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FOREWORD BY THE PIMS DIRECT OR

The annualPIMS Graduate Industrial Math Modelling Camp (GIMMC) is held in oneof the PIMS uni-
versitiesaspart of the PIMS IndustrialForum. It is part of PIMS commitmentto providing training for young
mathematicalscientistswho areeitherpursingcareersin academiaor in industry.

Thegoalof theGIMMC is to provideexperiencein theuseof mathematicalmodellingasa problemsolvingtool
for graduatestudentsin mathematics,appliedmathematics,statisticsandcomputerscience.In additionto this it
helpspreparethemfor the Industrial Problem Solving Workshop which is the othercomponentof the PIMS
IndustrialForum.

At theworkshopstudentswork togetherin teams,underthesupervisionof invited mentors.Eachmentorposes
a problemarisingfrom an industrialor engineeringapplicationandguideshis or her teamof graduatestudents
througha modellingphaseto a resolution.

TheFifth GIMMC washeldMay 18–23,2002,at SimonFraserUniversity. Thereweresevenproblemsposed,
with a total of 56 studentsin attendance.Thestudentsmainly camefrom all acrossNorth Americawith 14 from
theUnitedStates.

My sincereappreciationandgratitudegoesto everyoneinvolvedin this workshop,in particularI wish to thank
the organisers(JackMacki, Chris Bose,RandyLeVeque,HuaxiongHuang,Marc Paulhus,ManfredTrummer,
Ian Frigaard)andmentors(Tim Myers, Chris Budd,Brett Stevens,PetraBerenbrick,Brian Wetton,Alexander
Melnikov, Yongji Tan).

I look forwardto the2003GIMMC which will beheldat theBanff InternationalResearchStation.

Dr. NassifGhoussoub,Director
Pacific Institutefor theMathematicalSciences
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EDIT OR’S PREFACE

ThePIMSsiteofficeatSimonFraserUniversitywaspleasedto hostthe � th PIMSGraduateIndustrialMathemat-
icsModelling Campfrom May 18–23,2002.

Fifty-fivehighly motivatedgraduatestudentsfrom NorthAmericaparticipatedin theevent.Thestudents’curios-
ity andenthusiasmis animportantingredientfor thesuccessof theworkshop.I hopetheprojectreportsin these
proceedingsconvey thelevel of dedicationof all participants.

GIMMC reliesvery muchon the selflessefforts of the mentors. We werevery fortunateto have found seven
dedicatedresearcherswho madethis eventa big success:PetraBerenbrinkfrom SimonFraserUniversity, Chris
Budd from the Universityof Bath in England,AlexanderMelnikov from the Universityof Alberta,Tim Myers
from theUniversityof CapeTown, Brett Stevensfrom CarletonUniversity, Yongji Tanfrom FudanUniversityin
China,andlastbut not least,Brian Wettonfrom theUniversityof British Columbia.

Marc Paulhus(Universityof Calgary)madetheorganisationof this eventseemeffortless;Ian Frigaardfrom the
Universityof British Columbia,oneof theorganisersof thePIMS IndustrialProblemSolvingWorkshopheldin
theweekafterthecamp,helpedtremendouslyin theselectionof students—adifficult taskgiventhelargenumber
of excellentstudentapplicants.

TheModellingCampandtheIndustrialProblemSolvingWorkshopbenefitedgreatlyfrom theschedulingaround
theMITACS(Mathematicsof InformationTechnologyandComplex Systems)AnnualGeneralMeeting.Students
wereableto presenttheirmodellingworkshopprojectasa posterduringtheMITACSAGM.

ThePIMSfacilitiesat SFUprovidedthementorsandstudentswith nicemeetingspacesandexcellentcomputing
facilities. The PIMS Administrative Assistantat SFU,Ms. Fuyuko Kitazawa, madesurethat all local arrange-
mentswerewell takencareof. Thefirst few daysof theworkshopfell onthelongVictoriaDayweekend;virtually
all food outletson campuswereclosed.We wereextremelyfortunateto have Arthur Giovinazzo,formerpropri-
etorof theworld renownedNo PopSandwichShopin Whitehorse,Yukon,pamperthegroupwith excellentfood.
Serioussciencerequireshighquality inputs.

ManfredTrummer
SFUPIMS SiteDirectorandLocalOrganiser
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Chapter 1

The Flow of an Evaporating Thin Film
Liquid

Participants: Tim Myers (Mentor), Lyudmyla Barannyk, Neville Dubash,Leslie Fairbairn, Jeffrey Gilmore,
MariaLandry, NicolasRobidoux,BidhanRoy, TetyanaSegin, CarlosTrenado.

PROBLEM STATEMENT: Thin liquid films areubiquitous.In geology, they appearasgravity currentsunder
wateror aslava flows. In biophysics,they appearasmembranes,aslinings in mammalianlungsor astearfilms
in the eye. They occur in Langmuirfilms andin foam dynamics. In engineering,thin films serve in heatand
masstransferprocessesto limit fluxesand to protectsurfaces,andapplicationsarisein paints,adhesivesand
membranes.

Thin liquid films displaya variety of interestingdynamics. Sincethe interfacebetweenthe liquid and the
surroundinggasis a deformableboundary, thesefilms displaywave motion. The wavescantravel andsteepen
undercertainconditionsfor highflow rates,andalsocanmaketransitionsinto quasiperiodicor chaoticstructures.
Thin film canrupture,leadingto holesin theliquid thatexposethesubstrateto theambientgas.

Of interestin this workshopis the developmentof thin films on aircraft structures.Thin film developson
aircraft structuresbecauseof depositionof supercooledliquid droplets. Thesedropletsreducethe lift of the
aircraft.A popularapproachin eliminatingsuchthin films is by heatingthesurface.However, heatinganaircraft
is expensive.

Wedevelopamodelthatdescribesthedevelopmentof thin film onasurfaceunderconstantshear. Themodel
is thenupdatedto accountfor evaporationwhenthebottomsurfaceis heated.Parameterscontrolling themodel
aredeterminedusingrealvaluedata.
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CHAPTER1. FLOW OF AN EVAPORATING THIN FILM LIQUID

1.1 Derivation of Governing Equations

Figure1.1: Half (dueto thesymmetry)of thewing tip.

Fluid is assumedto be flowing alonga horizontalplaneunderthe influenceof interfacial continuousshear",+-"�.�#0/ andsurfacetension! . Thefilm hasthickness1 , thecoordinatesaresuchthat # is directeddown the
plane,and 2 is perpendicularto the plane. The Navier-Stokesequationsareassumedto govern the fluid flow.
Usinglubricationtheory, theseequationsmaybereducedto thefollowing ones:

3�465
3 2 4 +

7
8
3:9
3 # (1.1)

3:9
3 2 +<; (1.2)

For anincompressiblefluid thecontinuityequationis unaffectedby lubricationtheory:3:5
3 #,=

3?>
3 2 +<; (1.3)

Here
9

is thefluid pressure,. 50@�> / is thevelocityvectorand8 is thefluid viscosity.
Theboundaryconditionsfor solvingthis problemare

5 .�# @ 2 @ (A/0+B;DC EGFIH no-slipcondition (1.4)> .J# @ 2 @ (A/K+B;LC EMFNH no penetrationthroughthebottomsurface (1.5)

Pressuredifferenceacrossthefreesurfaceis takento balancesurfacetensionforces:

9POQ9	R + O !
3�4 13 # 4

where
9 R

is theambientpressure(which mayvaryover thefluid surface),and ! is thesurfacetension.
Anotherboundaryconditionat theinterfaceis 3:5

3 2 EMF�S +
"8 (1.6)

where" is theshearstresscausedby theair flow.
At theinterface2�+-1T.�# @ (A/ thekinematicboundaryconditionis

U .�2 O 1V.J# @ (A/M/U ( +W'
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where ' is theevaporationrateand U
U ( +

3
3 ( =

5 33 # =
> 3
3 2

Then U .�2 O 1V.J# @ (A/M/U ( + O 1YX =
5 . O 1�Z	/ =

>\[ 7 @
sothekinematicconditioncanbewrittenas

> +-' = 1YX =
5 1�Z (1.7)

Integratethecontinuityequation(1.3)over thefilm

;]+ EGF�S�^�ZY_ XJ`
H

3:5
3 # =

3:>
3 2

a 2�+ EGF�S�^�Z�_ XJ`
H

3:5
3 #
a 2 =

> C EGF�S�^�ZY_ XJ`EGFIH
+ EGF�S�^�ZY_ XJ`

H
3:5
3 #
a 2 =

> .�# @ 2 @ (A/MC EGF�S OQ> .J# @ 2 @ (A/bC EGFIH:c
Usingthekinematicconditionon theinterfaceandzeronormalvelocityat 2�+B; , we have

;]+ EGF�S�^�ZY_ XJ`
H

3:5
3 #
a 2 = ' =

3 13 (Q=
5 .J# @ 2 @ (A/

3 13 # EGF�S�^�ZY_ XJ` c
Hence

EGF�S�^�ZY_ XJ`
H

3?5
3 #
a 2d+ O ' O

3 13 (
O 5 .J# @ 2 @ (A/

3 13 # EGF�S�^�ZY_ XJ` c (1.8)

Considerrateof thechangeof themassflux with respectto # .

3
3 #
e .�# @ (A/f+

3
3 #

EMF�Sg^�Z�_ XJ`
H

5 .J# @ 2 @ (A/ a 2
+ EGF�S�^�ZY_ XJ`

H
3?5
3 #
a 2 =

5 .J# @ 2 @ (A/
3 13 # EGF�S�^�ZY_ XJ`

+ O ' O
3 13 (

O 5 .J# @ 2 @ (A/
3 13 # EGF�S�^�ZY_ XJ` =

5 .J# @ 2 @ (A/
3 13 # EGF�S�^�Z�_ XJ` + O ' O

3 13 ( c
Therefore,

3
3 #
e .J# @ (A/K+

3
3 #

EGF�S�^�ZY_ XJ`
H

5 .�# @ 2 @ (A/ a 2�+ O ' O
3 13 ( c (1.9)

Considerequations(1.1) and(1.2). It follows from equation(1.2) that pressureis the function of # alone:9 + 9 .J#K/ .
Integratingequation(1.1)oncewe get 3?5

3 2 +W2
3:9
3 #h=

ikj
wheretheconstantof integration

ikj
canbefoundby usingtheboundaryconditionfrom theshearstress(1.6).

i j + "8 O 1
3?9
3 #

Another integrationgives
5 .J# @ 2 @ (A/�+ EGl4nmpom Z =

ikj 2 =
i 4 . Using the no-slip condition(1.4), we get

i 4 +q; .
Hence,thevelocityprofile is
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5 .J# @ 2 @ (A/0+ 2 4s
3:9
3 #h=

"8 O 1
3:9
3 # 2 c (1.10)

Now, substitute
5 .�# @ 2 @ (A/ from (1.10)into (1.9)andintegrate.

3
3 #

EGF�S�^�ZY_ XJ`
H

5 .�# @ 2 @ (A/ a 2�+
3
3 #

EMF�Sg^�Z�_ XJ`
H

2 4s
3:9
3 #h=

"8 O 1
3:9
3 # 2 a 2P+

3
3 #

2Atu
3?9
3 #h=

"8 O 1
3:9
3 #

2 4s EGF�S�^�ZY_ XJ`
H +

3
3 #

1:tu
3:9
3 #W=

"8 O 1
3:9
3 #

1 4s +
3
3 #

O 1gtv
3:9
3 #,=

"8 1
4
s c

Therefore,

' =
3
3 #

O 1gtv
3?9
3 # =

"8 1
4
s + O

3 13 (
@

(1.11)

which representsthemassconservationof thefluid.
Pressurecanbefoundfrom

9 + 9 R O ! m lwSm Z l . Substitutepressureinto themassbalanceequation(1.11)taking
into accountthat

3:9
3 # +

3:9 R
3 #

O !
3 t:13 # t%x

O !
3 t:13 # t

sincevariationof ambientpressure
9	R

is smallerthanvariationof pressure
9
. Hencewehave

' =
3
3 #

!v 1:t8
3 t?13 # t =

"8 1
4
s + O

3 13 ( c (1.12)

Also we aremostlyconcernedwith thefilm lengthat steadystate.Thusall time derivativescanbesetto zerom Sm X +<; andequation(1.12)becomes

' =
3
3 #

!v 1:t8
3 t?13 # t =

"8 1
4
s +B; c (1.13)

Thisis simplyafirst orderdifferentialequationin 1 . While thereareanumberof possibleboundaryconditions
thatwecouldapply, thebestoneto applyis afixedrateof inflow,

e
, at #�+�; . Wehaveaccountedfor evaporation

(a lossof mass)in theequation(1.13)but not for massaddition(dueto theaccumulationof droplets).Thuswe
mustaccountfor this in theboundaryconditionif we hopeto obtaina reasonablesolution. Theotherboundary
conditionsarelesssignificant.

Integrateequation(1.13)with respectof # taking into considerationthe boundaryconditionfor the flux at#y+B;
e .J#K/bC ZzFIH + e H + S

H
5 .b2�/ a 2�+ S

H
"8 2 a 2d+ "s 8 1 4

to get

'{# =
"8 1
4
s =

1gtv 8 !V1 Z|ZAZ + e H}c
We canneglectthetermwith thehigh derivativeof 1 sincethesurfacetensionis small to getanestimatefor the
height 1

1 x
s 8
" .
e H O '�#0/



CHAPTER1. FLOW OF AN EVAPORATING THIN FILM LIQUID 5

andestimatethedistance atwhich theheight 1T.�#
+~ @ (A/0+<; :
 d+

e H
' c (1.14)

This give the lengthof the fluid film. It is interestingto notethat length is independentof the shearstress
appliedat thesurfaceof thefilm.

1.2 Energy Balance

1.2.1 Energy Fluxes

Thereare a variety of mechanismsthat add or remove energy from the system. The following are the main
mechanismsconsidered.

1. Convective Heat Transfer: The waterfilm loosesenergy to the surroundingatmospheredueto the tem-
peraturedifferencebetweenthesurfaceof thefilm andthesurroundingair (seeFig.1.2).

Figure1.2: Convectiveheattransfer.

A simplemodelfor this convectionis Newton’sLaw of Cooling.Theenergy flux is givenby

O�� 3:�3 2 +W��X��p.
� .�2�+-1T.�(A/M/ O���R / (1.15)

where
�

is thethermalconductivity of water; � X�� is theheattransfercoefficient for waterandair,
� .b2�/ is

thetemperaturein thefilm, and
� R

is theair temperaturesurroundingthefilm.

2. Evaporative Heat Transfer: The water film loosesenergy throughthe evaporationof water from the
surfaceof thefilm (seeFig. 1.3).

Figure1.3: Evaporativeheattransfer.
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While therearecomplicatednon-linearrelationsfor evaporationthatarederivedempirically, to first order,
they canbeapproximatedby a linearrelationwheretheevaporationrateis proportionalto thetemperature
differencebetweenthefilm surfaceandthesurroundingair. In thiscasetheenergy flux is givenby

O�� 3:�3 2 +~� H .
� .b2�+~1V.J(A/G/ O�� R / (1.16)

where � H is anempiricalevaporationcoefficient.

3. Thermal Energy of Droplets: The dropletswhich collect on the surfaceof the film areat a temperature
equalto thatof thesurroundingair (seeFig. 1.4).

Figure1.4: Thermalenergy of droplets.

This effectively resultsin a loss of energy in the film proportionalto the temperaturedifferenceof the
surfaceof thefilm andthesurroundingair.

O�� 3:�3 2 +
i o _ � R X��M� .����:��� �G� o /M. � .�2�+W1V.J(A/G/ O�� R / (1.17)

where
i o _ � R X��b� is the specific heatof water (at constantpressure),� is the catch parameter, � is the

freestreamvelocity, and��� �w� o is thedensityof waterdropletsin theair.

4. Kinetic Energy of Droplets: Thedropletshavea velocityequalto thefreestreamvelocity (seeFig.1.5).

Figure1.5: Kinetic energy of droplets.

For dropletswhich accumulateon the wing, someof their kinetic energy is convertedto thermalenergy
which heatsthewaterfilm. Assumingthatall thekinetic energy of thedropletsgetsconvertedto heatthe
energy flux is
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O�� 3?�3 2 +
O 7s .b���g� � �w� o /J�

4 c (1.18)

5. Aerodynamic Heating: Theair nearthesurfaceof thewing is forcedto decelerateloosingenergy to the
waterfilm (seeFig. 1.6).

Figure1.6: Aerodynamicheating.

Thiscanessentiallybethoughtof asheatingdueto friction. Theenergy flux dueto aerodynamicheatingis
givenby

O�� 3:�3 2 +�� ��X����
4

s i o _ Rz� � (1.19)

where� is therecovery factor, and
i o _ Rz� � is thespecificheatof air (at constantpressure).

6. Wing Heating: Thesurfaceof thewing is beingheatedthroughanexternalsource(seeFig. 1.7).

Figure1.7: Energy appliedat thebottomsurface.

This resultsin afixedenergy flux (or fixedtemperature)at thesurfaceof thewing,

O�� 3:�3 2 +
e XGc (1.20)

1.2.2 Total Energy Balance

Thetotalenergy balanceequationfor thewholefilm hasthefollowing form

���p �(�
�	�w��
� (�( �w� =

����� �M( � �' � � �p�g��
� U

�	�
9D� �G(�  =

¡ � �	�
a
�
�  �

� ����p �( ��� �
+

� 1L� �p�  
�

' � � �p�g���
�U

�	�
9D� �M(�  =

'{�T 9 �w�  |(
� �V����p �(�

�  
�   � � � =

i
�
� �V�p��( � �T����p |(�
�  
�   � � �

(1.21)
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or

e¤£
=
7
s .����:� R /J� 4 = �

��X��M� 4s i o _ Rz� � +
i o _ � R X��b�?. � .�1V/ O���R /G.����g� R / = �wH�.

� .b1T/ O���R / = ��X��p.
� .�1V/ O���R / @ (1.22)

where � is thecatchparameterthatdescribesdistributionof dropletsof waterthatstayof thesurfaceof thewing;� H evaporationparameter. Thegraphfor � is givenon Fig. 1.8(a).

Figure1.8: (a)Catch;(b) Shearstress;(c) Pressure;�¥X�� .
Solvingequation(1.22)for

�
, wegettheaveragedtemperature

�

��Rz¦ �b�¥+
e £

=
j4T.b���g� R /�� 4 = �w§f¨�©

¦ l4 �Mªz« ¬
� o _ � .����g� R / = � H = � X��

(1.23)
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1.2.3 Heat Equation

To obtainthetemperatureprofile
� .�2Y/ in thefluid film we mustsolve theheatequation

� i o _ � R X��M�
3:�
3 ( +

� 3�46�
3 # 4 =

3g4z�
3 2 4 (1.24)

Using the following scaling,wherethe primes .�­b/ denotea dimensionlessquantitywe candimensionalize
equation(1.24):

� + � H � ­ @ (k+
®
¯ ( ­ @ #
+ ® # ­ @ 2P+W��2 ­

Thenon-dimensionalheatequationis

° ¯®
U � ­U ( ­ +

�
� i o _ � R X��b�

° 4 3 4 � ­3 # ­ 4 =
3 4 � ­3 2 ­ 4

To first orderthiscanbeapproximatedby 3g4z� ­3 2 ­ 4 +<;
@

or in dimensionalform 3�46�
3 2 4 +B; c (1.25)

Theboundaryconditionsaregivenby theflux at thesurfaceof thewing, equation(1.20),

O�� 3:�3 2 EMFNH +
e X @ (1.26)

andtheflux at thesurfaceof thefilm, equations(1.15)- (1.19),

O�� 3:�3 2 EGFIH +
O 7s .b���:��� �w� o /J�

4 O � � X�� �
4

s i o _ Rz� �±=
i o _ � R X��b� .b���g�	� �w� o /M. � .�1V/ O�� R / = � H .

� .�1V/ O�� R / = � X�� .
� .b1T/ O�� R /

(1.27)

+ O
7
s .b���:��� �w� o /J�

4 O � � X�� �
4

s i o _ Rz� �±= .
i o _ � R X��b� .����:��� �G� o / = � H = � X�� /G.

