf

i'H'n)JfV\

Heve X{_ s dual o Z[Iii‘gh]/écb‘.g))

0(7(‘ s Aual Yo ll“aChow gew. by

"I—,K“j oN

Evfropy s measared by voluwe Aecrease

;x( M M;J(B£)>X e

. s
€ to, 0

- Mo(f)- "



©

] 3 \
mf):= f; 50 log H—’lezn S,em t)) As At

Thw t (L~ Sowm dt- Ward ) L‘Wf"—' W (F)

Rough 1dea for fix,q)=1+x +ye
9 \

/. (
®© Shice wp X‘F c T ¢ it hOv“\Zgu‘!‘a! !a.yers

— & &
T

/3

m

- 7 . LR @
2 T on M “ "\aS & conBwnuum o(-‘- 2lgen spaces
" zr1 b

\fe ‘malxed \07 e € $ V = C-v '
i -2rci é 210 "VW"
Vy= (..., e e e o)
@ OV\ vﬁ) T=~-IL -0 octs ‘0\; ’W\u,H‘tp \Cd‘“d‘v\
\ 4 ez‘rl:t‘b
N

. B\/ av\q\oj wﬁ'\« 'mel O.W‘)'LLS OV\‘\/ (“AGSQ
6 wilh | -1- ™2 5| cowtr.‘zm'?“e

volume decrease, So should have
zmo
NPSE flog |-1-¢™°ap = ff !1+e2"'iewlaea¢

-W«{H»z.wj)



SO far looked ot Z([x"] =2[2]) aua
" 4] = Z2[7*], Bat Tue Famewocrk.
ex’fcmis Awectly To Z(r):
M Aduscrele counmtable gvsup, w Teu Maﬂﬁyﬁmﬁ%\y

{F,1: Fginer se%ueuce_ ot QVWaJl\\g sefs
analegous Yo (o, .., n-;} c2* o
' amenalle

z[r}: ‘m-}-eﬂm.g qrop ﬁn3¢.p -
For £= 24,7 €Z["] defiwe a M™ackion
! ‘0(;_ o XF by :
‘T\‘PD Xf L= {t=ft,)eq“p: Zﬁtr =0 Vacf‘f

i

resthichon o X of left [™achan
on T

h!‘x%) = entropy of (- ochhown Xy

T - ~hixg)-IF,))
H(QF@ ) (a))xe ! (\\>co)

%

Now Furn Tme LSW Thw ou‘oow\ol) awnd

Mahler measuve as entropy

M () 2= k/o{f,)



®

| hew =7 The mtegmt formula for mA)

;gﬁg}k.’ s\,\ows M(fFS)':M(’f') +\M‘3), b“T'P@"

3€n{2mL M wasY c)eav,

Thwm Supfose ?eZ[PJ s not a PigM‘ Zero-
AW'iSor w 2(r). Then wifg)= "'\/f’-)*'Mfg)

for every fez[M].

5 %m . § =
oy . ; 4 L D 3 i P T 2 A )
v R T AT LT o o L I I Vi, dn AL g T s
Wole o AL 13 S ig9 o RTL, '
Py 5%, i e i i .8 B i ; ¥
T ™~ ey 5
iy sy 1 ey e \
: i . % ©h % SR é L | B am am Lo R A 4 = I
v Y LS s A IERT W A RN i RO L K 73 Faw NS ' L
e by A, Lay AE AEN e ‘ .

¥ - 4
¥y Y4 g Ty
R PR T T I R

The proof Starts by S\V\ow‘wxj D({s s an exTewsiou
ot 0<F by ™y, WSes Mvh-brauov_%\nl‘m

Thw aForam-e\La.\a\-e acktouns due d U\)owd-Zl«a\«g,
o. Stwmple volume eshwale  aud aw adaptaton
o} Twe proof of Tue vaviah sual pmaple for

amewnable achons due Yo OL(aam)eﬁ

BO\S‘!C_ PrvUev\L | H‘Ow"“o CO\MPu“'Q' e)(acjfly
o&'mumer-‘tcaup,) mif) <




rﬁ‘”; TS A R O I T
. i o s { LA ‘? a{?ﬁ {a@ g o A, y‘?}{ G | '

i S

Discrete HQ'Sew\oerg 9 oUp
ba
M= \f '@;a.!‘.a)b)cél}

jz: sz) Zx=X Z, Zj‘—‘jz.
Z(F) = center (C)= 27 neZ]
WEABE: ;741) s M isa Z-edTof *741_