� .b1T/ O�� R / (1.28)

+ ¡ =
� . � .�1V/ OQ� R / (1.29)

where,for simplicity, we write

¡ + O
7
s .����:��� �G� o /J�

4 O � � X�� �
4

s i o _ R�� � and
� + i o _ � R X��b� .����g��� �G� o / = � H = � X��|c

Notethat
¡

and
�

arejust functionsof thephysicalconstants.
Solvingequation(1.25)with theboundaryconditions(1.26)and(1.29)weget(since m £m E is constantwhichwe

find from theboundarycondition(1.26),wecanuseit to find
� .b2�/MC EGF�S by solvingequation(1.29)for

� .�2Y/bC EGF�S )
� .b2 @ (A/²+ O

e X� .�2 O 1V.J(A/G/ =
e X O³¡� =

� R c (1.30)

Now wecanfind thetemperaturedifference

� .b1T/ O���R +
e¤£ O³¡
� c
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Usingequationfor theenergy balancedueto evaporation

� � ® � '�+W� H . �-OQ� R /
we find theevaporationrate

'µ+ � H . �-O�� R /
�	� ® � + � H . e X O³¡ /

��� ® � � (1.31)

Hence,usingequation(1.14)for theestimateof thelength  of thefilm, we canwrite

 ¶+
e H
' +

e H6��� ® �
� H . �-O�� R / +

e Hz�	� ® � �
� H . e X O³¡ /

Substitutingall physicalparameterswe obtainthefollowing estimatefor  :
 d+

e �·�	� ® �
� �

i o _ � R X��b�g.����g� � �G� o / = �z� = ��X��e X =
j4T.b��� � �w� o � 4 / = �w§f¨�©

¦ l4·¸ R x
¹ c ¹ � (1.32)

At theinterface 2d+&1V.J# @ (A/ we have anotherboundaryconditionthatrelatestemperature
�

andheightof the
film 1 . This is so-calledStefanconditionandit hasthefollowing form

O�� 3:�3 2 +��
® �
3 13 ( (1.33)

It canbeusedto estimatethetimeneededfor thefull evaporationof thefilm of thickness1 :

(Aº»+ � ® � � 4� � .b1T/ O��NR c (1.34)

1.3 No SurfaceTensionReduction to Burgers’ Equation

With theassumptionthatsurfacetensionplaysanegligible role in theprofileof thefluid surface,thehigherorder
derivativetermcanberemovedto simplify theequation.Theresultingequationis similar to Burgers’equation:

3 13 (Q=
"�.J#K/8 1

3 13 # +-¼¥.�#0/
O 'P.�#0/

Here,incomingrainandevaporationaregeneralizedasfunctionsof x. A closedform solutionof thisequation
canbeobtainedby themethodof characteristics.By introducinga new variables,wherea (a   +

7 @
and

a #a   +
"�.J#0/8 1 c

Burgers’equationcannow beexpressedasa totalderivativeof h:a 1a   +~¼�.�#0/
O 'P.J#K/ c

TheseODEscanbesolvedwhencoupledwith theinitial conditionthatat (k+<; , #
+�#DH and 1�+-1gH :
1�+W¼�.�#0/J( O 'P.J#K/J( = 1:H

#
+ "�.J#0/8 ( 1 H =
½ ¼�.J#K/ O 'd.J#0/¿¾ (s = # H:c

This closedform solution is only capableof trackinga singleparticle. It is possibleto generatesolution
profilesnumericallyby trackingmultiple points. Our solution fails to accuratelymodel the physicalsituation
whena shockforms (this will not happenwith the surfacetensionincluded). Sincewe areonly interestedin
dampingthesurface,this is not a problem.It is debatable,however, to whatdegreethis solutionis valuablesince
it doeslittle to elaborateon thesteadystatesolution.



CHAPTER1. FLOW OF AN EVAPORATING THIN FILM LIQUID 11

1.4 Estimating À When theRain CatchandSheararePositionDependent

1.4.1 Key Idea: Integrate the FreeSurfaceEquation over the Whole Layer

Considerthefreesurfaceequation(1.12)modifiedsothat therain’s masscontribution comesthroughthetop of
the layer insteadof throughthe left boundary(thederivation in Sections1.1 and1.2 aresomewhatmismatched
physically:in Section1.2,therain’sheatcontributioncomesthroughthetop,while in Section1.1,therain’smass
contributioncomesthroughtheleft boundary):3 13 ( + rain

O ' O
3
3 #

!s 8 1 t
3 t 13 # t =

"s 8 1 4 . (1.35)

The key idea of this sectionis that integrating (1.35) over the entire thin water layer yields an integral equa-
tion parameterizedby the layer length  ; this integral equationonly involves  asanunknown if steadystateis
assumed.

An advantageof beingableto compute without solving thenonlinearfourth orderPDE(1.35) is that this
allows a more straightforward treatmentof the boundaryconditions: we know wherethe layer “ends” before
solvingthePDE;thus,theboundaryis not quite“free”.

1.4.2 Simplifying Assumptions

For thesake of exposition,we assumethattheonly “parameters”which dependon # aretherain catch(effective
crosssection)� andtheshear" ; wealsoassumesymmetryabout#y+�; , which impliesthattheshearmustbeodd,
andin particularthattheshearvanishesat theorigin (this is quitereasonable,sincetheorigin is astagnationpoint
of theair flow). Nonetheless,the approachcarriesover to situationswhenotherparametersor termsotherthan
theraincatchandshear(and,indirectly, theevaporationflux perunit lengthandtime)dependon # . Theapproach
alsoappliesto situationsin which � and " arenot constantaway from the origin, situationswith no symmetry
abouttheorigin, andthenon-steadycase(in whichcasetheapproachrelates

3 1LÁ 3 ( to  andits timederivative).

1.4.3 The Usual SteadyEstimate for Â Holds Even When Accounting for SurfaceTen-
sion Ã and Wind Shear Ä

Assumingsteadystate,thetime derivativevanishes.Integrating,onegets:R
H rain

a # O
R
H ' a # + !s 8 1 t

3 t 13 # t =
"s 8 1 4

Z�F R
Z�FIH (1.36)

Theright handsideof (1.36)vanishesbecause

Å 1:t and 1 4 vanishat  (by definition, 1 vanishesat  );
Å m|Æ Sm Z Æ vanishesat ; by symmetry(beinganoddderivativeof anevenfunction).

Å " vanishesat ; (becauseit is odd).

Now:

Å Thetotal rain collectedby thewing (perunit time) is

R
H rain

a #³+ e , andconsequentlycanbecomputed
from � (andsomeotherconstants).

Å Thetotalwaterlossthroughevaporationis

R
H ' a # , which is equalto Ç' —theaverageevaporationperunit

length—times .
Thisyieldsafirst relationshipbetween , (half of) thelengthof thewaterlayer,

e
, (half of) thetotal rainflux, andÇ' , theaverageevaporationflux perunit length:

 +
e
Ç' . (1.37)
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(Note: this is an equality, not an approximation.)That this shouldhold is actuallyobvious: the only sourceof
wateris rain, theonly sink is evaporation,andweassumesteadystate,sothetotal rainflux mustbalancethetotal
evaporation.Thus,it is reassuringto have theequationappearevenwhenproviding for longitudinalwaterflow
(drivenby shear)andsurfacetension.Again, this is not surprising:the termbetweenbracketsin (1.35),which
arisesfrom approximatingtheNavier-Stokesequation,accountsfor waterflow within thelayer; consequently, it
doesnot affect the total waterbalancein any way, only its distribution. Had it beenotherwise,this would have
beencausefor worry.

Equation(1.35), unfortunately, doesnot readily lead to a very precisecomputationof  , for Ç' , being an
average evaporative flux, it involvesthe lengthscale  . It is, however, possibleto getanequationwith  asthe
only unknown; in fact,very reasonablesimplifying assumptionsallow oneto derivea “closedform” formulafor in termsof integralsof thecatch � .
1.4.4 Mor eSimplifying Assumptions

The Catch � Typically VanishesOutsideof a Small Neighbourhoodof #
+<;
Thecatchis not well approximatedby a constant;asa functionof # , thedistancealongthewing to the leading
edge,� typically looks like a “narrow Gaussianwith cut-off tails” centredat #-+&; (seeFigure1.8 (a)). In any
case,outsidea smallneighbourhoodof theorigin, � canbesafelyassumedto bezero.� entersthefreesurfaceequation(1.12)(nonlinearly)throughtheevaporationterm(1.31): theheatandkinetic
energy conversionflux termsareproportionalto thevalueof � .
The Evaporation Flux ' is EssentiallyConstantOutside of a Neighbourhoodof #y+�;
Theformulafor theevaporationflux ' wasobtainedbyassumingthatheatflowssolelyin the 2 direction.Looking
at theclosedform expressionfor thisflux, oneseesthattheevaporationdependsonthecatch� . Since� is constant
away from theorigin, so is ' . (Of course,we maywant to allow otherparametersto bepositiondependent,in
which casesimilar assumptionson thevaryingparametersarenecessaryto geta “closedform” for  .)
1.4.5 Consequence:The Evaporation is Constant for ÈÊÉËÂ in
The above simplifying assumptionsimply that thereexists an  in suchthat the catch—andconsequentlythe
evaporation—isconstantfor #%$& in.

Supposethat thesteadystate  is greaterthan  in. Breakthe interval
½ ; @  p¾ into an inner region

½ ; @  in ¾ and
anouterregion

½  in @  p¾ . In the inner region, theevaporationflux ' dependson positionthrough � . In theouter
regionhowever, theevaporationis constant,thisconstantbeingobtainedby setting� to zeroin theformulafor ' ;
call thisconstant' out.

1.4.6 Formula for Â with Ì Constant in the Outer Region

Thefreesurfaceequation(1.12)now readsR
in

H rain
a # O

R
in

H ' a # +
R
R
in
' a # O

R
R
in

rain
a #

+ ' out  O  in ,

in which it hasbeenassumedthatnorain falls in theouterregion. Theleft handsideis completelydeterminedby
therain distribution, theheatflux throughthebottom,andvariousphysicalparameters.So:

 +  in =
e O R

inH ' a #
' out

,

where
e

is the total flux of rain, ' is the evaporationflux per unit length(which dependson the catch � , and
consequentlyon position),and ' out is theconstantvalueof theevaporationflux perunit lengthwhich holdsfor#Í$\ in.
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1.5 List of Parameters

� � �w� o - radiusof waterdroplet,equalto 50 ��� ;� X�� - heattransfercoefficient,equalto 400 Î�Á �
4 �

;� R - humidity (waterdensityin theair), equalto
7 ;DÏYt � � Á � t ;� � - waterdensity, equalto

7 ;?t � � Á � t ;� - freestreamvelocity, equalto 100 � Á:  ;®
- lengthscalein the # direction,equalto 0.5 � ;�
- thermalconductivity, equalto 0.6;� � - evaporationcoefficient,equalto 270 Ð¥ � Á �   ;® � - latentheatof evaporation,equalto

s c s �DÑ [ 7 ;:Ò»ÓTÁ � � ;e
- waterflux, equalto

7 ;DÏYÔ �
4 Á?  ;e X - heatflux specifiedat theleadingedgeof thewing, ÓTÁ �

4   ;8 - viscosityof water,
7 ;DÏ	t � � Á �   ;9

- pressure,Ð¥ (profilepresentedby FigureF1.2(c));" - shearstress,Ð¥ (profilepresentedby FigureF1.2(b)), in caseof constantshearstressequalto
7 ;�Ð¥ ;i o _ Rz� � - specificheatof air, 1000J/kgK;i o _ � R X��b� - specificheatof water, 4200J/kgK;� - numberof dropletscatchingthesurface;

� - recovery factorof aerodynamicalheating,equalto 0.8;! - surfacetensionof water, equalto 0.0728N/m;� R
- temperatureof theair, equalto x

O v ;DÕ

1.6 Conclusions
Å Wemodelthedynamicsof thin waterfilms arisingfrom thedepositionof supercooledwaterdropletsonthe

front of anheatedairplanewing.

Å Thethin film approximationis usedto selectleadingordereffects.

Å We derive severalconsistentestimatesof the lengthof the steadystatewaterlayer, aswell asthe time to
evaporateaninitial layer.

Å Energy balanceis usedto determinethe evaporationrate from the heatconvection(radiation), the heat
contentandkinetic energy of the incomingdroplets,aerodynamicheating,andthe imposedwing heating.
This involvessolvinga collectionof 1D steadyheatequations.

Å The shapeof the thin water layer is modelledby a nonlinearfourth order parabolicpartial differential
equationwaterbalanceequationwhich includestheeffectsof surfacetensionandaerodynamicshearstress
throughaStefanproblem,aswell astheleadingordertermsof theNavier-Stokesequations.

Å Wederiveseveralconsistentestimatesfor thelengthof steadyfilm layers,aswell asthetimeto evaporation
of aninitial layer.

Å An exact formula for the steadyfilm length is obtainedby integrating the water balanceequationover
the whole layer. The resulting“closedform” formula for the lengthof the layer involvesintegralsof the
positiondependenteffectivecrosssectionof thewing aswell astheevaporationfunction.
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Chapter 2

“ One Fish,
Two Fish,

Red Fish,
Blue Fish”

Mathematically Modelling a FreshFish
Detector

Participants: ChrisBudd (Mentor), Ibrahim Agyemang,Erik Andries,Dhavide Aruliah, MélanieBeck,Qing-
guoLi, Colin Macdonald,MatthiasMück,RobinSwain.

PROBLEM STATEMENT: ThePIMS MathematicalModelling springworkshoppresentedsix differentenvi-
ronmentsto beconsideredfor modelingduringtheprogram.For this group,ChrisBuddproposedthatwe study
dataobtainedthroughexperimentsusingadevicedesignedto determinethefreshnessof fish. Throughanelectric
currentappliedto acoil, aneedle-shapedprobeis projectedby aforcedirectlyonthesurfaceof atestsample.The
depthto which theprobepushesthesurfaceis recordedby thecoil asa functionof time. Thegoalof this project
is to usethe datato indicatewhat mechanismsgovern the dynamicsof the probeover time, namelymodelsof
ordinarydifferentialequationsfrom which parameterscanbeextractedto determinefreshfish from thosewhich
arenot.
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2.1 Intr oduction

Have you ever beento thesupermarket to buy freshfish andwonder:Justhow freshis this fish? Is thespecified
freshnessof thefish accurate?If not,how couldyou tell?

In this reportwe describethemathematicalanalysisof a systemwhich is proposedto measurethefreshness
of fish. Thedeviceusedto testfreshnessis a thin needle-likeprobewith acoil whichprovidesanelectromagnetic
forceto theprobeandalsomeasuresits motion.Weattemptto capturethedynamicsof themotionof theprobein
a mathematicalmodelwhich canfit thegivendata.In doingsowe hopeto extract informationon fish freshness
from somefish-dependentparametersin themodel(s).

Thefirst sectiondealswith cleaningup thedata.Our grouphasbeenprovidedwith someraw datacollected
by thefish-probeapparatusfor severaldifferentmaterials:

1. A plaicefish

2. A foamor sponge

3. A clearcling wrapmedium

4. A humanhand

Thedatacontainsnoisewhichwasfilteredfor subsequentanalysis.FastFourierTransforms(FFT)andwavelet
de-noisingtechniqueswereappliedto thedatato removethenoise.There-constructeddatawasusefulin obtain-
ing estimatesfor thevelocityandaccelerationof theprobeduringtheexperiments.Thescopeof ouranalysiswas
only concernedwith fitting thedatafor a plaicefish andfoamsponge,anddoesnot includeanalysisof thecling
wrapandhumanhand.Mathematicalmodellingtechniquesincludingnonlinearoptimizationandthephysicsof
oscillatorysystemswereusedto describethedynamicsof theprobe.

2.2 Data Filtering and Estimation of Acceleration

In this partof theproject,waveletde-noisingtechniquesareappliedto theempiricalfish probedatafor filtering.
Basedon thefiltereddata,theaccelerationwascomputednumerically.

2.2.1 WaveletShrinkage De-noising

Our objective was to suppressthe noiseand recover the signal. Both FFT and wavelet approacheswere im-
plementedto fulfil the task. Becauseof the multi-resolutionpropertyof the wavelet transform,wavelet-based
de-noisingproducedbetterresultsthantheFFT approach.

To recover a signal the noisemustbe removed beforeproceedingwith further dataanalysis. The wavelet
de-noisingprocedureconsistsof threesteps:

1. A linearforwardwavelettransform

2. A nonlinearshrinkagede-noising

3. A linearinversewavelettransform

Let Ö,.�(A/ representa setof observeddata,andassume

Ö,.J(A/0+~×Ø.J(A/ =
Ù .�(A/ (2.1)

containsthetruesignal ×Ø.�(A/ with additivenoise
Ù .J(A/ asfunctionsin time ( to besampled.Let ÚÛ. [ / andÚ Ï j . [ /

denotethe forward and inversewavelet transformoperators. Let Ün. [Ý@�Þ / denotethe de-noisingoperatorwith
threshold

Þ
. Weintendto de-noiseÖ,.J(A/ to recover ×f.J(A/ asanestimateof ×Ø.�(A/ . Thebasicversionof theprocedure
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consistsof threesteps,includingdecomposition,obtainingthresholdingdetailcoefficients,andreconstruction.It
is summarizedas ß +�Úà.�Ö,/á +BÜn. ß @�Þ /

×B+�ÚàÏ j . á / (2.2)

For thede-noisingoperatorÜ , giventhreshold
Þ

for thedataâ ,

Ün.�â @|Þ /K+ sgn.�âP/äãdå:æI.�; @ C â�C O<Þ / (2.3)

definesnonlinearsoft thresholding. Many different schemeshave beendevelopedon selectionof de-noising
operator [1, 2].

In this application,the datawasfirst processedby using � -level Haarwavelet transform,thenwe removed
thefiner waveletcoefficients çMè and ç Ô . After that,we performedthe inversetransformandrecoveredtheclean
data.Theprocesseswerecarriedout by usingthewavelettoolboxin Matlab [3]. Theresultsfor thefish dataare
shown in Figures2.1 to 2.2. Figure2.2 containsthewaveletde-noisingresultsandtheoriginal fish data(offset
for comparison).Thecleansignalsfor thefoamandcling film areincludedin Figures2.3and 2.4.

0 100 200 300 400 500 600 700 800 900 1000
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

time(ms)

vo
lta

ge
(V

)

Denoising using FFT

0 100 200 300 400 500 600 700 800 900 1000
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

time(ms)

vo
lta

ge
(V

)

Denoising using wavelet(Fish)

noisy
clean

Figure2.1: FFT (left) andwavelet(right) de-noisingresultsfor theoriginal fishdata.

2.2.2 Numerical Computation of Acceleration

After we obtainedthecleandataby usingwaveletde-noising,theaccelerationswerecomputedusingfinite dif-
ferenceapproximation.Thepositiondata#0.J(A/ canbecalculatedfrom thede-noisedvoltagedata

5 .�(A/ asfollows:

#K.J(A/K+ 7 ; ÏYtPé ; c ¹ 5 .J(A/ mm/V (2.4)

First thevelocity �N.J(A/ canbecomputedas

�I.�(A/K+ #K.J( =
ê (A/ O #0.�(A/ê ( (2.5)

where
ê (k+ 7 ;DÏ	t is thesamplerateof thesensor.

Becauseof thedifferentiationprocess,thenoisein thepositionsignalwasamplified,andin orderto increase
thesignalto noiseratio (SNR), thede-noisingroutinewasalsoappliedto thevelocity data�N.J(A/ to generatethe
cleansignal� j .J(A/ . Theacceleration 	.J(A/ wascomputedas

 	.J(A/²ë  	.J( =
ê (A/ O  	.J(A/ê ( (2.6)

With thede-noiseddataweobtainedcontinuousaccelerationdatafor furtheranalysis.



18´ CHAPTER2. MATHEMATICALLY MODELLING A FRESHFISH DETECTOR

100 200 300 400 500 600 700 800 900 1000
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Fish data denoised 

Fish data offset 

Figure2.2: Comparisonof thewaveletde-noiseddataandtheoriginaldata(offset)for a plaicefish.
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Figure2.3: De-noisingresultsof timfoamdata.
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Figure2.4: De-noisingresultsof cling film data.
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Figure2.5: Estimationof accelerationfrom cleandata(fish).
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Figure2.6: Estimationof accelerationfrom cleandata(foam).
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2.3 Analysis of the Signal

Thegraphsdescribingtheresponsefrom theplaicefish andfoammaterialaredisplayedin Figures2.7 and 2.8.
It is obviousfrom theFiguresthatthemotionof theprobeexhibits threedistinctbehavioursduringanexperiment
(for boththefishandfoamcases).Thereforewemodelthesephasesasindependentprocesses:

1. PhaseA: Theinitial phaseresemblesanoscillatingdecayingexponentialfunctionwhichmightbemodelled
asa mass-springsystemwith damping.This phasecoincideswith theinitial forceappliedby theprobeon
thefishor foam.

2. PhaseB: The probecontinuesto exert a constantforce on the fish (foam), anda linearly (exponentially)
decayingfunctionis observedwhich indicatesmotionwith constantor slowly changingvelocity.

3. PhaseC: In thefinal phasedampedoscillationsareagainobservedastheforceis removed.
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Figure2.7: Theresponseof theprobeto applicationof a plaicefish.
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Figure2.8: Theresponseof theprobeto applicationto foamblock.

The following sectionsdescribethe motion of the fish-probesystemin the the threephasesasisolatedpro-
cesses.
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2.3.1 PhaseA

Dueto theoscillatorynatureof thevoltage(position)over time,we first attemptedto modelthephenomenaby a
dampedlinearoscillator ìàí# =

î�ï# =Bð # =
ì
� +�;

where
ì + 7 ; g is themassof theprobe,� is thegravity constantand#y+y#0.�(A/ is thepositionof theprobe.

With constantcoefficients,thesolutionto theaboveequationis

#0.�(A/K+-� ÏLñ X ½ ¡�ò|ó?ô .Jõ0(A/ =
� ôwöÝ÷ .�õ0(A/�¾ =

U @
where ø is thedecayrate,

U
is theverticalshift and õ is the frequency. Theseintermediateparametersõ and ø

canbeexpressedby theODEparameters:

õ-+ ðì O ø 4 and ø�+
î
s ì c

We now have to estimatethe unknown parametersof the linearordinarydifferentialequationfrom the time
seriesdataandtheninspectthecompatibilityof thereconstructedmodelwith thedata.TheMATLAB nonlinear
leastsquaresfitting algorithm,NLINFIT, wasusedto performtheparameterestimation.Theresultsin Figure2.9
indicatethatPhaseA canindeedbemodelledby thedampedlinearoscillator.
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Figure2.9: Thefit obtainedfor PhaseA by modellingtheoriginal fishdatawith a dampedlinearoscillator.

Theinitial andfinal phasesof themotionof theprobeweresimilar in nature- bothwereoscillatingdecaying
exponentialfunctions.

2.3.2 PhaseB

The secondphaseof the time seriesis observed from 50 to
¹ ;?; ms after the initial contact. It is characterised

by a steadydecayin the magnitudeof displacementfollowing the transientoscillatory behaviour observed in
PhaseA. We hypothesizedthatphaseB consistsof aninelasticdeformationbecausethefinal equilibriumstateat(»+ 7 ;?;?; msis somewhatdepressedbelow theinitial conditionat (»+<; .

To modelthedecreasein themagnitudeof thedisplacement,we attemptto fit thedatafirst with a decreasing
exponentialfunctionof theform #0.J(A/f+ ¡ � ÏLù X =

� @
(2.7)

with parameters
¡

,
�

andú . As analternative,we useda linearmodel,

#0.J(A/f+ i ( =
U @

(2.8)
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Figure2.10:Thefit obtainedfor PhaseA by modellingtheoriginal foamdatawith a dampedlinearoscillator.

with parameters
i

and
U

.
Theresidualsareminimizedin theleastsquaressensefor theabovedatasetsgiving thefunctions

#0.�(A/û+ s:¹ c ü �L� Ï H}ý H j tGÒwþ X O s Ñ c ÿ 7 or (2.9)

#0.�(A/û+ O ; c v:¹ Ñ ü ( = ; c �
v �DÑ (2.10)

thatfit thefish dataand

#K.J(A/û+ ; c s?v ; u � Ï j�� ý è Ò X = ; c
s ÿ?ÿ:ü or (2.11)

#K.J(A/û+ O ; c vD7 ; ü ( = ; c
v ÿ s?¹ (2.12)

for the foamdata. Theseresultsareplottedin Figure2.11andwe notethe linearandexponentialfunctionsare
essentiallyidenticalfor the fish data,bothhaving a leastsquaresresidualof about0.05. For the foamdata,the
exponentialfunctionprovidesa muchbetterfit with a leastsquaresresidualof 0.016asopposedto 0.47for the
linearfit; this is to beexpectedbecause,asseenin Figure2.11,thelinearfunctioncannotmodelthecurvatureof
thedataeffectively.

As a possiblemodelof this behaviour, considera particlesubjectedto a constantforce
�

moving in a visco-
elasticmediumwith elasticcoefficient ð andviscosity

î
. With this model,thekinematicsaredeterminedby the

equation

ð #0.�(A/ =
î a #a ( +

� c (2.13)

Integratingthis equationgivestheexactsolution

#K.J(A/K+ Ö H =
�
ð

� Ï��� X =
�
ð
@

(2.14)

where #0.¿;D/�+ Ö�H is the initial condition for the ODE. In the absenceof an elasticterm, the kinematicsare
determinedby î a #a ( +

�
(2.15)

with correspondingexactsolution

#K.J(A/K+�Ö H =
�
î ( c (2.16)

It alsoseemsplausiblethat we could derive Equation(2.16) by consideringDarcy’s Law for the flow of fluid
througha porousmedium(thefish flesh).However, we unfortunatelydid not havesufficient time to developthis
idea.
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Figure2.11: Exponentialandlinear functionsfit to the phaseB portion of the datafrom the fish andthe foam
experiments.

The parametersin the solutionsEquation(2.14) andEquation(2.16) canbe determinedby matchingwith
Equation(2.7)andEquation(2.8).

Further, in thelimit of vanishingelasticity ð , thesolutionEquation(2.14)reducesto Equation(2.16)since

#0.J(A/ + Ö H O
�
ð

� Ï �� X =
�
ð

+ Ö�H O
�
ð

7 O (î ðn=
7
s (î ð

4
=
[�[�[

=
�
ð

+ Ö�H = .
� O

ð Ö±HY/
(î O 7

s . � O ð Ö�H�/
(î
4
ð�=

[|[�[
� Ö�H =

�
î ( as ð � ; c

Thus,this modelsuggeststhat the foam actsasa visco-elasticmediumduring phaseB while the fish actsasa
viscousmediumwith vanishingelasticity. Indeed,thisis supportedby thesmalltimeconstantú in theexponential
fit for thefishdata.

2.3.3 PhaseC

We definephaseC asbeginningwhentheforceon theprobeis releasedat aroundÑ ¹ ; ms. We considerboththe
fish andfoamdataduringthis phase.
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The Fish Data

We first considerthefish data.After theforceis released,theprobeis pushedupwardsby theskinof thefish and
entersanapparentdampedoscillation.

Our initial modelwasto describethemotionby theODE

8 í# =
î�ï# = ð # = 8 � +<;

@
(2.17)

where8 + 7 =
� � is theeffectivemassof theoscillator(

ì
is themassof theprobe,� is amassunit of theskin)

and ð and
î

arerespectively therestoringandfriction parameters.The 8 � termdescribestheforcedueto gravity.
We fitted thegeneralsolution #0.J(A/f+ ¡ � ÏLñ X ò�ó?ô . > ( O
	 / =

U @
(2.18)

to thedataby matchingtheparameters
¡

, ø , õ ,
	

and
U

where ø andõ arerelatedto ODEcoefficientsby

ø�+
î
s 8 @ (2.19)

õ 4 + ð8 O ø 4 c (2.20)

Resultsof a leastsquaresfit areshown in Figure2.12.
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Figure2.12:PhaseC—Thefit obtainedby modellingtheoriginal fish datawith a dampednonlinearoscillator.

We notethat thefit apparentlymatchesthefirst periodof theoscillationsquitewell but thesolutionquickly
drifts out of phase.Therefore,the modeldescribedby Equation(2.18)shouldbe modified. Onestrategy is to
replacetheconstantcoefficients ð and

î
with functionsof # and

ï# respectively. We consideredthesecorrections
up to secondorder, i.e.,

ð .�#0/K+ ð H =Bð
j # =Bð 4 #

4
(2.21)î . ï#K/0+ î H =

îKjIï# =
î 4 ï# 4 (2.22)

(2.23)

However, no significantchangewas noticedbetweenthis non-linearmodel and the linear approachshown in
Figure2.12.

After the failure of the non-linearmodel, we attemptedto gain additional insight into the physicsof the
problem. Therefore,we consideredthe velocity andaccelerationof the probeascomputedfrom the de-noised
data(seeFigure2.13).
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Figure2.13: (Above)Original PhaseC datawith accelerationoverlay. Theregion wheretheprobeis in freefall
is highlighted.
(Below) Thefit obtainedby modellingtheoriginal fishdataasanimpactoscillator(lossof contactmodel).
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We noticedthatbetweentimes ( j +�Ñ ÿ ; msand ( 4 + ¹ ; ¹ ms,theaccelerationis almostconstant,indicating
thattheprobeis aconstantaccelerationover

76¹
mswhichdoesnotcoincidewith motiondueto adampedoscillator.

Note theagreementwith thevelocity which appearsto have a linearbehaviour during thesametime. However,
beforeand after this accelerationplateau,the motion seemsplausibly describedby dampedoscillations. For
conveniencewe call the time interval

½ Ñ ÿ ; ms
@ ¹ ; ¹ ms¾ SectionII andrefer to the intervals

½ Ñ ¹ ; ms
@ Ñ ¹ ÿ ms¾ and½ ¹ ; ÿ ms

@ 7 ;?;?; ms¾ asSectionI andSectionIII, respectively.
Thedifferenttypesof motionof theprobein thesethreesectionssuggestthattheprobeis startingto perform

a harmonicoscillation(SectionI) andloosescontactnear( j +µÑ ÿ ; ms. During SectionII, theprobe(apparently
in “free-fall”) is dealtwith below. Neartime ( 4 + ¹ ; ¹ msthe skin andthe probecollide andagainbehave asa
singleoscillator. Themotionin SectionI andIII mustbedrivenby theODE givenin Equation(2.18).Therefore
thefrequency õ , thedecayrate ø , andthebaseline

U
of thesignalmustbein agreement.However, we allowed

that theintermediateSectionII introducesanamplitudeanda phasecorrectionto thesolutionof theODE in the
lastsection.We thenfitted the(de-noised)datato thefunctions

#K.J(A/K+ ¡ � Ï�ñ X ò|ó?ô .Jõ0( =
	 / =

U @ (�� SectionI
@

(2.24)

#K.J(A/K+ � � Ï�ñ X ò|ó?ô .Jõ0( =

 / =

U @ (�� SectionIII c (2.25)

The resultsof the leastsquaresfit is displayedin the relevant partsof Figure2.13 (i.e., the two solid curves).
We emphasizethat thefit is reasonablycloseto thedata.This confirmsour conjecturethat theprobeperformsa
dampedoscillationaslong asit is in contactwith theskin.

We focus our attentionon SectionII to understandthe motion of the probeover the entire time rangeof
PhaseC. After losingcontactwith theskin, theprobeis constantlyacceleratedover thetime rangeof SectionII
andthereforeits positionfunction #K.J(A/ obeys theODEí# O � +<; c (2.26)

The constant� can be determinedfrom the accelerationdatain Figure 2.13. We expectedthat � matchthe
gravitationalconstant� +

O ÿ�c ¹D7 mÁ s4 . However, by takingtheaverageof theaccelerationdataover theplateau
in SectionII, � turnedoutto be � +

O u c v mÁ s4 . A plausibleexplanationfor thisreducedgravitationalacceleration
couldbetheeffectsof friction from insidetheapparatus.

To solveEquation(2.26)wechoseinitial conditionssuchthatthepositionfunction #K.J(A/ andthevelocity
ï#0.J(A/

becamecontinuousat thepoint, ( j + Ñ ÿ ; ms. Thesolutionis a parabolicpathandis plottedin Figure2.13asa
dashedcurve. Note that the “free fall” not only fits the motion in SectionII very well but alsoconnectsto the
dampedoscillatorymotionin SectionIII.

Unfortunately, it is difficult to determineð and
î

becauseof their dependenceon 8 . This is problematic
becausewe have very little informationabout8 ; mostlybecausewe did not succeedin finding a way to extract
significant information aboutthe motion of the fish skin during SectionII. A possibleapproachis that some
informationcouldbeextractedby assumingthatmomentumis conservedby thecollisionat ( 4 . However, wehad
insufficient time to properlypursuethis option.

The FoamData

Webeganmodellingthefoamdatain muchthesamewayasweinitially modelledthefishdata,i.e.,asaadamped
linearoscillator. Theresultingmodelwasnot a goodfit.

Thenext modelattemptedwasthegeneralizeddampedoscillatorwith non-linearcoefficients(again,with up
to quadraticcorrections)for viscosity,

î + î H =
î j ï# =

î 4 ï# 4 , andthe restoringforce, ð + ð H =,ð
j # =,ð 4 #

4
.

This new modeldemonstratedconsiderableimprovementover thelinearcase,i.e., thereconstructedODE model
wasanexcellentfit (seeFigure2.14.

From here,we canconcludethat the probeprobablydid not leave the surfaceduring PhaseC. Overall, the
proberesponsefor foamcanaccuratelybemodelledasa visco-elasticsystem,asopposedto theproberesponse
for thefish—indicatingthatthefish is not aperfectvisco-elasticmaterial.
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Figure2.14:PhaseC—Thefit obtainedby modellingtheoriginal foamdatawith a dampednon-linearoscillator.

2.4 Conclusions

We gaineda fundamentalunderstandingof the dynamicsof the given problemfor both the fish and the foam
data.In this sense,themodellingwassuccessful.In particular, theloss-of-contactmodelasanimpactoscillator
duringPhaseC wassurprisinglysuccessful.However, althoughwehaveidentifiedmany parametersof themodel,
correlatingtheseparameterswith freshnessrequiresseveral(preferablymany) samplesof fishof variousfreshness.
Thus,whenit comesto predictingfreshnessof thefish,we simplydo not haveenoughdatato makeany claims.

It seemsplausiblethat the restoringanddampingparameterswould be indicatorsof freshness.Recall that,
in PhaseC, we wereunableto extract the valuesof theseparametersfrom the frequency, õ , anddecayrate, ø ,
sincewe could not determine8 . However, it is possiblethat õ and ø are themselves indicatorsusing 8 asa
fish-dependentconstant.
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SourceCode

PhaseA Codes

PhaseA Fit.m

%================================================= =================================
function [P, V, F]= Phase_A_Fit( time, voltage, t1, t2, baseline )
% Estimate the parameters (coefficients) of the nonlinear ODE for Phase A
% time: time vector of the signal (SCALE IS ’MS’, i.e. 0ms, 1ms, 2ms, ...
% voltage: position data of the probe/needle
% -- time and voltage must be column vectors
% t1: time of the first crest in the data
% t2: time of the second crest in the data
% -- from t1 and t2, a rough estimate of the decay rate and period can be computed,
% whereby all subsequent initial parameters can be computed
% baseline: guess for the steady-state voltage for Phase A
%================================================= =================================

% Reconstructed Voltage
global V;

% Estimate parameters
Mass = 10;
T = t2-t1; % Period
Omega = 2*pi/T; % Frequency
Delta = -1/T * log(voltage(t2)/voltage(t1)); % Decay rate
Beta = 2*Mass*Delta; % Damping coefficient
Alpha = Mass*(Omegaˆ2 + Deltaˆ2); % Restoring force coeffient
Shift = baseline; % Steady-state voltage
A = voltage(1)-baseline; % Initial amplitude for cos(omega t)
B = 0.1; % Initial amplitide for sin(omega t)
P0 = [Delta Omega Shift A B]; % Consolidate initial parameters into one vector

%Find Optimal Parameters
P = nlinfit(time,voltage,@Phase_A_NLObj,P0);

% Unroll the parameters
Delta = P(1);
Omega = P(2);
Shift = P(3);
A = P(4);
B = P(5);

% Reconstruct the voltage from the estimated parameters
V = exp(-Delta*time).*( A *cos(Omega*time) + B*sin(Omega*time) ) + Shift;

% Compute the sum of squares error term (not normalized to the length of the vector
F = sum((V-voltage).ˆ2);

return

PhaseA NLObj.m

%================================================= =========================
function x = Phase_A_NLObj(P,t)
% Objective function to be minimized by NLINFIT
%================================================= =========================

% Unroll parameters
Delta = P(1);
Omega = P(2);
Shift = P(3);
A = P(4);
B = P(5);

% Equation to fit
x = exp(-Delta * t) .* (A*cos(Omega*t) + B*sin(Omega*t)) + Shift;

return

PhaseC Fit.m

%================================================= =================================
function [P, V, F] = Phase_C_Fit(time,voltage,t1,t2,baseline)
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% Estimate the parameters (coefficients) of the nonlinear ODE for Phase C
% time: time vector of the signal (SCALE IS ’MS’, i.e. 0ms, 1ms, 2ms, ...
% voltage: position data of the probe/needle
% -- time and voltage must be column vectors
% t1: time of the first crest in the data
% t2: time of the second crest in the data
% -- from t1 and t2, a rough estimate of the decay rate and period can be computed,
% whereby all subsequent initial parameters can be computed
% baseline: guess for the steady-state voltage for Phase C
%================================================= =================================

% Reconstructed Voltage
global V;

% Estimate parameters
Mass = 10;
T = t2-t1; % Period
Omega = 2*pi/T; % Frequency
Delta = -1/T * log(voltage(t2)/voltage(t1)); % Decay Rate
Beta = 2*Mass*Delta; % Damping coefficient
Alpha = Mass*(Omegaˆ2 + Deltaˆ2); % Restoring Force Coefficient
Shift = baseline; % Steady-state voltage
P0 = [[Beta 0 0] [Alpha 0 0] Shift]; % Consolidate initial parameters into one vector
IC = [voltage(1)-baseline; 0]; % Initial conditions for ODE

%Find Optimal Parameters
[P,F] = fminsearch(@Phase_C_Obj, P0, [], time, voltage, IC);

return

PhaseC Obj.m

%================================================= =========================
function f = Phase_C_Obj(P,t,x,IC)
% Compute Objective Function where the minimizer, x, for the objective function is
% derived from the numerical solution of the ODE
%================================================= =========================

% Plug in current ODE parameters and compute current minimizer, x, based on the
% the numerical solution to the second-order of ODEs
[T,X] = ode15s(@Phase_C_Ode, t, IC, [], P);

% Extract reconstructed voltage
global V;
shift = P(end);
V = X(:,1) + shift;
f = sum( (x-V).ˆ2 );
disp(sprintf(’f = %9.7f’,f));

return

PhaseC Ode.m

%================================================= =========================
function f = Phase_C_Ode(t,x,P)
% M-function which define the system 2nd-order 0DE as system of 1st-order
% ODEs which hypothetically describe the behavior of Phase C
%================================================= =========================

% Define the coefficients of the ODE
M = 10;
[Beta,Alpha] = tweak_parameters(x,P);

% Compute the RHS of system of 1st-order ODEs
f = zeros(2,1);
f(1) = x(2);
f(2) = (-Beta/M)*x(2) + (-Alpha/M)*x(1);

return

%================================================= =========================
function [Beta,Alpha] = tweak_parameters(x,P)
% Define the coefficients of the ODE
%================================================= =========================

% Unroll the parameter vector into meaningful components
beta = P(1:3);
alpha = P(4:6);
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% Define the nonlinear damping and restoring force
Beta = beta(1) + beta(2)*x(2) + beta(3)*x(2)ˆ2;
Alpha = alpha(1) + alpha(2)*x(1) + alpha(3)*x(1)ˆ2;

return

PhaseC Codes

Thecodephasecminimizer.mmatchestheparametersfor SectionI andIII of PhaseC asdescribedabove. It uses
phaseccost.masthecostfunctionto minimize.

phasecminimizer.m

%PHASEC_MINIMIZER This script minimizes the parameters in the
% general solution for Section I and Section III of Phase C
% simultaneously

close all;
clear all;

% uncomment for the fish data
%rawdata = load(’b1.mat’);

% uncomment for the clean fish data:
load(’b1_clean’);
rawdata(:, 1) = [1:1024]’;
rawdata(:, 2) = u1’;

% the time boundaries
T10 = 780+1; % these are off by one!
T1F = 790+1;
T20 = 806+1;
T2F = 879+1;

time1offset = rawdata(T10,1);
time1 = rawdata(T10:T1F, 1) - time1offset;
depth1 = rawdata(T10:T1F, 2);

time2offset = rawdata(T20,1);
time2 = rawdata(T20:T2F, 1) - time2offset;
depth2 = rawdata(T20:T2F, 2);

% this is just used for plotting
alldepth = rawdata(T10:T2F, 2);
alltime = rawdata(T10:T2F, 1);

% number of times to restart optimization. basically we want to
% avoid local minima
N = 100;

% stores parameters values and the associated cost value
Xs = zeros(N,6);
fvals = zeros(N,1);

figure(1);
clf;
plot(alltime, alldepth, ’b-’);
hold on;

for n = 1:N
% these are initial values for the parameters
X0 = [.04*rand+.02 .4*rand .1*rand+.9 -1*rand -.4*rand pi*rand-pi/2];

[X,fval] = fminsearch(@pc_sec1_cost_5, X0, [], time1, depth1, time2, depth2);
Xs(n,:) = X;
fvals(n) = fval;

delta = X(1);
omega = X(2);
D = X(3);
A = X(4);
B = X(5);
phi2 = X(6);

phi = atan(-delta/omega);
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fval
y1 = A*exp(-delta*time1) .* cos(omega*time1 + phi) + D;
y2 = B*exp(-delta*time2) .* cos(omega*time2 + phi2) + D;
plot(time1+time1offset, y1, ’r-’);
plot(time2+time2offset, y2, ’m-’);
pause(0);
if(mod(n, 10) == 0)

disp(sprintf(’%10d/%d done’, n, N));
end

end

% find the index of one of the global minima
[minfval, js] = min(fvals);
j = js(1);

minfval
delta = Xs(j,1)
omega = Xs(j,2)
D = Xs(j,3)
A = Xs(j,4)
B = Xs(j,5)
phi2 = Xs(j,6)
phi = atan(-delta/omega);

y1 = A*exp(-delta*time1) .* cos(omega*time1+phi) + D;
y2 = B*exp(-delta*time2) .* cos(omega*time2+phi2) + D;

figure(2);
clf;
plot(alltime, alldepth, ’b-’);
hold on;
plot(time1+time1offset, y1, ’r-’);
plot(time2+time2offset, y2, ’r-’);
pause(0);

figure(3);
clf;
plot(sort(fvals));

save pc_plot HACK_y1 HACK_y1p HACK_y2 HACK_y2p T10 T1F T20 T2F delta ...
omega D A B phi phi2 minfval time1 time2 time1offset time2offset ...
alltime alldepth

phaseccost.m

function cost = phasec_cost(X, time1, depth1, time2, depth2)
%PHASEC_COSTCost function to minimized for phase B
% The X is the input to the function and the times and depths
% never change (they are the parameters to this function)

% see below...
global HACK_y1 HACK_y1p HACK_y2 HACK_y2p;

delta = X(1);
omega = X(2);
D = X(3);
A = X(4);
B = X(5);
phi2 = X(6);

phi = atan(-delta/omega);

y1 = A*exp(-delta*time1) .* cos(omega*time1 + phi) + D;
y2 = B*exp(-delta*time2) .* cos(omega*time2 + phi2) + D;

cost = sum((y1 - depth1).ˆ2) + sum((y2 - depth2).ˆ2);

% don’t ask don’t tell...
HACK_y1 = y1;
HACK_y1p = -A*delta*exp(-delta*time1) .* cos(omega*time1+phi) - ...