A typical £eZIM] hos e fovun
L9k
'F ’F({’LSIZ") 7 ﬁ)k % »\‘l )
\)I
like @ Laurent polynowwial, extept vow
The vaviables oy Tre one noncommulaive
relaton  yx=xyz.
This teads +» some very \vﬁ‘eraagﬂv\a

Qhe\nomem .



o) Sigcc'mi case: hwear wn v
Foy, 0= Y4 - q(x2)
There 75 as before, a specvat aual ysis usiug

“xz-slhices" of X,. For each (%,3)¢ 3° j;e‘? aw

f
? | F.S'A;\RGB izl “XZ~€”¥3€u6?a¢¢,m \/g»/ ) avd SO‘M‘\? 'me
/ @ nmsfice o M) °F slice s same as
e Y Mw[{—;fly?vlg by %(E T3S,

\/g c conwhnyules o wolume decrease HfF

b s | EZ T 2 .\ -1
A S 0q | 41%, )‘3’5, )4(£5,3)§[85",3)| >0
(T teraoaal

4

J egiqre s (=mig(-,50)
3

o °
So +
m(:’ - 3(;(,z.)>=f$ [&bjm(fﬂ)fd{) 48

Ex mo U+ x+y)=0 (')

———

(g = (22~22) () ¥ 0.427297....



Thw - "r (Y =942) =0 i g642) s

Twe pvoduct of @ wonowmial xz" and a finte
oo her aF gewera,(ized C\/ClO"a mics of The
orm  c(x"2%) wh v +0, c(u) = cyclotomic in u.

Quadiaiie in y  SxXawmples

‘F(K,U’/L) = tf'-— 3‘,(5(,1)3 — 3&69 z).
Now use ad)acent pairs of xz — slices, and
So pairs of Vo igewspaces. Heve The
Aynamics s Controlled by producs of
noncow m u g T ces

(o
Pn<§,§)= =na [90(53‘)5) 3,/555‘5)

The Mult phi cabe Eﬁoot‘tc’n'\ewewm says Tat

o alwmest eveyy T The 3ro«,.ﬂ\/\ of P (£3)

is The Same for almost every & aud weasuved
\o\/ ™he L\{apv\wod ex?onevd‘s /\,[S), /\7_(5)

20" W) =m. i) = J$Y\,+(3) HAL) )az



100

)'j 4\

1 —
\/ —(2x=

face of

Sur

\/ &PQVLOV

L



V2 |

O us\“j Mallie Mah\mr can Tun n‘e ;D'mdu,cj"
YJ?}E) back wavds te fiws The cewdhant
Avection of (£,3) omd The Lyapuncv
mulbiplier ME3) geneg frow (£,9) % (€35,

O

P\oﬂ“mq leg IMEDT gives the Lyapuney
Sur{—age} fee .

Ex: —f(:l, Y, z) = ‘jl— (xH)y - (x+2)

Using Pm(?,g) awd 760 decomal olgces,

™, ($)z 0.3211

Ex 1 fiyy,z)= sjl-— xy =) Linear w x,
aet wm(f)=0. Quadveticiny, o
sbtain That For almost every (§3)e$

g
D 0 | N
\ \ . 8 ) ;!
lim Sugp —Lh “0-!‘1' \ .’T‘T| I‘ | §SJ)£, ,,

NDoo C e~

?

So C’ompuﬁ‘*@ ‘QWW‘@Py u Twe (W ays
can be ‘svx’\”‘*‘rff‘%i?;sfmj\'



M g A oy o
me N A,«Ay opewn AuUesSTYIS

O ¢ £=2fvenlr], let F=2F 7"
v r
Ts wmiF =m0k i NS abeban,
ovr W D('F i expansive (gchmid{:-ben§ug,er)

@) Claaracterize Fls for which o

f ExXpPaAnSIve
| oy )
(AA -F:or He's enbe‘r‘a

@ . T .
- 3 i o P e Lk
3 o 1 B et ¥ H : F e 5 ! ¥ - Fagn 108
- I ; et &

N R
w4

@ Ckamdeﬂic f w wlf)=0.
® Wwhen f oy m‘lx‘su37 Bernselli ?

(r=24 Beﬂ\ou\\lcd‘ settlea by
Rudolph amA Schmidt)

® Get rigorovs numerical
approximations ~for mif)

@ So farwe've Just used principal
ept deals Z[r]-f. What happens
wiTh non-pancpal deals ?