A*exp(-delta*time1) .* sin(omega*time1+phi)*omega;
HACK_y2 = y2;
HACK_y2p = -A*delta*exp(-delta*time2) .* cos(omega*time2+phi2) - ...

A*exp(-delta*time2) .* sin(omega*time2+phi2)*omega;
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Chapter 3

SoftwareTestingUsing -Covering

Participants: BrettStevens(Mentor),LorraineDame,CharlesFortin,JingxiangLuo,HuameiYin, TzvetalinVas-
silev, QingzeZou.

PROBLEM STATEMENT: Oneof themostexpensive andtime consumingaspectsof industrialsoftwaretest-
ing is testingwith all possiblecombinationsof input parametervalues.Thereareseveralmathematicalmodels
existing whosegoalis to minimizethenumberof combinationsof testparametersusedto run thesoftwarewhile
meetingspecifiedcriteria.

Onepossiblecriteriais to requirea t-covering.A t-coving is a setof testrunsthatcoversall possiblet-tuples
of parametervalues.For instance,a2-coving is asetof testrunsthatcoversall possiblepairsof parametervalues.
We will referto eachsuchtestrunasa testconfigurationor a testcombination.

Oneimportantissuethatoccursduringindustrialsoftwaretestingis thatof ’forbiddencombinations’.It may
beknown beforetestingthatacertaincombinationof parametervaluesalwaysproducesafailure.Performingany
testrunsthatcontainthesecombinationsdoesnot provideany informationaboutotherinteractionsof parameters
in thetestrun. Testrunswith thesecombinationsshouldbeforbidden.

Another importantissuethat arisesis non-interaction of parameters.It may be known beforetestingthat
someparametersdo not interactwith eachotherin thesoftware.In this caseit mightnot benecessaryto perform
extraneoustestsof all possiblecombinationsof theseparameters.A third issueis non-uniformcoverage.It may
beknown beforetestingthatcertaincombinationsof parametersareveryfrequentlyused,andthesecombinations
shouldbetestedmorethanothercombinations.A fourthissuethatoccursis zoomingin onthefailure.Whenatest
combinationproducesafailedresult,it is importantto determinewhichsingle,pair, triple,etc.of parametervalues
causedthefailure. It is alsocritical to examinetheflexibility of themodelto adaptto higherordercoverings.

During the workshop,we examinedthe modelsin existenceto seeif they addressedthe given issues.We
proposeda new graphmodel,andextendedexistingmodelsto addresssomeof theseissues.Theexistingmodels
we studiedincludegraphmodel,algebraicmodel,arraymodel[2, 3], andintegerlinearprogrammingmodel.

Additionally, we examinedsomesituationswherewe canhave someefficient directconstructions.For these
constructions,therearemorelimitations,for example,somemodelsmayonly handleparametersthatall havethe
samenumberof possiblevalues(alphabetsize).We alsostudiedthecasethatthealphabetsizeof theparameters
is a primepower, for which someefficient constructionmethodshavebeendeveloped.

Theremainderof this reportdescribesthevariousmodels,andourwork onhow theseissuesareaddressedin
eachmodel.
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3.1 An Integer Programming Model

Becauseof thecombinatorialstructureof our 2-cov problem,it is naturalto expecta formulationin termsof an
integer program. We herepresentsucha model (see[6]) and to simplify the notationwe shall work our way
throughanexample.It will not bea difficulty to seehow themodelcanbeformulatedin thegeneralcase.

For our example,we considerthecasewherewe have threeparameters,eachonecantake on two values,0
and1, andwherewe wish to find a 2-cover of the parameters.It is clear that in this casethereare8 possible
configurationsof the parameters.We startbeassigninga variable# � , where

� + 7 c�c|c ¹ , to eachof thepossible
configurations.Preciselywehave # j�� .�; @ ; @ ;D/# 4 � .�; @ ; @ 7 /# t � .�; @ 7 @ ;D/# Ô � .�; @ 7 @ 7 /#Dè � . 7 @ ; @ ;D/# Ò � . 7 @ ; @ 7 /#�� � . 7 @ 7 @ ;D/# þ � . 7 @ 7 @ 7 / c
Eachvariable# � is binaryand# � + 7 meanswe selectthei-th configurationto appearin our2-cov.

To have thepair of parameters.¿; @ ;T/ coveredin thefirst two parameters,we introducethenotation ��; j @ ; 4�� ,
meaning0 in thefirst coordinateand0 in thesecondcoordinatemustappearin oneof theconfigurationsof our
2-cov. To forcethispair of parameterto be2-coveredin ourmodel,we havetheconstraint

# j = # 4��
7 c

Our objective is clear:weminimize �
� F j #

� c
We can now formulateour integer programmingmodel wherewe indicatefor eachconstraintwhich pair of
parametersis beingcovered.

ã öJ÷ # j = # 4 = # t = # Ô = #Dè = # Ò = # � = # þ��; j @ ; 4 � � # j = # 4 � 7
��; j @ 7 4 � � # t = # Ô � 7
� 7 j @ ; 4 � � #Tè = # Ò � 7
� 7 j @ 7 4 � � # � = # þ � 7
��; j @ ; t � � # j = # t � 7
��; j @ 7 t � � # 4 = # Ô � 7
� 7 j @ ; t � � # è = #�� � 7
� 7 j @ 7 t � � # Ò = # þ � 7
��; 4 @ ; t � � # j = # è � 7
��; 4 @ 7 t � � # 4 = # Ò � 7
� 7 4 @ ; t � � # t = # � � 7
� 7 4 @ 7 t � � # Ô = # þ � 7

# � ����; @ 7 � @ � + 7 c�c|c ¹ c
It is easyto seehow this modelextendsin the generalcase,that is whenwe have multiple parametersthat can
takeondifferentnumberof values(maybenot thesamevaluesfor eachparameter).Theideais to createabinary
variablefor eachpossibleconfigurationandaddthecorrespondingconstraintfor eachpairof parameterswewish
to cover(for a2-coverwewish to coverall pairs,but wemaydecideaswell thatit is not importantto coversome
pairsof parameters).In the caseof a t-cover, we thenhave a constraintfor eachcorrespondingarrangementof
parametersvaluesamongall possiblecombinationsof t parameters..

Returningbackto ourexample,weconsidernow theeffectof forbiddingapairof parametersto appearin our
selectionof testingconfigurations.Saywe do not want to have configurationsincluding the pair of parameters
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values��; j @ ; 4 � . We thenmodify our modelby deletingthefirst constraintandremoving the # j and# 4 variables
(notethat in our example,this changeimplies # t +&# Ô +&#Tè%+&# Ò + 7

andonly the constraint# � = # þ �
7

remains,but thisphenomenadoesnot occurin general).
Wemayalsomodelnon-uniformconvergewith thismodel.Precisely, if wewish for exampleto havethefirst

andsecondparameterscoveredtwice asmuchasthe secondandthe third parameter, we changethe right hand
sidecolumnof 1’s, to 2’s for theconstraintsinvolving thefirst andsecondparameters(in our case,thefirst four
constraints).

Themodelalsoallowsalot of freedomin thesensethatwemaychoosetheconfigurationswewishto consider
for our testsandwhich pairsof parameterswe wish to cover. This follows from theconstructionof thevariables
and the constraints.For example,if we do not want to test the interactionbetweenthe secondand the third
parameter, we wouldeliminatethefour lastconstraints.

We seethat the integer programmingmodel is very flexible asit adaptsto the generalcasewherewe have
multiple parametersthat cantake on differentvaluesandwherewe considera t-cover of theseparameters.On
theotherhand,integerprogramsarehardto solve in general.Althoughfor our particularexampletheconstraint
matrix is totally unimodularand thereforewe will obtain an integer solution for the LP-relaxation(dropping
the integrability constraint),this propertydoesnot follow in generalandtheLP-relaxationwill mostlikely give
fractionalsolutions.In Section3.3weconsiderhow wecanusethefractionalsolutionsof relaxedlinearprograms
to obtainanapproximatesolution.

3.2 A Graph Model or Illustrating the Integer Programming Model

We keepon working with the exampleof the previous sectionand seehow the integer programmingmodel
translatestosomeproblemsin graphtheory. Wewill seethatin generalit translatesto theproblemof decomposing
agraphinto particularsubgraph.In amoreparticularcase,wewill alsoseetheproblemis equivalentto thevertex
coverof agraph.This lastmodelwasa fortunatediscoverywemadeduringtheworkshop,while thefirst onewas
presentedto us.

3.2.1 Graph Decomposition

Recallthatfor ourexamplewehave3 binaryparameters.In thegraphin Figure3.1,eachverticalpairof vertices
representsthe0-1valuesthateachparametercantake.

If we considertheconfiguration��; j @ ; 4 @ 7 t � it coversthe3 pairs ��; j @ ; 4 � , �z; j @ 7 t � and ��; 4 @ 7 t � . Thesepairs
correspondto edgeson the graphandthe configurationcorrespondsto the trianglewith vertices; j ,; 4 and

7 t .
Findinga 2-cover is thenequivalentto finding triangles(graphof thetype

� t ) with verticesin eachverticalpair
of vertex whoseunioncoversall theedgesof thegraph.In general,if we have

�
parametersandarelooking for

a 2-cover, we thenwish to find graphsof thetype
� � (with verticescorrespondingto a parametervaluefor each

of the
�

parameters)whoseunioncoversall of theedgesof thegraph.In thecaseof a t-cover, we do not wantto
coveredgesanymore,but all thepossiblecompletesubgraphswith t-vertices.

3.2.2 Vertex Cover

Wenow show how wecanformulateourproblemin termsof vertex cover. In Figure3.2,weassignto eachvertex
a configuration.Precisely,  � .�; @ ; @ ;D/ç � .�; @ ; @ 7 /� � .�; @ 7 @ 7 /a � . 7 @ ; @ 7 /� � . 7 @ 7 @ 7 /��� . 7 @ 7 @ ;D/

�
� . 7 @ ; @ ;D/1 � .�; @ 7 @ ;D/
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Figure3.1: 2-cover for 3 binaryparameters.

We thenjoin with an edgethe configurationsthat sharea pair of parametervalues. For example,we join  toç sincethey sharethepair ��; j @ ; 4 � .Becauseonly  and ç sharethis pair in common,eitherconfiguration or ç
mustbein our2-cover. Equivalently, eithervertex  or ç mustcover(in thesenseof vertex cover) theedge�} @ ç � .
Hence,in thisexample,finding theminimalvertex cover is equivalentto findingaminimum2-cover. In thiscase,�} @ � @ a @ � � form a vertex coverand �g.�; @ ; @ ;D/ @ .�; @ 7 @ 7 / @ . 7 @ ; @ 7 / @ . 7 @ 7 @ ;T/ � is a minimum2-cover.

Now considertheexamplewherewe have 4 binaryparametersandwe still look for a 2-cover. We now label
the16 verticesin thefollowing way,

 � .�; @ ; @ ; @ ;D/ � � . 7 @ ; @ ; @ ;D/ç � .�; @ ; @ ; @ 7 /�� � . 7 @ ; @ ; @ 7 /� � .�; @ ; @ 7 @ ;D/ � � . 7 @ ; @ 7 @ ;D/a � .�; @ ; @ 7 @ 7 / � � . 7 @ ; @ 7 @ 7 /� � .�; @ 7 @ ; @ ;D/ �
� . 7 @ 7 @ ; @ ;D/��� .�; @ 7 @ ; @ 7 / � � . 7 @ 7 @ ; @ 7 /

�
� .�; @ 7 @ 7 @ ;D/ �

� . 7 @ 7 @ 7 @ ;D/1 � .�; @ 7 @ 7 @ 7 / 9 � . 7 @ 7 @ 7 @ 7 / @
andagainjoin by anedgetheverticeswhich sharea commonpair of parametervalues.Thegraphwe obtainis
shown on Figure3.3. A minimumvertex cover is �} @ ç @ � @ � @ � @ �

@ 1 @ � @ � @|�	@�� @ �
@
�
@b9 � ! Only two verticesdo not

appearin thecover. This is not a surpriseasthegraphis almostcomplete.Yet thecorrespondingconfigurations
do not form a minimum2-cover. Thereasonfor this is that thereis now morethantwo configurationssharinga
samepair of parametervalues.Thusthevertex coverhereonly giveanupperboundon thesizeof a minimum2-
cover(aprettybadonein thisparticularcase).However if wewouldnow consider3-coverfor thesameproblem,
i.e. that our configurationmust includeall triples of possibleparametervalues,thenthereis no morethantwo
configurationsharinga sametriple. For example, ��; j @ ; 4 @ ; t � is sharedby the configurations and ç only. On
thegraphof Figure3.4 we join eachverticesthat sharea commontriple of parametervaluesandwe obtainthe
minimumvertex cover �? @ a @ � @ �

@ � @|�	@ �
@�9 � . Thesetof correspondingconfigurationsis alsoaminimum3-cover.

Thuswhat we have shown is that for
�

binary parametersthe problemof finding a minimum
� O 7

-cover is
equivalentto findingaminimumvertex coverof theassociatedgraph.
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Figure3.2: 2-cover for 3 binaryparameters

3.3 Using the LP-Relaxation to Obtain a 2-Cover

We have mentionedthat the optimumsolution from the LP-relaxationof our integer programmingmodelwill
most likely be fractional. Yet by roundingall non-zerovariablesof the optimum solution to 1, we obtain a
feasiblesolutionfor theintegerprogram,which mayhowevernot beoptimal.

Anotherpossibilityis to relaxthepolytopedefinedby thelinearconstraints.Wemaydosoby changingsome
of theright handsidescalarsin theconstraints,which areall 1’s in themodel,to 2. For example,wemaychange
thefirst constraintin theexampleof Section3.1 to

# j = # 4 �
s c

Obviously, if this constraintis satisfied,theoriginal onewith 1 on theright handsideis alsosatisfied.Therefore
changingsomeof the1’s to 2’s in theconstraintsenlargesthefeasiblepolytope.

As anexample,we couldsolve thefollowing relaxedproblem:



38
�

CHAPTER3. SOFTWARE TESTINGUSING ( -COVERING

a
b

c

d

e

f

g

h

i

j

k

l

m

n

o
p

Figure3.3: 2-cover for 4 binaryparameters

ã öJ÷ # j = # 4 = # t = # Ô = #Dè = # Ò = # � = # þ��; j @ ; 4�� � # j = # 4 � 7
��; j @ 7 4�� � # t = # Ô � s
� 7 j @ ; 4�� � # è = # Ò � 7
� 7 j @ 7 4�� � #�� = # þ � 7
��; j @ ; t � � # j = # t � 7
��; j @ 7 t � � # 4 = # Ô � 7
� 7 j @ ; t � � #Tè = # � � s
� 7 j @ 7 t � � # Ò = # þ � 7
��; 4 @ ; t � � # j = #Dè � 7
��; 4 @ 7 t � � # 4 = # Ò � 7
� 7 4 @ ; t � � # t = # � � s
� 7 4 @ 7 t � � # Ô = # þ � 7

# � � ; @ � + 7 c�c|c ¹
Fromanoptimalsolutionto this relaxedproblemwe mayobtaina feasible(integer)solutionto our integerpro-
grammingmodelby settingall non-zerovariablesto 1. We canthenrepeatthis procedureby generatingthe1’s
and2’s randomlyon theright handside. Roundingeachoptimalsolutionaswe describedgive usa feasibleso-
lution to theoriginal integerprogrammingproblemandchoosingtheonewhich hasthe leastnon-zerovariables
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Figure3.4: 3-cover for 4 binaryparameters.

givesusanapproximationfor theoptimal2-cover(in thecasewhereour integermodelwasmodellinga2-cover).
We have testedthis methodon two differentproblems(unfortunatelyof smallsizesinceMaplewastoo slow on
larger sizeproblemandwe did not have accessto Matlab’s fastLP solver). Tables3.1 and3.2 below give the
resultsof theexperiments.For eachproblemwe solveddifferentrelaxedLP problems.Thefirst columnof our
tablesgivesthenumberof 1’s thatwererandomlyreplacedby 2’s in the relaxedproblems.Thesecondcolumn
gives the numberof non-zerovariablesfor the optimal solution (recall that if

�
variablesarenon-zerofor an

optimalsolution,we canrecovera 2-coverwith
�

configurations).Eachrow in this columngive theresultsfor 4
differentproblemswe randomlygenerated.

numberof 2’son theRHS numberof non-zerovariablesat optimum
0 8 , 11 , 8 , 8
1 � º , � º , � º , 8
2 8 , � º , � º , � º
3 9 ,

u º , 8 ,
u º

Table3.1: 2-cover for 4 binaryparameters.

The starrednumberscorrespondto solutionsthat were alreadyintegral, i.e. no roundingof the non-zero
variableswas needed. For the first problem,since5 is the smallestnumberwhich appearsin Table 3.1, the
smallestsize2-coverwe canconstructfrom our approximationshas5 configurations.It turnsout this numberis
theoptimalsizeof the2-cover. For thesecondproblem,weobtaina similar result:we canconstructa 2-coverof
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numberof 2’son theRHS numberof non-zerovariablesat optimum
0 8 , 8 , 8 , 8
1 11 , 11 , 16 , 12
2 10 , 10 , 9 , 10
3

u º ,
u º , 10 , 10

Table3.2: 2-cover for 5 binaryparameters.

size6 andthisnumberturnsout to bethesmallestsize2-cover for this problem.

3.4 On the Geometric-Algebraic/Array Model and SomeResults

3.4.1 Background

Supposewe have
�

variables,andeachvariablecanbe assigneda valuefrom an alphabet(size � ). Eachsuch
assignmentis calleda testcase,andwill producea resultof pass/ fail. Usually

� �
� .

which includesasfew aspossibletestcases.( -cover in sucha situation.

� valuesin thealphabet! .
A geometricmodelmapsa testcaseto exactly a point in thevectorspace!#" . Themappingis 1-1. All the

possibletestcasesconstitutea hypercube!#" . Eachpoint is representedby .J� j @ � 4 @ cJc @ � " / in !#" , A ( O � � �T� � is
a setof pointsthat is incidentto any ( -dimensionalhyperplanes.Each . �dO 7 / O � � �T� � is a hyperplanein !#" ,
however, thereverseis not true! To note,all suchplanesin .%$�&�/'" canberepresentedby aalgebraiclinearequation
whereany variableandany coefficientsbelongsto .($�&g/'" .

In the following, when � is a primepower, we use .($ & /'" to denotea finite field of size � (usingmodular�arithmetic).In thissituation,theconstructionof . ��O 7 / O � � �T� � is known to beparticularefficient.
In an arraymodel,a setof testcasesis representedby a 2d-arrays:eachcolumncorrespondsto a variable;

eachtestcasescorrespondsto a row, which designatesan assignmentof the
�

variables.Array model is very
convenientfor: (a) theexaminationof testresult,(b) theexpansionof a cover.

i.e. to expand( O � � �I.
�	@
� / to ( O � � �N.

� ­ @ � / , where
� ­ $ � , throughthe

i.e. to expand( O � � �N.
��@
� / to ( O � � �N.

� ­ @ � / , where
� ­ $ �

, throughthemethodof usingmultiple copiesof
theoriginal cover in columesandmakingadditionaltestcases.

3.4.2 Identifying Covers fr om Hyperplanes—AlgebraicApproach

Thissubsectionidentifies. �DO 7 / O � � �T� � from hyperplanesof .%$�&�/ " . Corollariesarederivedon . �TO 7 / O � � �N.
�	@
� /andthenumberof suchcoversin .($�&�/)" .

We claim thatthe . �¥O 7 / O � � �V� � canbeidentifiedverysimply, asshown below.
Now from the view of geometric-algebraicconstruction,eachtestcaseis a point in .($ & /)" . Note that in a×+*-,%$ &�. " , a ,0/2143 . -dimensionalhyper-planecanbealwaysrepresentedby following:

576�8:9;9;9 6�<>=@?BADCEA7FG?�HIC�HJFGKLKMKNFG?�OPCQOSR+T
(3.1)

where , C AVU C HNU KLKMK U C O . are the / parameters,
CQWYX[Z�\ U0] R 3 U_^`U KMKMK U / U ? AIU ? H�U KLKMK U ? O are the / coefficients,?EW#XYZ�\ Ua] R 3 U:^bU KMKLK U / .

Now wewill show that

Theorem1 In formula(3.1),

,%c ] ?EW�dR+T . 1fe 5 6 8 9;9;9 6 < representsa ,a/21g3 . 1GhVikjEl_m (3.2)
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Proof From , Z \ . O , we chooseany combinationof ,a/Y1o3 . parameters(say
CfA U C@H U KMKMK U CQONpqA

, without losing
generality),thereis only oneparameterleft (in our case,

CrO
), whichcanbesolvedas:

CQOSR 1 ?
psAO , ?#AtCfA7FG?bHVC�H�F
KMKLKNFu?EOvpsADCrOvpqA .

Sincewediscussin , Z \ .
O
, wherew is aprimepower, so

? pqAO exists,whichmeansthatfor any , CfA U C@H U KMKMK U CQOvpsA . ,
we canfind thesolution

CQO
shchthat , CEA U C�H U KLKMK U CrOvpqA U CrO . satisfiesequation(3.1). By thedefinition,equation

(3.1) representsa ,0/x143 . 1
hVikjEl_m .
Corollary 1.1 Thesizeof ,a/21g3 . 1GhVikjq,0/ U w . canbeobtainedas:

,0/2143 . 1
hVikjf,a/ U w . R w
OvpsA

Proof Sinceequation(1)representsa ,a/Y1y3 . -dimensionhyper-planein , Z \ . O , it includesw OvpqA points. This
immediatelyleadsto thecorollary1.1.

Corollary 1.2 There existsexactly ,zwS1g3 .
OvpsA

differentcovers in , Z�\ .
O
.

Proof We only needto notice:

1.
5

is acover 1fe{c ]VU ? W dRuT 1fe each
? W

canpick up valuesfrom ,_3 U:^bU KLKMK U w|143 . .
2. If , ?#A U ?bH U KMKLK U ?EO . representsa hyper-plane,by multiplying bothsideswith } X , Z \ . O , i.e.

} ?#ADCfA#F } ?bHMC�H�F
KMKLK~F } ?EOLCrO|RuT
still representsthesameplane.

FromEq. (3.1)and(3.2),we concludethatthenumberof ,0/2143 . 1
hVikjEl_m is

,(w|1�3 .
O

w|143
R ,zw|143 .

OvpqA

3.4.3 DevelopingStrategiesfor Zoom-in Test

This subsectionconcernszoom-intest,aswe mentionedearlier. Supposewe have observedsomefailure cases
in the initial testset. n�1�hMikj�l_m testcandetectany faulty n�1�n0� C�� l . In a practicalscenario,sometimeswe are
interestedin which n#1�n0� C�� l (s)actuallycausesthefailure.

setof teststo locatethefaulty n71�n0� C�� l , in whichwe wantto haveasfew aspossibletestcases.
Thereareseveralsituations:

Situation FailureCasesin Assumptionsof
theinitial setof tests faulty pairs

A1 Single Exactone
A2 Single Multiple
A3 Multiple Single/Multiple

To start,we startfrom thesimplecasew R ^`U n R ^`U /�� ^ in thefollowing discussion.

For situationsaslabelledin (A1), (A2), we claim thatwe candesigna new testsetwhich include / , /^
testcases,respectively.

We first considerthat thereis a single failure casein the initial test set. Supposew R�� . Without losing
generality, assumethesinglefailurecasecapturesis , T U T U T U T U T . . Thenwe designthe following testset,which
includes / R{� test cases,eachtime we flip one of the variablesin the initial failure case. The strategy for
detectingthefaulty fair is asfollows. If theresultof a new testcaseis pass,thenthevariableflippedin this test
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caseis oneof the faulty pairs,otherwiseit is not. This strategy is justified asfollows. Assumeany faulty pair, C W U CQ� . , ]VU0� dRG� . is faulty, in this example,we will getthat , T U T U T U T U 3 . will fail.
Thuswe have designeda new setof teststo detectthefaulty pair for situation(A1). To extendthis strategy,

wecandesigna new setof testsin whicheachtime two of thevariablesareflipped.Fromthisdesignthenumber

of testcasesis
/^ aswehaveclaimed.

To furtherthestudyof this problem,we noteseveraldirectionsto beexplored:

� If / ��w , thereis usuallymultiplecasesfor a specialpair , C W R j U CQ�JR jQ� . . Accordingto thedefinitionof
a faulty pair, we canimmediatelyexcludethepair , C W R j U CQ��R jQ� . from beinga faulty pair if any of the
testcasesthatsatisfies, C W R j U Cr� R jQ� . succeeds.This reveals,just by a throughanalysisof theoutput,
somepairscanbeexcludedfrom beinga faulty pair.

� At this point, we areunableto show that our constructionof a new testset is the bestpossiblesolution.
Attempting for a (possible)bettersolution for this questionmay shedlights on “smarter” designof test
cases.

� To tacklethequestionmoregenerally, e.g. w�� ^ , etc.

3.5 Array Model: Resultsand Extensions

In thissectionwelook at theproblemof generationof testingsets,from thepointof view of combinatorialdesign.
We presentsomeresultsabout2-coveringsand3-coverings,recursive constructionsof coveringarraysandgive
someideasaboutthefuturework towardsthepossibleextensionof this model.

3.5.1 BasicDefinitions

We startourdiscussionwith thefollowing definitions:

Definition 1 We assumethatwehavek parameters,they canbeviewedastheinputsand/oroutputsof theactual
software to betested.Each of theparameterscantake j differentvalues.For simplicityweassumethat theseare
valuesof thealphabet� , consistingof all thesymbolsform

T
to ,zj21u3 . . � =zR��MT U 3 U:^bU K U j�1u3v� . Wealsoassume

that it will besufficientto testall t-tuplesof parameters,where 3J�+n���/ .
It is clearthat the situationwith n R 3 correspondsto the testingof eachindividual variable,andthe situation
with n R / correspondsto the full testingof all possiblecombinationsof valuesof the parameters.Naturally,
no testexcept the full test canreveal the faulty behaviour of the testedsystem. However, in practiseit might
be sufficient to only test the smallersubsetsof the parametersandit will give the acceptablelevel of certainty
aboutthebehaviour of thetestedsystem.Anotherreasonto try not to testthesetof all possiblecombinationsof
parametervaluesis thatindustrialsystemsthataresubjectto sucha testareof sizethatdoesnot allow exhaustive
testingin reasonabletime.

Definition 2 An covering array � is the array of size ���u/ , such that each row in the array correspondsto
onetestcombinationand each columnin the array correspondsto oneof the parameters in our model. Thus,
the
]_�%�

-elementin the
�~�%�

row of � , denotedby �J, ]IUa� . , representsthe value of the
�~�%�

parameterin the
]:�%�

test combination. Thus, �J, ]IUa� . is one of the symbolsin our alphabet. Furthermore, the covering array has
thepropertythat it containsall possiblen -tuplesof valuesfor all possiblechoicesof n parameters amongthe /
parameters.

FromDef. 2, it is clearthatif weaddanrow of arbitraryvaluesto acoveringarray, theresultingarray, which is of
size ,0� F 3 . will alsobeacoveringarray. If thereareredundant(equivalent,identical)rowsin thecoveringarray,
we may remove all the copiesandleave just one,this will alsopreserve the coverage.Thus,we shall assume
thatall therows in thecoveringarrayaredifferent.For somecoveringarraysit will bepossibleto removea row
(or numberof rows) andstill have theremainingrows representinga coveringarray. However, this is not always
possible.For eachtriple ,zn U / U j . , thereexistsa coveringarray(or setof coveringarrays)suchthatno row canbe
removedwithouta lossof thecoveringproperty.
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Definition 3 For the triple ,zn U / U j . , theminimumcoveringarray is a coveringarray that hasminimumnumber
of rows.Thesizeof theminimumcoveringarray (thenumber� of rows)is denotedby n#1
hVikjq,0/ U j . .
As it is clear, the minimum coveringarrayalwaysexists, but theremight be many of them,i.e. the minimum
coveringarrayis not necessarilyunique.

Property 1 Thesizeof theminimumns1�hVikj�l_m ]D� w arraywith j alphabetand / parameters is greateror equalto
the n �%� powerof thealphabetj : n#1
hVikjq,0/ U j .#� j � (3.3)

Supposewe have chosenn out of the / parameters,for simplicity—theparameter3 U_^`UM�z�z� U n . To coverall n -tuples
of their possiblevalues,we needat leastj � rows, becausethereare j � combinationsthatwe needto test. Thus,
we needat leastj � rows to testonly thepossiblen -tuplesfor any n parameters.It maybeenoughin somecases
to cover all the combinations.Generallythough,it will not be sufficient. From this observation, we have the
following two importantconsequences:

1. We want to be ableto identify the caseswhenthe n�1�hVikjq,0/ U j . is equalto j � andmoreimportantly, to
constructcoverswith anoptimallength,i.e. thetestingarraywith minimalsize.

2. Wewantto obtainastight aspossibletheupperboundsfor thesizeof thecoveringarray, whentheoptimal
sizeis notachievable.

For Examples,3�1GhMikjf,a/ U j . is thefollowing arraywith j rows

T T T K T
3 3 3 K 3^ ^ ^ K ^
...

...
...

. . .
...,(jS143 . ,(jS143 . ,zj 1g3 . KMKMK ,(jS143 .

/x1GhMikjf,a/ U j . is thearraywith j
O

rowsrepresentingall different / symbolwordsover thealphabet�
T T T KLKMK T TT T T KLKMK T 3T T T KLKMK T ^
...

...
...

...
. . .

...T T T KLKMK T ,zj 1g3 .T T T KLKMK 3 TT T T KLKMK 3 3
...

...
...

KLKMK . . .
...

,zj 1g3 . ,zj 1g3 . ,zjS143 . KLKMK ,zj 1g3 . ,zj 1g3 .
3.5.2 2-Covers: Algebraic Construction

Lemma 1 For anynumber¡ R wr¢ with w a primenumberand m Xu£ (Thesetof positiveinteger), thesizeof a^ 1
hVikjf,a¡ F 3 U ¡ . is ¡
H
.

Proof Considerthefinite field
Z�¤

definedby theelementsof � R¥�VT U 3 U7^`U KMKMK U ¡�1�3>� , andtheoperationsof
additionandmultiplicationmodulo ¡ . Furthermore,constructthe ¦ -dimensionalvectorspace�~§ = RuZ�¤ � Z�¤ � Z�¤ .
Theaffinespaceof �~§ has¡ § points, ¡ § choicesof

^
lines,etc.Theprojectivegeometryis definedasfollowing: in

theaffinegeometry, pointsrepresentthelinesthroughtheorigin, andlinesrepresenttheplanesthroughtheorigin,
subspacesof order

�
(i.e.,

�
-dimensionalsubspaces)representthesubspacesof order , � F 3 . throughtheorigin,

etc. We canalwayschooseoneof thepointsin theprojective geometryasthe infinity point. Then,all the lines
throughthis point will have thesamenumberof pointsfrom thepoint setof theprojectivegeometry. If we label
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thepointsoneachof theselinesuniformly with labels
T

to ¡f1�3 , and ¡ F 3 suchlinescanbeobtained.Thiscanbe
seenfrom thefactthatthecardinalityof thesetof thepointsin theprojectivegeometryis ¡ H F ¡ F 3 R ¡N,0¡ F 3 . F 3 .
Thepointson eachline will thenrepresentthecorrespondingvaluesof oneof theparameters,andwe have ¡ F 3
parameters.Now eachtestrow will correspondto ahyperplanethathasonepoint from eachline. It canbeshown
that ¡ H suchhyperplanescover thesetof all possiblepairsof valuesfor eachparameter. Anotherway to seethis
is to build thecoveringarrayexplicitly. The

^ 1�hVikjq,0¡ F 3 U ¡ . is anarrayof size ¡ H ,a¡ F 3 . . Thefirst two columns
of thisarray, labelledrespectively aandb representall possiblepairsof symbols,andthereare ¡ H suchpairs.The
restof thearraywith ¡B1�3 columnsareobtainedby thelinearcombinationsof ¨ and © of theform ¨ F�? W © , where?EW#Xª� 3 U KLKMK U ¡�1g3�� , representsthe

] F 3 �%� column:

¨ © ¨ F © ¨ F ^ © ¨ F ¦`© KMKLK ¨ F ,0¡«143 . ©T T T T T KMKLK TT 3 3 ^ ¦ KMKLK ,0¡�143 .T ^ ^ ¬ ­ KMKLK ,0¡�1 ^ .
...

...
...

KMKMK KMKMK . . .
...,a¡«1g3 . ,0¡«1g3 . ,0¡�1 ^ . ,0¡«1ª¦ . ,0¡«1 ¬ . KMKLK T

Theadditionandmultiplicationaremodulo ¡ . Now we canshow thateachpair of valuesfor eachparameteris
covered,i.e. thatthearraysoconstructedis in facta

^ 1®hMikjf,a¡ F 3 U ¡ . . Considerthepair ,(¯ Ua° . in thethecolumns¨ and ¨ F4?�W © . We candeterminethat ¨ R ¯ , ¨ F�?�W © R ° , thus
?EW © R ° 1�¯ , andtherefore© R , ° 1�¯ .0± ?�W ,

which determinesthelocationof thepair ,(¯ U0° . . Analogously, if weareinterestedin finding thepair ,z¯ U0° . in the
pair of columns © and ¨ F�?�W © , thenwe have: © R ¯ , ¨ F�?EW © R ° , thus, ¨ R ° 1 ?�W ¯ , which determinesthe
locationof the pair ,z¯ Ua° . . Last, if we want to find wherethe pair ,(¯ U0° . appearin the pair of columns ¨ F�?�W ©
and ¨ F�?�� © , we have: ¨ F�? W © R ¯ , ¨ F-?E� © R ° , subtractingthe first equationfrom the secondwe obtain, ?E� 1 ? . ]_² R ° 1�¯ , thus © R , ° 1�¯ .0± , ?E� 1 ? W . , and ¨ R ¯®1 ?E� , ° 1�¯ .0± , ?E� 1 ? W . . Thus,we have proven
thatfor eachprimepower, theexistenceof theabovementionedpropertiesis guaranteed,theoptimal2-covering
is possible,and̂ 1
hVikjf,a¡ F 3 U ¡ . R ¡ H .
This constructiongivesus the optimal 2-coveringsfor infinitely many pairsof values ,a/ U j . . It remainsto see
whetherthereareothervaluesthathave thesamepropertyandhow this canbeusedto derive upperboundsfor^ 1
hVikjf,a/ U j . for all possiblepairs ,0/ U j . . Suchconstructionsarepresentedin thenext section.

3.5.3 2-Covers: RecursiveConstruction

Therearetwo logical questionsthat we canaskaboutthe two-coverings,basedon the fact that we know
^ 1hVikjq,0/ U j . for certainvaluesof ,0/ U j . . First,how canweincreasethenumberof parameterskeepingthesymbolset

constant?Whateffect will this haveon thesizeof thearray?Second,how canwe increasethenumberof values
for eachparameter, i.e. thesymbolsetsize,while keepingthenumberof theparametersconstant?Thirdly, how
will this affect thesizeof theoptimal

^ 1
hVikjEl_m ]D� w ?

Lemma 2 If
^ 1
hVikjq,0/ U ¡ A . R ¡

H A
and

^ 1
hVikjf,a/ U ¡ H . R ¡
HH
, then

^ 1ghVikjq,0/ U ¡ A ¡ H . R ,a¡ A ¡ H .
H
.

Proof Considerthe productof the two arrays,with sizes ¡
H A �G/ and ¡

HH �u/ , definedas following. We align
vertically ¡

HH
copiesof thearrayrepresentinĝ 1�hMikjf,a/ U ¡ A . , wealsoassumethatthesymbolsin thetwo alphabets

aredistinct,andweredefinethealphabetastheproductof thetwo alphabets.In the
] �%�

copy of
^ 1�hVikjq,0/ U ¡ A . we

redefinethesymbolsin the
�N�%�

row to betheproductof thevectorsrepresentingthe
�~�%�

row from
^ 1
hVikjq,0/ U ¡ A .

andthe
]_�%�

row of
^ 1-hVikjf,a/ U ¡ H . . Thuswe have taken into accountof any possiblepair of symbolsthat may

occur, andthus
^ 14hVikjq,0/ U ¡ A ¡ H . R ,a¡ A ¡ H . H . Themerit of Lemma2 is that for any number/ of parametersthat

equalsto oneplusa primepower, we canconstruct̂ 1ghVikjf,a/ U j . R j H , for any numberj . To obtainthis result,
we needto noticetwo importantpropertiesof thecoverings.

Property 2 Rowcollapsing: n71
hVikjq,0/ U jS143 . �+n71
hVikjq,0/ U j . .
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Wecanexcludethe j �%� symbolfrom � , or substituteit by any othersymbolnot in � , thearrayremainsacovering
— for any / parameters,all thecombinationsarecovered(plussomeextra combinations,including thesymbol
that is alreadynot in alphabet).Thusthe optimal covering n�1�hVikjq,0/ U j�1[3 . hasat most � R n�1-hVikjq,0/ U j .
rows. Theabove two resultsgiveusanopportunityto reducethesizeof analreadyconstructedoptimalcovering
n³1�hMikjf,a/ U j . , to a covering n³1�hMikjf,a/|1 ]VU j´1 � . U0]VU0� � T . However, this doesnot guaranteethat thecovering
obtainedwill be the optimal covering for that case. That is to say that whenwe reduce,we only canusethe
initial arraysizeasanupperboundfor thesizeof theoptimalcoveringof thereducedpair ,a/21 ]IU jS1 � . . These
considerationsclearthecasethatthesymbolsetincreases.Wecanachieve

^ 1ªhVikjq,0/ U j . R j
H

for all pairs ,0/ U j . .
Now we shallexploretheway of changingthenumberof parameters.Supposewe have

^ 14hVikjq,0/ U j . Roµ ,
we want to obtain

^ 14hVikjf, ^ / U j . , i.e., to doublethenumberof theparameters.Let � bethearrayrepresenting
the
^ 1
hVikjq,0/ U j . . If weduplicate� in thehorizontaldirection,we have:

� �
But thisarraywill notgenerallybeacoveringarrayfor thenew setof

^ / parameters.To seethis,comparethe
]:�%�

columnwith the
�N�%�

columnin thenew array. If
]�¶ � �¸· i µ � � i¹/ , thenthesetwo parametersarealreadycovered,

sincethe correspondingcolumns , ]º· i µ / . and , ��· i µ / . arepresentwithin � , thus
^ 1-hVikj�l_mr» of this two

columnis achieved.However, for thepairsof columns,for which
] R , �«· i µ / . , only thepairs:

T T
3 3^ ^
...

...,zjS143 . ,(j|143 .
arecovered.This is j pairsout of thetotalof j H pairs.So,we justneedto addtheremainingj H 1�j pairs.These
are:

© hT 3T ^
...

...T ,(j|143 .3 T
3 ^
...

...3 ,(j|143 .
...

...,zjS143 . ,(j|1 ^ .
If © and h arethe columnsasdenotedabove, the array ¼ is the arrayobtainedby / duplicationsof the column© in the horizontaldirection. Analogously, the

5
is the arrayobtainedby placing / columns h togetherin the

horizontaldirection.Then,by ourconstruction,thearray:

� �¼ 5

coversall thepossiblepairsbetweenany two columns(i.e.,any two parameters).Thearrayhas � R�µJF j H 1�j
rows. Thus

^ 1GhVikjq, ^ / U j . � µ�F j H 1�j . Giventhat,we will derive thefollowing moregeneralproperty.

Property 3 If
^ 1�hVikjq,0/ U j . R�µ A and

^ 1�hVikjq, �ºU j . R�µ H , thenwehavê 1�hVikjq, � / U j . � µ A F�µ H . In thespecial
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casethatoneof thesetwocoveringshasthespecialpropertythat it containstherows

T T T KMKMK T
3 3 3 KMKMK 3
...

...
...

. . .
...

,(jS143 . ,(jS143 . ,zj 1g3 . KMKMK ,(jS143 .
theupperboundcanbereducedto

^ 1
hVikjf, � / U j . � µ@AºFuµPH 1�j .

Proof Thepropertyfollows from theconstructionabove. We just needto make
�

replicasof thearray � repre-
sentinĝ 1ghVikjf,a/ U j . , insteadof only

^
. And in somecaseswe will beableto reducethenumberof rows in the^ 1
hVikjf, � / U j . by j asit is notedabove.

This proof completesthe considerationson 2-coverings. We have shown how to increasethe numberof the
parameters,andthenumberof symbolsof thealphabet,i.e. theparametervalues,andwhateffect this will have
on theupperbound.It remainsto show thatthegrowth of

^ 1
hVikjf,a/ U j . is logarithmicin j .
Lemma 3

^ 1
hVikjq,0/ U j . �[,zjEl_¯ C ^ . �_½ ¾~¿ / .
Proof To show this, consider̂ 1�hVikjq,0/ U j . RÀµ . Apply the proceduredescribedin Property3, i.e. the multi-
plicationof two 2-coverings,using

^ 1�hVikjq,0/ U j . RÁµ , we have
^ 1�hVikjq,0/ H U j . � ^ µ . If we continuewith this

procedure,we have
^ 1GhVikjq,0/�Â U j . � · µ . Thus,if we denote

� R /~Â ,
^ 1ghVikjq, �ºU j . � ½z¾N¿ 3 Trµ . And it is clear

that
µ

canbeconsideredasa constant.Basicallywe canpick
µ R j H for somej primepowerandthenreduceas

appropriate.Strongerresultis presentedin [1].

Theorem2 ½zÃ ÄOÆÅ2Ç ^ 1
hVikjq,0/ U j .½z¾N¿ /
R j ^ U (3.4)

½zÃ ÄOÆÅ2Ç ¦21
hVikjq,0/ U j .½z¾N¿ /
R j ^ �

(3.5)

We will return to this result later, next we discussthe naturalextensionof this schemesto 3-coverings. The
Theorem2 is givenin [5].

3.5.4 3-Covers: RecursiveConstruction

Oneof the naturalextensionof the 2-coversarethe 3-covers. For the 3-coversthe samealgebraicconstruction
can be applied. In the caseof ¡ prime power, we will have ¦�1yhVikjq,0¡ F 3 U ¡ . R ¡ § . If ¡ is even, we have¦21
hVikjf,a¡ F ^bU ¡ . R ¡ § . This resultcanalsobegeneralizedto thefollowing:

Theorem3 For anyprimepower ¡ � n71g3 , wehaven71GhMikjf,a¡ F 3 U ¡ . R ¡ � .
Thisresultisprovenin [1], andanalternativeconstructionusingorthogonalarraysisgivenin [4]. Wetry to extend
theconstructionswe usedin previoussectionfor 2-coveringsto 3-coverings.It is moreconvenient,however, in
constructingthe3-coveringof largersetof parameters(say, multiplesof / ) to usenot only the ¦21ghVikjq,0/ U j . , but
also

^ 14hVikjf,a/ U j . . As we mayexpect
^ 1ghVikjq,0/ U j . ¶x¶ ¦�14hVikjq,0/ U j . , andasit is seenfrom Theorem11, this

differenceis oneorderof magnitudeask approachesÈ . Herewe will presenta recursive constructionfor the
casej R ¦ , i.e. we have ternaryvariables.Theconstructiontriples thenumberof parameterswhile keepingthe
sizeof thesymbolsetconstant.

Lemma 4 If ¦21
hVikjq,0/ U j . R ¨ , ^ 1
hVikjq,0/ U j . R © , then ¦21
hVikjq,%¦`/ U j . ��¨ F ^ © F 3IÉ .
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Proof: Let � denotethe ¨S�®/ arraythatrepresentsthe ¦�1
hVikjq,0/ U ¦ . , similarly ¼ is the ©���/ arrayrepresenting^ 1�hVikjf,a/ U ¦ . . Thearraysdenotedby ¼ F 3 and ¼ F ^ representthearray ¼ with 3 and
^

addedto eachof its
elementrespectively, wheretheadditionis modulo3. Thenthearray

� � �¼ F 3 ¼ ¼ F ^¼ F ^ ¼ ¼ F 35 3 5 ^ 5 ¦

is a 3-coveringof the ¦b/ ternaryvariables.Assumewe have threecolumns,not all of which arein thesamepart
of thearray. If we take their indices,for example,

]
,
�

and / , modulo3, wehave thefollowing ¦ possibilities:

1. All theindicesaredifferentmodulo3. Thenthesethreeparameters(columns)arecoveredaccordingto the
propertyof A.

2. Exactly two of the indicesareequalmodulo3. Thenall thepossiblepairsbetweenthetwo columnswith
equalindicesandthethird columnarecoveredin thepartA, moreover, theconstructionof A assuresthatfor
eachpossiblecombinationbetweentheentriesin thetwo ”equal” columnsthereis anentryfor eachsymbol, T U 3 U_^ . in thealphabet.Thusit is enoughto 2-coverall possiblecombinationsbetweenthecolumnswith
equalindicesmodulo3. This is achievedby theadditionof the2 blocksof thearray ¼ andits shifts ¼ F 3
and ¼ F ^ .

3. All threeindicesareequalmodulo3. We will examinethis casein detail in thefollowing. moredetail.

TheA blockscover thefollowing triples:

TÊTËT
3Ê3Ë3^Ê^Ë^

Further, the ¼ F 3 , ¼ , and ¼ F ^ blockscover thetriples:

3 T ^^ 3 TT ^ 3

Similarly, the ¼ F ^ , ¼ , ¼ F 3 blockscover thetriples:

^ T 3T 3 ^
3 ^ T
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Thus,we have covered Ì of all ¦ § R ^�Í triples betweentheseparameters.We just addthe other18 triples as
follows: hL3Îh ^ h:¦T T 3T T ^T 3 TT T ^T 3 TT 3 3T ^ TT ^ ^

3 T T
3 T 33 3 T
3 3 ^
3 ^ 33 ^ ^^ T T^ T ^^ 3 3^ 3 ^^ ^ T
^ ^ 3

andtheblocks hL3 , h ^ and ha¦ consistof / copiesof thecolumnshL3 , h ^ and ha¦ , respectively. Thus,wehavecovered
all possibletriples betweenany 3 of the 3k parameters,andthe claim is verified. It will be desirableto have a
recursiveconstructionthatrelates¦21
hVikjf, � / U ¦ . to ¦x1
hVikjq,0/ U ¦ . andeventually¦x1
hVikjq, �ºU ¦ . , thuseliminating
theneedof a lowerordercoverings(in theabovecase— the

^ 1ghVikjq,0/ U ¦ . ). Thequestionabouttheexistenceof
sucha constructionremainsopen.

3.5.5 Generalizationsand Conclusions

Basedon theconsiderationsgiven in previoussections,theasymptoticbehaviour of thet-coveringsmight beas
follows: ½ ÃzÄONpÐÏ�Ç nº1
hVikjq,0/ U j .½z¾N¿ /

R4Ñ ,(j �
psA
. (3.6)

where
Ñ ,(j . denotesthenumberof orderof variablej . Anotherinterestingthing to look at is thenon-optimality

of thet-coveringsof ,0/ U j . for fixed ,0/ U j . . In otherwords,how muchtheoptimal nº1ghVikjq,0/ U j . differsfrom the
theoreticallowerboundof j � ?
Definition 4 The non-optimalityfunction f is definedas follows. For each pair of integers ,0/ U j . , and each
3>� ] ��/ , Ò W ,a/ U j . R ] 1
hVikjf,a/ U j . 14,zj

W . .
By thedefinitionof thefunction,it is evidentthat Ò A ,a/ U j . RuT and Ò O ,a/ U j . RGT . Thequestionis whatthegeneral
behaviour of thefunction Ò is? We have shown in Lemma1 someof thecaseswhen Ò will have internalzeros.
It remainsto studywhethertheseareall the casewhen Ò will have internalzeros. If we areableto efficiently
computethis function,thereis onepracticalapplicationof this property. In testingwe will usuallyknow thepair,0/ U j . , i.e. theparametersof thetestedsystem.Wewill alsoknow thecapabilitiesandrequirementsof thetesting
equipment- i.e. thecomputingpowerandthetimeconstraints.Givenall theseandcombiningthemwith theupper
boundsfor n³14hVikjq,0/ U j . , we maydeterminewhatmaximumlevel of coveragewe cantestwithin our limits. In
otherwords,we canadjustour testingto our capabilitiesandsomeadditionalrequirements.Thenon-optimality
function, asdefinedis a discretefunction. It is interestingto seewhat the asymptoticbehaviour of Ò is when
/4eÓÈ , assumingthat /4eÔÈ without assumingany valuethat will allow Ò to have internalzeros. To our
knowledgethesequestionshavenot beenansweredyet.
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Chapter 4

Routing in Ad Hoc Networks/Dynamic
Networks

Participants: PetraBerenbrick(Mentor),IsabelleDéch̀ene,TerezaNeocleous,Anita Parkinson,Bo Peng,Adam
Webber.

PROBLEM STATEMENT: Dynamicnetworksprovidenew challengesfor packetrouting.In adynamicnetwork
thereis the possibility that any nodeor edgecanmove or disappearat any time. As a resultpathshave short
lifetimesandestablishmentof fixedroutesis notpossible.Examplesof dynamicnetworksincludefaultynetworks
wherelinks oftenfail, mobileadhocnetworkswherenodesmoveandtheinternet.

Previouswork hasbeendoneproving thestabilityof singledestinationnetworks1. Theseproofs,however, did
not utilize actualstructureswithin thenetworksto reachtheir conclusions.In this paperwe developproofsbased
on thestructuresof singledestinationnetworkswith thehopesthat they canbeextendedto multiple destination
networks in the future. We will also includea discussionof insightsgainedinto networks of both singleand
multiple destinations.

1BaruchAwerbuch, PetraBerenbrink,André Brinkmann,ChristianScheideler, Simple Routing Strategiesfor Adversarial Systems,
Proceedingsof the42thSymposiumonFoundationsof ComputerScience(FOCS),2001,pp158–167.
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CHAPTER4. ROUTING IN AD HOCNETWORKS/DYNAMIC NETWORKS

4.1 The Model

In themodelof thenetwork, thefollowing assumptionsareused:
Time: time is discreteanddividedinto synchronoussteps
Messages: Messagesarerepresentedby fixed-sizepacketswith a fixed sourceanddestina-

tion. A singledestinationnetwork containsonetypeof packet. A multiple desti-
nationmodelcontainsmultiple typesof packetseachwith their own destination.

Communication
Link:

Messagesor packetsaretransporteddown links or edgesthat cantransportone
packetof any typein onetimestep.Theedgesareconsideredundirected.

Nodes: Eachnodecanstorean unlimited numberof all packet types. The nodeknows
how many of eachtypeof packet it is storing.

Whendiscussingnetworks several parametersshouldbe defined. One is the way the packetsare injected.
Therearetwo main methods- packet andflow injection. In packet injection,unit packetsareinjectedinto the
system.This representsdiscreteinjectionasthepacket cannot bebrokendown into smallerunitsandmustflow
down only oneedge.Flow injectionrepresentsacontinuousinjectionandcanbesplit upanddistributedbetween
multiple edges.In this work we havefocusedon thepacket injectionmodel.

Oncean injection model hasbeendecidedupon, the patternof injection can be specifiedas either static
injection or adversarialinjection. In thesenetwork problemsthe conceptof an adversaryrepresentsthe worst
casescenario.We assumethat we areworking againstan adversarywho hascontrol of the network. Sincehe
controlstheconfigurationof thenetwork, hedeterminesa routefor eachpacket throughthesystembeforethey
areinjected.He is alsoawareof ourdependenceonthebalancingalgorithmandcanremoveedgesthathedid not
planto use,but thatwewould use.

Finally, thenetwork canbeconsideredstaticor adversarial.In a staticnetwork, all edgespresentin thefirst
timesteparepresentfor all futuretimesteps.This is in contrastto anadversarialnetwork in which theadversary
canchooseto removeor addedges.

4.2 BalancingAlgorithm

Packetsaretransferredfrom onenodeto anotheraccordingto thebalancingalgorithm.For thesingledestination
network, a packet is transferredfrom nodeA to nodeB if the numberof packetsstoredin A is at leastT more
thanthenumberof packetsstoredin B. T is at leastaslargeasthemaximumdegree,d, of all thenodesto ensure
that if packetsaretransferredout of nodeA thennodeA will not beleft with sucha low numberof packetsthat
somepacketswill flow backin thenext step.Thedegreeof anodeis thenumberof edgesconnectedto thatnode.

Thealgorithmfor themultiple destinationcaseis essentiallythe sameasfor onedestination.A packet of a
giventypewill movealonganedgeif thedifferencein packetsof that typestoredin thenodesat theendsof the
edgeis at leastT and is greaterthanthedifferencein numberof packetsof theothertypesstoredin thenodesat
theendsof theedge.Eachedgecanonly transportonepacket in eachtimestep.Ö�Ò themaximaldifferenceis the
samefor maytypesof packets,thentheoneto bemovedis randomlychosen.

The balancingalgorithmcreatesa distribution of packetsthat resultsin a potentialslopetowardsthe desti-
nation. Oncethe slopehasbeenbuilt, new packetsenteringthenetwork flow down the gradientandexit at the
destination.Thegradientindicatesthepathto thedestination.

Onemethodof implementingthis algorithm would begin with feedingdummy packets into the systemto
createthe potentialprofile. Onceenoughdummypacketshave beeninjected,real packetscanbe injectedand
they will all flow to their destination.Theproblemis to determineif this numberof dummypacketsthatmustbe
injectedcanbebounded,or if eventuallyrealpacketswill becomepartof thepotentialandwill never reachthe
destination.

4.3 Previous Work

For thecaseof onetypeof packetswith onedestination,it hasbeenproventhat thereis anupperboundon the
numberof packetsthatgetstuckin thenetwork. Thatis, thenetwork is stableusingthebalancingalgorithm.
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In this project,we attemptto gain insight into theopenquestion“Is thenetwork stableunderthis algorithm
with two typesof packetseachwith adifferentdestination?”

We will focuson thestaticnetwork with packet injectionmodelwith staticinjection.

4.4 Our Approach

Previouswork hasproventhat singledestinationnetworksarestableunderthebalancingnetworks. Theproofs
for theonedestinationcasedo not utilize thespecificstructureof eachnetwork, but arebasedon thenumberof
nodesin thenetwork. Theseproofscannot beextendedto themultiple destinationcaseasthey useassumptions
thatall packetsarethesameandareexchangeable.This is obviouslynotpossiblewith morethanonepackettype.

Our strategy to solvingtheproblemwasto approachit from two directions.Thefirst directionwasto find a
formal proof of stability. First, a proof usingthespecificstructureof thenetwork for thesingledestinationcase
would bedeveloped.This would thenbeextendedto multiple destinationcases.In all caseswe assumedstatic
network andstaticinjectionof onepacket of eachtype. It is believedthat two destinationcasesandmorethan
two destinationcasesmaynot actthesame;two destinationcaseswerethereforefocusedupon.

The secondmethodwas to searchfor a counterexamplethat showed an unstablenetwork. In order to test
networks andgain someinsight as to how the algorithm functionsa simulatorwas developed. This program
waswritten in S-Plusandcanhandlesingleandmultiple destinationnetworks. Many ideasweretestedon this
simulatorandit provedto bea greatstepforwardin our progress.

4.5 Results

After spendingthreedayslearningaboutthis problem,it is believedthata staticnetwork with staticinjectionof
two typesof packetseachwith theirown destinationis stableunderthealgorithm.

4.5.1 StepOne—SimpleNetwork

We beganwith a simplenetwork consistingof a chainof nodesconnectingthesourceandthedestination.Each
nodeis in thepathbetweenthesourceanddestination.In ourapproach,in orderto provethatthenetwork is stable
underthebalancingalgorithmit neededto beproventherewasanupperboundon thenumberof packetsin each
node.Thefollowing proof shows that therewill bea profile down thechainin incrementsof T. Thedestination
will have 0 packets,the next nodewill containT packetsandcountingaway from the destination,nodek will
containkT packets.

Lemma 1 Thenetworkis stablefor theline case.

Proof. Thenodesaremarked jNø U j A UM�z� �zU j�ù from thedestinationto thesource.Thepotentialof node
]

at timen is markedby ú �W � We claimthatat timestepn , themaximumpotentialfor j W is
]Dû�U

which is independentof time.
In this case,thetotal potentialin thenetwork is lessthanor equalto

û���ü � F 3~ý ± ^ andthenetwork is therefore
stable.

At time step 3 U it is obviousthat ú �W � ]Dû�� Inductionstep:Supposethat for time n R ·�U úÐÂW � ]Dû�� We have
to show this holdsfor time

· F 3 � For
] R�T U ú Âÿþ

AW R�T
by definition. Now if

] � T U two casesneedto becon-
sidered.If úsÂW ¶4]Dû�U then ú Âÿþ

AW � ]Dû sincethenetwork is a straightline
�
If úsÂW R ]Dû�U since úsÂW pqA � üz] 1g3~ý û

by theinductionhypothesis
U
then úsÂW 1+úsÂW pqA � û and úsÂW and úÐÂW psA will bebalancedaccordingto thealgorithm.

Thereforeú Âÿþ
AW R úÐÂW 1g3 F possibleinjectionfrom j W þ A � ]tûJ�

Sincewe know what theprofile will be,anupperboundon thetotal numberof packetsin thesystemcanbe
calculatedandit canbeconcludedthatthis network underthebalancingalgorithmis stable.
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Simple Network
T = 3

036912

Figure4.3:

4.5.2 StepTwo—Networks with Branches

A slightly morecomplicatednetwork consistsof onepathwith sidebranches.Theproof for thesimplenetwork
canbe extendedto this case.With the ability to predictthe potentialprofile, anupperboundon the numberof
packetsin thesystemcanbedeterminedandhencethenetwork underthis algorithmis stable.

Branched Network
T = 4

0481216

9

6

Figure4.4:

Lemma 2 If
û ���H andthegraphof thenetworkis a tree, thenit is stable.

Proof. In this case,thereis a uniquepathfrom sourceto destinationsincethegraphhasno circuit which we
will laterreferto asmainpath. Theinjectionrateis 1 pertime stepandthenetwork capacityis 1.

The nodeson the main patharemarked jNø U j A UL� �z� j�ù from the destinationto the source.The nodesthat are
directly connectedto the j W (calledadjacentnodeof vi) aremarkedas j W � � � T � Nodesthatarenot on themain
pathbut areconnectedto j W will be calledsidenodesof v

W
andaremarked as j W�� � We claim that ú �W � ]tûJUú �W�� � ü(] 1g3~ý û F 3 holdsfor any n � Therefore,thetotalpotentialin thenetwork is lessthan �

H û
where � is the

numberof nodesfor thetree.Thenetwork is thereforestable.
The result is trivial for time step 3 � Supposethat for time n R ·+U ú ÂW � ]tûJU ú ÂW�� � ü(] 143Ný û F 3 forT � ] � �º� Thefollowing factscanbeobserved:
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1. For
] RuT U

we have ú Âÿþ
A

ø R úsÂø RuT sincejNø is thedestination.Thefollowing casesassume
] � T �

2. If úsÂW R ]Dû�U since úÐÂW�� �yúsÂW and úsÂW pqA � ü(] 1g3~ý û�U j W will bebalancedwith j W psA or someof its adjacent
nodes.Sincetheinjectionfor j W is at most 3 U ú Âºþ

AW R ú ÂW 1g3 F possibleinjectionfrom j W þ A � ]Dû��
3. If úsÂW ¶ ]tû

and úsÂW ¶Á]Dû 1 µSF 3 U theneven if all adjacentnodesinject to j W U we still have ú Âÿþ
AW �úsÂW F 3 ¶G]Dû 1 µJF 3 FGµ � ]Dû��

4. If úsÂW ¶+]Dû and úsÂW � ]Dû 1 µ�F 3 U sinceúsÂW�� � üz] 1g3~ý û F 3 U úsÂW�� 1�úsÂW � üz] 1g3~ý û F 371 ]Dû F�µ 1u3 R1 û F
µ � û since
û � �H by hypothesis

�
Thatis to say, j W�� will not beableto inject a packet to j W � Since

theonly possibleinjectionto j W is from j W þ A U ú Âÿþ
AW �-úsÂW F 3>� ]Dû��

Therefore,ú Âÿþ
AW � ]Dû atany timestepin all cases.For sidenodes,sinceú ÂW�� � ü(] 1g3~ý û F 3 by theinduction

hypothesisandall its adjacentnodeshavepotentiallessthanor equalto
]Dû�U ú Âÿþ

AW�� � üz] 143Ný û F 3 �

In thetwo casesabove,only onepacketwouldenterthepathto thedestinationatatimeandhencethepredicted
profile will alwayshold. Next we look at a casewhenmorethanonepacket canenterthepathto thedestination
at a time.

4.5.3 StepThree—Networks with Loops

Flow Down Both Paths
T = 4

0

4812

20

4812

0

81216

19

3

81216 3

16

16

Figure4.5:

In this typeof network, with onetypeof packetwehavefoundtwo typesof behaviour canoccur. Eitherall the
packetsuseonly oneof thetwo paths,or bothpathsareused.In thesecondcase,thenetwork oscillatesbetween
apair of states.In onetimeperiodtwo packetsentertheloop,onedown eachedgeof theloop. In thesubsequent
step,no packetsentertheloop.

In investigatingthis situation,a formulahasbeendeterminedthatwill predictif bothpathswill beusedor if
onepathwill beused.

Lemma 3 If
�Eûy¶G· ü(û 143Ný U thelongpathis neverusedto delivera packet to thedestination.

Proof. Thenodeson the long patharelabelledj A �z� � j Â with no labelon thedestinationor thesourcenode.
Nodeson theshortpatharelabelled� A UL� �z�zU �qù �M· is thenumberof nodesin thelongpathand

�
is thenumberof

nodesin theshortpath.
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Flow Down One Path
T = 4
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Figure4.6:

Assumeapacket is delivereddown thelongpath.� n:� s.t. ú ���� 8 R ûJ� Sincewe areboundedby thealgorithm,
� n:� � ¶ n:� s.t. ú ��� ��
	 R û 1�3 and ú ��� ���	 R ^¹û 1�3 � ú � 	

mustreacĥ
¹û 1g3 to beableto passto j A when ú � 8�R û 143 .

By induction,thepreviousstepcanbeappliedto successive nodes.Therefore,thereexists nkÂ ¶ n:� � suchthatú ���� � R · ü(û 143Ný F 3 � Therefore,thereexists n�
 ¶ n Â s.t. ú ���� � R · ü(û 143Ný �· ü(û 143Ný is thenumberof packagesj Â musthave beforeit receivesa packageto deliver to thedestination
via thelongpath.By lemma1, weknow that ú�� � canreachapotentialnohigherthan

�EûJ�
By ouralgorithm,if a

packet is notsentalongthelongpath,then ú � � �-ú ��� � If ú � � is greaterthanthemaximumof ú ��� , it will always
begreaterthan ú ��� andthereforethelongpathwill neverbeusedto delivera packet. We canthereforeconclude
thatif

�Eû ¶+· üzû 143Ný U thelongpathwill neverbeusedto deliverapacket.

This formulaholdsif thedestinationis immediatelyoff theloopor if thereareanumberof nodesbetweenthe
loopandthedestination,althoughLemma3 holdsonly whenthedestinationis at theendof theloop.

4.6 Extensionto Two Destinations:

Thealgorithmfor themultiple destinationcaseis essentiallythesameasfor onedestination.A packetof a given
typewill move alonganedgeif thedifferencein packetsof that typestoredin thenodesat theendsof theedge
is at leastT AND is greaterthanthedifferencein numberof packetsof theothertypesstoredin thenodesat the
endsof theedge.Eachedgecanonly transportonepacket in eachtime step.

Thesimplecasewith two typesof packetseachwith their own destinationis two branches,eachendingwith
a destinationfor onetypeof packet.

In this casewe predictthenumberof eachtypeof packetsat eachnode.Along thepathto thedestinationof
a giventypeof packet, therewill bea profile in incrementsof T. Along theotherpath,therewill bea profile of
incrementT-1. Whenthetwo pathsmeet,thefirst nodealongtheblockedpathmusthave onemorepacket than
thefirst nodealongthepathto thedestination.Thiswill preventflow down theblockedpath.

With anunderstandingof this typeof network, we moveto thenetwork with loops.

4.7 Search for a Counter Example

In looking at networks with two destinations,eachwith an independentpath,andtwo possiblepathsfor each
packet type, it waslearntthateachpacket will usetheshortestpathto thedestination.In thecasewhenthereis
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oneshortpathfor onepacket type,andtwo equivalentpathsfor anotherpacket type,eachpacket typewill take
onepath. This led to thequestion”What happenswhenbothpacketssharetheshortestpath?”. Thespeculation
wasthatonepacket typewould settleon theshortestpathandtheotheron thelongestpath.Thechoiceof packet
on theshortestpathwasarbitraryandmight bedecidedwhenthefirst tie wassettled.

Thecasewasenteredinto thesimulatorandthefollowing resultsobtained.

T
�

w� o  D
!

e" st# i$ n% at
#
i
$
o n%  N

&
e" t# w� o r' k(

B
)

o t
#
h
*
 P
+

at
#
h
*
s U
,

se" d-  b
.
y/  E
0

ac1 h*  T
�

y/ p2 e"
T
�

 = 4
3

0
4

8

13

29
5

4
3

8
12
6

2
6
8

4
3

0
4

7
7

12
615

8
9
5

9
5

11
16
9

28
6
9

32

2
6
5
8

24
2
6
0
4

22
17
7

18

0
4

8

12

30
4

4
3

8
1329

5

4
3

0
4

7
7

11

16
9

9
5

9
5

12
6

15
8

2
6
7
7 6

9

31

24
2
6
5
8 21

2
6
1

16
9

19
5

Figure4.9:

In this case,bothpacketsusebothpathsin analternatingfashion.Furtherthoughtresultedin therealization
that if the adversarywereto closethe link betweenthe two destinations,packetswould continueto flow down
both lines. This would happenuntil a profile wasestablishedthat would result in eachpacket type taking the
pathopento its destination.By closingthe link, additionalpacketsaretrappedin thenetwork. Would repeated
openingsandclosingsresultin repeatedtrappingsandproducea counterexample?

Unfortunatelytheanswer, in this caseis no. Eventuallythereareenoughpacketsof eachtypestoredin each
nodethatif theedgeis closedandapacketflowsdown the”wrong” pathit will not resultin amissedopportunity
to senda packet to thedestination.

Thisexamplelendssupportto theopinionthattwo destinationnetworksarealsostable.

4.8 Conclusions

From experimentationsby handand with the simulator, as well as the proofs that have beenconstructed,we
believe that the two-destinationstaticinjectionnetwork is stable.Two-destinationdynamicnetworks,however,
underthe control of an adversary, could behave in a differentway. Networks with morethantwo destinations
havenotbeenexamined,but thereis potentialthatthey couldbehavemoreproblematically.

Futurework shouldincludethedevelopmentof proofsfor thoseconjectureswe have made.Proofsthathave
beendoneshouldalsobe extended,if possible,to two (or more)destinationnetworks. In orderto accomplish
this, a moregeneralsimulator, ableto stopautomaticallyuponstability andutilize symbolicrepresentationsof
potentials,mayneedto beconstructedsoonecangainageneralknowledgeof whatwill happenin morecomplex
networks.

Finally, it mayinterestingto observethebehaviour of thenetwork undera modifiedbalancingalgorithm.
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Chapter 5

Modelling Polymer Electrolyte Membrane
Fuel Cells

Participants: Brian Wetton(Mentor),ElaineBeltaos,Mikalai Birukou, Olivier Dubois,KatherineHegewisch,
HeatherLehr, Anuj Mubayi,TingtingShu,FabienYoubissi.

PROBLEM STATEMENT: In recentyears,with increasingenviromentalconcernsover vehiclegeneratedpol-
lution andlimited rangeassociatedwith batterypoweredelectricvehicles,theprotonexchangemembrane(PEM)
fuel cell systemis gainingmoreattentionasanalternativepower generationsourcefor electricvehicles.Attrac-
tive characteristicsof thePEM fuel cell systemincludethesimplicity of its designandoperation.ThePEM we
will studyherefunctionedwith humidifiedhydrogenin the anodeandhumidifiedair ( ; H F=< H ; F � H ) in the
cathode.Themathematicalformulationreducesto a systemof nonlinearODEs,subjectto appropriateboundary
conditions.Resultsarepresentedfor variousoperatingconditionsanddesignparametersin orderto identify the
importantfactorsin theperformanceof thefuel cell.
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5.1 Physical Problem

ThePEMfuel cell usesasimplechemicalprocessto combinehydrogenandoxygeninto water, producingelectric
current. At the anode,hydrogenmoleculesgive up electronsandform hydrogenions,a processwhich is made
possibleby the Platinumcatalyst. Theseelectronstravel to the cathodethroughan externalcircuit, producing
electriccurrent.ThePEMallowsprotonsto flow through,but stopselectronsfrom passingthroughit. As aresult,
while theelectronsflow throughanexternalcircuit, thehydrogenionsflow directly throughtheprotonexchange
membraneto thecathode,wherethey combinewith oxygenmoleculesandelectronsto form water. In this way,
thehydrogen’snaturaltendency to oxidizeandform wateris usedto produceelectricity. Thereactionswegetare
asfollows:
Anode:

^ <>H e ¬ l p F ¬ < þ .
Cathode:

¬ l p F ¬ < þ F ; H e ^ < H ; .
Overall:

¬ l p F ^ < H F ; H e ^ < H ; .

In theanode,we havehumidifiedhydrogengastravelling in a channel.This gasenterstheporesof theteflon
layerandinteractswith thecatalystlayer, whichspeedsup thereaction

< H e < þ F ^ l p . Theelectrontransfers
to theconductiveteflonlayerandconductsto thegraphitelayer. Sincethegraphitelayeron theanodeandon the
cathodeareconnectedin a circuit, thereis a total current.Thehydrogenprotoncarriesa watermoleculeacross
themembraneto thecathodelayer.

In thecathode,we have humidifiedair (composedof oxygen,nitrogenandwatervapour)travelling in a chan-
nel. This gasalsoentersthe poresof the teflon layerandinteractswith the catalystlayer, which speedsup the
reaction

¬ l p F ¬ < þ F ; H e ^ <>H ; . Theelectronsaretransferedto themediumfrom thegraphitelayerto the
porousteflonlayer.

5.2 Mathematical Problem

To derive a systemof ODEsthat describesour physicalproblem,we discretizethe interval ¯ X?> T U 3�@ to ¯ RA ¯CB � , where
� R T UM�z� �zU � . Considerthe changein flux, D�ù þ A 1ED�ù betweenthe points ¯ R � A ¯ and

¯ R üz� F 3~ý A ¯ . We seethat DJù þ A«R D�ù F A ¯ÐÒ ü ¯#ý
where Ò ü ¯7ý describesthesources/sinksof thequantity. Letting

A ¯�e T , we seethattheequationbecomes
µ
µ ¯ D R Ò ü ¯7ý

Thus,for eachof thegasfluxes,we needonly considerthesources/sinksof thequantity.

5.2.1 Coupled Systemof ODEs

The rateof changeof the flow of water in the anodedependsonly on the water transferacrossthe boundary
betweenanodeandcathode. µ

µ ¯ DGFH H ø R 1
]Lü ¯#ýI 1 � ^ � ^�ü m F ü ¯7ýf1�mKJ ü ¯7ý:ý

Therateof changeof theflow of waterin thecathodedependsonly onthewatertransferacrossthemembrane
betweentheanodeandcathodeandtheamountof watergeneratedby thechemicalreactionin thecathode.

µ
µ ¯ D JH H ø R ]Lü ¯7ýI F � ^ � ^�ü m F ü ¯7ýf1�mKJ ü ¯7ý:ý F ]Lü ¯7ý^ I

Sincethereaction
<>H e ^ < þ F ^ l p takesplacein theanode,theamountof hydrogenneededis twice the

amountof currentgenerated,so
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µ
µ ¯ D H H R 1

]Lü ¯#ý^ I
Sincethereaction

¬ l p F ¬ < þ F ; H e ^ <JHMT takesplacein thecathode,weseethattheamountof oxygenis
four timestheamountof current,so

µ
µ ¯ DGL H R 1

]Lü ¯7ý¬ I
Sincetheflow of nitrogenin thechanneldoesnot changeasa functionof ¯ , we have that therateof change

of theflow is zero,i.e.

µ
µ ¯ DGM H R T

Thusour systemof differentialequationsin thefluxesbecomes:

µ
µ ¯ D FH H ø R 1

]Mü ¯#ýI 1 � ^ � ^�ü m F ü ¯#ýE1�mKJ ü ¯7ý:ýµ
µ ¯ D H H R 1

]Mü ¯#ý^ Iµ
µ ¯ D JH H ø R ¦ ]Lü ¯7ý^ I F � ^ � ^�ü m F ü ¯#ýq1�m J ü ¯#ý_ýµ
µ ¯ D L H R 1

]Mü ¯#ý¬ Iµ
µ ¯ DGM H R T

where m F ü ¯#ý and mNJ ü ¯#ý arethe relative humiditiesin the anodeandcathoderespectively. We canfind
]Mü ¯#ý by

invertingthefollowing equationfor
]Lü ¯#ý ,whichalsodependson thepropertiesof themembrane

O RQP ø�1 ]Mü ¯#ý T � TNTNT 3^~¬ 3
m F ü ¯#ý

F 3
m J ü ¯#ý 1

R ûITS ÃVUXW psA É � ­S]Lü ¯#ýT � TNT ¬N¬ 5 L HQü ¯7ý
where

P ø is the voltageacrossthe fuel cell whenthereis no current,
R

is the ideal gasconstantand
û

is the
temperature.We take temperatureto beconstantthroughoutthis paper.

In orderto getasystemof ODEs,wewould like to haveexpressionsfor m F ü ¯7ý , mNJ ü ¯#ý , and
5 L H in termsof the

fluxesQ.

5.2.2 Concentrationsin Termsof Fluxes

To calculatethe concentrationsof the gasesin termsof the fluxes,we considerthe flux of a gastravelling at
velocity j througha crosssectionalarea� . We assumethatthevelocityof thegasesareall roughlythesame.

For thegasesin thecathode

DGM H R 5 M H �7jD L H R 5 L H �#j
D JH H ø R 5 JH H ø �#j
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Then �7j RZY\[ 	] [ 	 RZY\^ 	] ^ 	 R Y\_` 	�a] _` 	�a
FromDalton’s law, we havethat

5 W RcbXdegf andthelaw of partialpressuresgives WXh W R h J�jik� . Then

W 5 W R Wkh WR û R h J�ji_�R û
andwe have

5 JH H ø R h J�jik� D JH H øR û ü D JH H ø F DGM H�F D L H ý
Thisprocedurecanbeusedfor all gasesin eithertheanodeor thecathodeyielding

5 ø H R h J�ji_� D�ø HR û ü D JH H ø F DGM H�F D L H ý5 M H R h J�jik� DGM HR û ü D JH H ø F D M H F DGL H ý5 FH H ø R h F�jik� D FH H øR û ü D FH H ø F D H H ý5 H H R h F�ji_� D H HR û ü D FH H ø F D H H ý
If thecathodeis saturated,we mustmakemodificationsto theseformulae:

5 JH H ø R 5ml F �5 ø H R h J�ji_�R û 1 5 l F � D ø HDnM H�F D L H
5 M H R h J�ji_�R û 1 5ml F � DGM HD M H F DGL H

Similarly, if theanodeis saturated,weusethefollowing relations:

5 FH H ø R 5 l F �5 H H R h F�ji_�R û 1 5ml F �
5.2.3 RelativeHumidities in Termsof Fluxes

We canobtainexpressionsfor thehumidities,oKprqVsut ,oKvKqwsut , of theanodeandcathoderespectively in termsof the
fluxes,by usingtheaboveformulae:

o p qwsutyx z p{}|�~zg� p�� x
� p{}|
~��\�z�� p��

oKv�qwsutyx z v{}|�~zg� p�� x
� v{}|
~��\�z�� p��� oKpXqwsutyx z p�j����� p{m|�~z�� p���q � p{}|�~G� � {m| t� o v qwsutyx z v�j�
� � v{}|�~z�� p���q � v{}|�~ � �n� | � �G� | t

We noticethatweneedto seto p qVsmtmx�� if
z p{m|�~�� z � p�� ando v qwsutmx�� if

z v{}|
~�� z � p��
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5.2.4 Initial Conditions

For our initial flux conditions,we choosesomeinitial relative humidities,o p ~ , o v ~ , for the anodeandcathode,
respectively. Thuswe take initial waterfluxesof

� p{}|�~ q���t�x q �G� | qj��t � �G� | qj��t�t z�� p���oKp ~z pn� z � p�� o p ~
� v{}|�~ q���t�x � {m| qj��t zg� p���oNv ~z v � z � p�� o v ~

In choosinginitial valuesof the oxygenandhydrogen,we considerthat at the target current, ��� , the total
currentdrawn from thecell is theintegralover thecurrentdensity, ��qVsut , throughthemembrane,so

��� x
�
~ ��qwsut���s x �¢¡r£

�
~ ���s � {}| qwsut���s¤x �¢¡r£ q � {m| q��¥t � � {}| qj��t
t

��� x
�
~ ��qwsut���s x �¢¦r£

�
~ ���s � � | qVsmt§��s¨x �¢¦r£ q � � | q
�©t � � � | qj��t
t

Definethestoichiometricratios ª {}| , ª � | of hydrogenandoxygensuchthat

� {m| qj��t�x ª {}| ���¡�£
� � | qj��t�x ª � | � �¦r£

A lackof eitherhydrogenor oxygenwill causethecurrentdensityto equalzero.To avoid this possibility, we
enforcethefinal fluxesof hydrogenandoxygenbepositiveat s«x�� . This leadsto

� {}| q��©t�x � {}| q���t � ���¡r£ x�q�ª {m| � �¥t ���¡r£­¬ �
� � | q��©t�x � � | qj��t � � �¦�£ x�q§ª � | � �©t � �¦�£ ¬ �

To ensurethatthefuel cell doesnot runoutof eitherhydrogenor oxygen,wechoosethestoichiometricratios

ª {}| � �
ª � | � �

Sincedry air contains®�¯�°�± | and ¡ �¥°�² | , we take theinitial conditionof flow of nitrogento be

�G� | x ®�¯¡ � �G� |
Thuswe chooseour initial fluxesby choosingonly initial relative humiditiesfor the anodeandthe cathode

andinitial stoichiometricratiosfor thehydrogenandtheoxygen.
StoichiometricRatios ª � | , ª {}| , Initial Humiditieso p ~ , o v ~

� p{}|�~ x q � � | � � � | t z � p�� o p ~z pn� oNp ~ zg� p��
� {}| x �¦�£ ª {m| ���jp�³�´
� v{}|�~ x � {}| z � p�� o v ~z v}� oNv ~ zg� p��
�G� | x �¡�£ ª � | ���jp�³�´
�G� | x ®�¯¡ � �G� |
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5.2.5 Pressure ChangesAlong Channel

PressureGradient whenonly Water Vapour is Considered

Assumegasesareincompressibleandhavelow Reynold’snumbers(solow viscosity).WehavetheNavier-Stokes
Equation: ¶¸·º¹·º» x �½¼¿¾ � ¼ | ¹ �

¶�À
, where

·º¹·º» x ¹ � � q ¹ÂÁ ¼ t ¹ (flow derivative)

Assumethe vector
¹ x ¹ qVÃÅÄ���Ä���t and ¾ x ¾ qVsut . Thenthe Navier-StokesEquationbecomesÆ�ÇÆÉÈ xËÊnÆÉÌ
ÍÆ�Î Ì .

Since ÆÉÌ�ÍÆ�Î Ì is not a functionof s , but
z x z qwsut is a functionof s , we have that theabove equationmustequala

constant,i.e. Æ�ÇÆ�È x«Ê ÆÉÌÏÍÆÉÎ Ì xQÐ .

Consider ÆÉÌ
ÍÆÉÎ Ì xÒÑÓ with the boundaryconditions
¹ q�Ô | tÕx ¹ q¥ÖrÔ| tÕxZ�rÄ sincethe velocity nearthe surfaces

dropsto zero. Then
¹ qVÃ×tmx ÑÓ Î�Ì| � Ñ�Ô ÌØ Í . To getthepressuregradientin termsof thegasfluxes,we find thetotal

gasflux:

� qVsmtmx � qVsut
Ù
ÌÚ ÙÌ
¹ qVÃ×t���ÃÛx � � qVsmt§Ð� ¡ Ê Ü�Ý

Therefore,for theanode: Þ z pÞ s x � � ¡ Êßq � p{m| � � � {}| t �\�z p Ü Ý
andfor thecathode: Þ z vÞ s x � � ¡ Êßq � v{}| � � �G� | � �G� | t �\�z v Ü Ý
In this case,thesystemof equationscontains7 variables(gasfluxesandpressuresin theanodeandcathode).

PressureGradient when the Height of the Liquid is Taken into Account

Assumingthe depthof the liquid water in the cathodeis
Ü

thenwe have the boundaryconditionsfor flows of
liquid andgas: ¹ ´ q Ü tyx ¹Åà q���tmx �¹ ´ q Ü t�x ¹Åà q Ü t

Ê ´
Þ ¹ ´Þ Ã á Ô x Ê à

Þ ¹ÅàÞ Ã á Ô
where

¹ ´ is thevelocity of thegasflow, and
¹âà

is thevelocity of theliquid waterin thechannel.Usingthesame
argumentsasabove,we obtainthevelocities:¹ ´ qwÃ×t�x ÐÊã´ Ã

| � ä � Ã �Cä |
¹ à qwÃ×t�x ÐÊ à Ã

| � � � Ã � � |
where ä ��å ä | å � ��å � | aretheconstantsof integrationin termsof

Ü
,
Ü
, and Ð .

Explicitly, theseconstantsare:

ä � x Ð Ü
| Ê ´ � Ü | Ê à � Ü | Ê àÊã´kq Ü Ê à � Ü Êã´ � Ü Ê à t

ä | x � Ð Ü |¡ Êã´ � Ð ÜÊã´
Ü | Ê ´ � Ü | Ê à � Ü | Ê àÊã´¥q Ü Ê à � Ü Êã´ � Ü Ê à t

� � x Ð Ü
| Ê ´ � Ü | Ê à � Ü | Ê àÊ à q Ü Ê à � Ü Êã´ � Ü Ê à t� | x �
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Integrating
¹ à

and
¹ ´ givesustherespectivefluxesfor gasesandliquid. Takingtheratio æmçæmè eliminatesÐ , and

we geta4th-degreepolynomialequationin
Ü
:

é q Ü t � � ´� à x¨�
We usethe root of this equation,

Ü�ê
, to find Ð , thusgettingthe pressuregradient. This appliesto both the

anodeandcathode.

5.2.6 Counterflow Case

In the coflow case,we have the air andhydrogenflow in the samedirection. Changesin the fluxesdueto the
exchangeof hydrogenandwaterthroughthemembranepropagatein bothchannelsin thesamedirection.

In thecaseof thecounterflow, we reversethedirectionof eitherhydrogenflow or airflow. Theexchangeof
hydrogenandwateron themembranein this casepropagatesin oppositedirections.Dueto thecounterflow, we
have to reversethesignof thederivativesof thefluxesfor oneof thechannels,eitheranodeor cathode.

5.3 Simulation and Computational Results

5.3.1 Determining Appropriate Voltageto Yield Desired Curr ent

Our goalwasto write a codewhich would computethe necessaryvoltagedrop to obtaina giventargetcurrent.
To achieve this we first hadto solve theproblemof obtainingthecurrentdistribution down thechannelgivena
voltagedrop.Essentially, weneededto invert thefollowing function:

ë xQì ~ � q ¦�í ��î�®Kï � î�tw��qVsut �oKpðqwsut � �oNvÉqwsut � �\�£Tñ
òVóXô Ö � ��¯©õ ¦�í õ ¦ ��qwsut� � Ì qVsmt
Notice that in this expression,oKv , oKp , and

� � Ì appear, so that in orderto invert it, we first mustobtainthe
valuesof the fluxes. To obtain the valuesof the fluxes,we solved our systemwhich dependedon the current
distribution. In Matlab, we wrote a codewhich usedthe o.d.e. solver “ode15s”andtook asits input function
“Fun.m”. Within this input function,which definesthe systemof ordinarydifferentialequations,we invert the
aboveexpressionfor agiven

ë
ateachvalueof s givenby thesolver. To invert,weusebisectionto find azeroof

thefunction: À
x ë � ì ~ � q ¦rí ��î�®Nï � î�tV��qVsmt �o p qVsmt � �o v qVsmt � �\�£÷öVó ¡Õø ��¯¥õ ¦�í õ ¦ ��qwsut� � Ì

Note thatwe areapproximatingñ
òVóXô Ö � qwsut by öVó q ¡ sut , sincetheargumentis large. In orderto do bisection,
we needaninterval on which g is positive andnegative. By analyzingtheintersectionof thefunctions� � ä and� öùó q§����t (c andd areconstants),we saw thatif:

ä
� x�q�� � ë t

Ý
ú ~ ú©û ~ úü×ý Ìq �³�þ � �³�ÿ t�q ¦rí ��î¥îrï � î�t � �
Then��� ü×ý ÌÝ
ú ~ úNû ~ ú . Otherwise,� is boundedaboveby

� Ö��� � û ���	��
 Ö �	� ��
� þ�� 
� ÿ � . Thecurrentis alwaysboundedbelow

by zero,sowe take asmallvalue( í �¥��� ) asthelowerboundfor performingthebisection.
Oncewe couldcomputethecurrentdistribution givena voltage,we madea wrapperfunction(“VoltageToIn-

tensity.m”, seeAppendix) which, given a voltagedrop, solves the systemand returnsthe differencebetween
the total simulatedcurrent(

�~ ��qVsmt§��s ) anda target intensity. Then,the bisectionalgorithmwasappliedto this
wrapperfunctionto find thevoltagedropwhich givesa targetintensity.
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5.3.2 Resultsfor Constant Pressure

In this subsection,we show resultsobtainedfor the constantpressurecase. The following assumptionswere
made:

� Constanttemperature(298K)

� Constantpressure(101.3kPa)

� Inlet humiditiesof 50%in thecathodeandanode

� Inlet hydrogenflux of 1.2x stoichiometricflow

� Inlet oxygenflux of 2 x stoichiometricflow

� Air is composedonly of nitrogen(79%)andoxygen(21%)

� All flux valuesareaveragedoverchannelheightandgascomponentsareassumedto bewell-mixed

� Thecell is 1 meterlong qVs���� �rÄ����§t
� Target intensityof 10,000Amps(usedto computeinitial valuesfor thefluxesof hydrogenandoxygenin

termsof their stoichiometricflows)
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Simulation Resultsfor the Forward Problem

Themainresultsof thesimulationaresummarizedin thefollowing graphs:
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Notethat theflux of hydrogenin theanodedecreasesfasterthantheflux of oxygenin thecathodesincetwo
moleculesof � | areusedfor eachmoleculeof ² | in thechemicalreaction.
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Initially, thecathodeandanoderelative humiditiesareequal,sothatby analyzingtheequationfor theanode
waterflux it is clearthattheanodewaterflux (andsoconcentration)will decreasesteadily. Thecathodehumidity
growsquitefastandreachessaturationquickly, andsobecomeslargerthantheanodehumidityquickly, resulting
in diffusionof waterfrom thecathodeto theanode.Oncethecathodeis saturated,thecathodehumidity is fixed
at ���©��° , andit appearsthatthediffusiveflux to theanodenearlybalancestheflux drawn by thereaction.
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Notethatwhenreachingthewatersaturationin thecathode,thebehaviour of theconcentrationof hydrogen
andof thecurrentdensityis modified.As theanodewaterflux dropssharplyneartheinlet, theconcentrationof
hydrogenrisesaccordinglyto fill the volume. Essentiallythe hydrogenconcentrationin the beginning mirrors
thebehaviour of theanodewaterconcentration,andthendiesoff slowly aftersaturation,asit is consumedby the
reaction.

Similarly, the currentdistribution nearthe inlet appearsto be moststronglyinfluencedby the humiditiesin
theanodeandcathode.Oncethe saturationstateis reachedin theanode,the depletionof theoxygendown the
channelbecomesthedominantfactor, causingtheslow decreasein currentgenerationdown thechannel.

5.3.3 Dependenceon the Humidity Levels

Usingour inverseproblemsolver, we computedthevoltagedropwhich would give an intensityof 10,000amps
for varyinghumidity level, in thecathodeandanode.

Cell Voltagefor TargetCurrentat 10,000Amps/meter
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rc vs. ra 10% 25% 50% 100%
10% .449185 .456813 .464998 .474523
25% .468094 .471249 .475192 .480386
50% .479853 .481143 .482819 .485153
100% .486229 .486485 .486783 .487244

In theabovetable,rc (ra) is therelativehumidity in thecathode(anode).Fromthesenumbers,wereachedthe
following conclusions:

� Fuelcell performanceimproveswith increasedhumidity

� Cathodehumidity hasslightly largerinfluencethananode

5.3.4 Variable Pressure Case

WemodifiedourMATLAB codeto considervariablepressurein thechannel.Two ordinarydifferentialequations
wereaddedto the original system,oneeachfor the pressurein the cathodeand in the anode,with boundary
conditionof 101.3kPa at the inlet (seeprevioussection). We tried threerealisticchannelheights(suppliedby
our mentor)andobserved the resultingperformance.In the secondtablebelow, the voltagedrop wasfixed at� í ¦��¥¡�� � � ® .

Dependenceof Cell Performanceon ChannelHeightwith I=10,000Amps

ChannelHeight .01m .003m .001m
Voltage .4828087 .4828049 .4826203

(In)Dependenceof Currenton ChannelHeightfor fixedVoltage q ë xC� í ¦��©¡�� � � ®©t
ChannelHeight .01m .003m .001m

Current 9.99e3 1.00e4 9.99e3

Hence,for channelheightsbetween1cmand1mm,thepressurechangehaslittle effecton thebehaviour and
performanceof thefuel cell. This meansthatconsideringthepresenceof liquid waterin thechannelswouldalso
have little impacton themodel,astheliquid waterwould only causea smallchangein thechannelheight.

5.3.5 Counterflow Simulation

We beganto extendour numericalmodelto simulatethecounterflow case,i.e. whenhumidifiedair is put in the
cathodefrom theleft qVsCx ��t andhumifiedhydrogenis put in theanodefrom theright qws xE�¥t . Theproblemis
morecomplex sinceweneedto solvea first ordersystemwith someboundaryvalueson theleft andsomeon the
right of thechannel.Somekind of shootingmethodis required.We decidednot to usea zero-findingroutinefor
vector-valuedfunctionsbecauseof robustnessconcerns.Ouralternative ideainvolvesnestedscalarzero-finding:

1. Supposewehaveaguessfor theflux of watervapourattheanodeoutlet.Giventhevoltagedropcorrespond-
ing to atargetintensity, thenweknow theflux of hydrogenexactlyattheanodeoutlet(

� � �j�	�ùv Ô �
à �	� Ö � � �jp�³�´ 
 � !| ê#" ).

We runbisectionto find this voltage.

2. Runanouterbisectionon theflux of watervapourat theanodeoutletto find thevaluethatcorrespondsto
thespecifiedflux of watervapourat theanodeinlet.

We ran into difficulties,sincetheshootingon thewatervapourflux is very sensitive, andour codedoesnot
handleproperlytheunphysicalcases(for example,whenareactantor waterrunsout).
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5.4 Further Work

Thesimulationof our fuel cell modelwith counterflow wouldprobablyrevealdifferentbehaviour andsoit would
beinterestingto compareresultswith thecoflow case.Onecouldalsolook at theeffectof liquid waterinsidethe
channelwhenthe gasis saturatedwith watervapour, eventhoughwe have shown someevidencethat it should
have little effect for channelheightsin the orderof 1cmor 1mm. In our model,we assumedthat the gasesare
well-mixed(in the directionperpendicularto the membrane).So,we could remove this assumptionandaddto
our modelthe diffusionof the gasesinsideeachchannel.In that case,the gaseswould be moving towardsthe
membraneasthereactantsandwaterareusedin thereaction.Onecanalsoconsidera full 3D model.In thiscase,
thederivativeof thepressurewould dependon

�
Ô%$ insteadof

�
Ô%& asin our model.So,theeffectof pressuremight

becomeimportant.

5.5 Conclusion

As a summary, herearethemainconclusionswe obtainedfrom ourmodel:

1. Thefuel cell performanceis improvedwhenincreasingthehumidity level, particularlyon thecathode(air)
side.

2. Incorporatingvariablepressuresandtheeffectof liquid waterhaveonly small impacton theperformance.
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Hedging in the Presenceof Mark et
Constraints

Participants: AlexanderV. Melnikov (Mentor),Andrei Badescu,HammoudaBenMekki, Alicia Cant́on, Ray-
mondKa Wai Cheng,AsratFikre Gashaw, Ana Granados,YuanyuanHua,StephanLawi, MaratMolyboga,Yuri
Petratchenko, Victoria Skornyakova.

PROBLEM STATEMENT: Wehavestudiedmathematicalmodelswhichdescribefinancial q('�Ä�ª\t marketswith
bothdiscreteandcontinuoustime. TheBlack-Scholesmodelwith stochasticvolatility wasinvestigatedfrom point
of view of controlleddiffusionprocesses.To giveanappropriateapproximationof theBellmanequationsolution
we used(seeAppendixand[20], [21], [14]) a smallparameterapproachandnumericalmethods.TheCox-Ross-
Rubinsteinmodeltwo differentinterestrates(borrowing andlending)wasalsoinvestigated.
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CHAPTER6. HEDGINGIN THE PRESENCEOF MARKET CONSTRAINTS

6.1 Intr oduction

Mathematicsof Financeis oneof the mostapplicablebranchesof the fundamentalcontemporarymathematics.
The quantitative methodsof financialmathematicsbasedon stochasticanalysiswere introducedin papersby
Black, ScholesandMertonandled to themodernoptionpricing theoryandthecontingentclaimsanalysis.The
pricing theoryis basedon thenon-arbitrageprincipleandtwo fundamentaltheoremsof contemporaryfinancial
mathematics:

1. Thereis no arbitrageon thefinancialmarket if f a risk neutral(martingale)measureexists.

2. Thefinancialmarket is completeif f thereis auniquemartingalemeasure.

Theclassicalmodelof financialmarketssuchasBlack-ScholesandCox-Ross-Rubinsteinarecompleteand,
thus, the correspondingprice of a contingentclaim ) � canbe calculatedas ì ê ��*+ * Ä where ' � is the terminal
non-riskassetpriceand ì ê is the mathematicalexpectationwith respectto the uniquemartingalemeasure

z ê í
In this situationwe deal with the Black-Scholesand the Cox-Ross-Rubinsteinformulaeas well as the linear
Black-Scholesequation(seeAppendix).

In the caseof incompletemarkets(marketswith constraintson the modelstructureandstrategies)we deal
with a rangeof “f air” prices:

� òùó�,Ç.- ì ê
)��' � Ä ñ	/10Ç2- ì

ê )��' � � í
The Black-Scholesmodel with stochasticvolatility (see[20] andAppendix for details)is a representative

exampleof sucha market. This model is attractive from a theoreticalaswell asa practicalperspective. We
appliedthe generaltheoryof controlleddiffusion processes(see[14]) andthe Bellmanprinciple to arrive to a
non-linearBellmanequationwhich appearsto beanexpansionof thelinearBlack-Scholesequation.Thekey to
gettinga goodapproximationof the Bellmanequationsolutionwasin applyinga small perturbationapproach.
Thefirst resultsin this areawereobtainedfor thecaseof a generalizedBacheliermodelwith stochasticvolatility
(see[21]). In thecaseof thegeneralizedBlack-Scholesmodelwith stochasticvolatility we have obtaineda first
approximationof thesolutionof thenon-linearBellmanequationwhich is our key result.

WehavealsoconsideredageneralizedCox-Ross-Rubinsteinmodelwith differentrisk-freeratesof borrowing
andlending. We showedcompletenessof this market by anexplicit uniquerepresentationof a hedgingstrategy
for any contingentclaim. The resultwasobtainedby applyingbackward inductionto a binomial treeof stock
prices.

We have usednumericalmethodsto find a solutionof thenon-linearBellmanequation.The numericaland
theanalyticalresultscoincidefor thewholereasonablerangeof themodelparameters.We have alsodeveloped
anautomatedtradingsystemfor thegeneralizedCox-Ross-Runinsteinmodelwith two differentrisk-freerates.

6.2 Continuous-Time Model

6.2.1 The Black-ScholesModel

Considera completeq('�Ä�ª\t -market, composedof a non-risky bond ' anda risky assetª í Let themsatisfythe
following stochasticdifferentialequations:

�3'¢� x«o1'¸��Ä�� »�¥ª�� x ª���qwÊ}� » �54 ��6 ��t�Ä
whereo is aconstantrisk-freerateof return,Ê is arisky averagerateof return, 4 is aconstantvolatility of theasset
and 6 � is thestandardBrownianmotion. In theframework of thismodelwecanfind thecloseform solutionsfor
thepriceof variouscontingentclaims,suchasa EuropeanCall option.� ~ q � Ä§o©Ä 4 tuxQª ~87 q§� � qVo�t�t �59 ï Ö ³ � 7 q§� Ö qVo�t
t (6.1)

where 7 qVsmt is thestandardnormaldistributionand �%:nqVo�tmx<; = >(?@ � � � ³A:CB ÌÌ �DFE � .
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6.2.2 The Bellman Equation

ConsideranincompleteqA'�Ä�ªßt -market. By thenon-arbitrageprinciplefor incompletemarkets,somecontingent
claimscannotbereplicatedby any self-financingstrategy. Therefore,onemustconsidera largerclassof portfo-
lios, namelytheself-financingstrategieswith consumption

�
, where

�
is a non-decreasingprocess.Thecapital

of theportfolio, GIH å ü� , satisfiesthefollowing stochasticequation:

�JGIH å ü� xLKr���¥ª�� �NM ����'¸� � � � � í (6.2)

¿Fromtheoptionaldecompositiontheorem,addingtheconsumptionprocessturnsthe discountedcapitalof
the portfolio into a supermartingale.Furthermore,the minimal hedgetheoremdemonstratesthe existenceof a
minimal hedgeO ê of theform:

G H -�' � x esssupPÇ�Q%R � >S å Ç � ì ) �'¸� á T � (6.3)

whereU qWV+ Ä z t is thesetof all martingalemeasuresfor V8X+ X (seeAppendixand[20] for details).
Considera generalizedBlack-Scholesmodelwith stochasticvolatility:

�¥ª � x ª � qwÊ}� » �ZY � ��6 � t§Ä Y | � x 4 | � q � �©t�[ X \ 4 |�3'¢� x¤o1'¸��� »
where]º� is a Poissonprocesswith intensity Ð and 6Â� is a standardBrownianmotion. OnerecoverstheBlack-
Scholesif \ 4 is setto 0. ThestochasticprocessY � definesa telegraphsignalthatoscillatesbetweentwo values,
i.e. 48^ �`_Âxba 4 | � \ 4 | and 43^ p È xca 4 | � \ 4 | , suchthat d D ÌD Ì �e� � .

Thekey ideais now to find theupperpriceof a EuropeanCall optionof pay-off )âq§ª � t¿xZq�ª � �f9 t � . We
emphasizethe role of Y � asa controlparameterin the following sense.Let é x q é ��t��(g � betheprocesstaking

valuesin the set h 43^ �i_gÄ 43^ p È j . As a function of é , ª �lk �� is a controlleddiffusion process.According to the
minimal hedgestructure,theminimalhedgeis asfollows:

m ê qVs Ä » tmx ñ	/10k ìn�o) � ï Ö ³ � � Ö � � � í (6.4)

By meansof generaltheoryof controlledstochasticprocessesandthe Kolmogorov-Itô formula,we get the
Bellmanequation:

ÆqpÆ � � oÉs ÆqpÆ�È � o m � �| 4 | s | ÆÉÌ	pÆ�È Ì �
�| \ 4 | s | ÆÉÌ	pÆ�È Ì x �m qVsãÄ � t�xQqws �r9 t � í

Now to simplify thisequationweusethefollowing idea.Weknow thatthecorrespondingBlack-Scholesequationq \ 4 xC��t canbereducedto theclassicalheatequationthroughthefollowing changeof variables(see[30]):

s x öùó s � qVo � 4 |�t ¡ t�q � � » tu x 4 | q � � » tv q u Ä s tyx wJx 0 qVo�q � � » t
t m qVsãÄ » t í (6.5)

Theexpectedresultis theheatequationplusa perturbationtermof theorder \ 4 | .
ÆqyÆqz x �| Æ�Ì	yÆq{ Ì �

�| d D ÌD Ì ÆÉÌ|yÆq{ Ì � Æ%yÆ%{v q��rÄ s t�x�q§ï { �r9 t � (6.6)

An importantremarkcanbe added: this equationdoesnot have a closeform solution. Hence,the following
sectionsdealwith analyticalandnumericaltechniquesto approximatethesolution.
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6.2.3 An Analytic Approximation to the Bellman Equation

Sincethecorrespondingparabolicoperatoris regular, from thegeneraltheoryof partialdifferentialequationsone
canusethewell-known smallperturbationapproach:

v q u Ä s t}x v ~ q u Ä s t � \ 4 | v � q u Ä s t �5} q \ 4 | t (6.7)

After combiningtermsthat don’t have \ 4 | in the equation(6.6) we get the following partial differential
equation:

Æqy ?Æ%z x �| Æ�Ì|y ?Æ%{ Ìv ~ q��rÄ s t�xQq§ï { �r9 t � Ä
andcombiningtermsof thefirst orderof \ 4 | givesthefollowing equation:

Æ%y 
Æqz x �| ÆÉÌ|y 
Æq{ Ì �
�| D Ì ÆÉÌ	y ?Æq{ Ì � Æqy ?Æ%{v � q��rÄ s t�x � í

Theequation(6.8) is theBlack-Scholesequationandits solutionhasthefollowing form:

v ~ q u Ä s t}x ï { � z	~ | 7 s � u � öVó 9
a u �r9 7 s � öVó 9

a u í (6.8)

Theabsolutevalueterm in equation(6.8) makesit difficult for oneto solve theequation.Direct calculation
shows that Þ v |~Þ s | �

Þ v ~Þ s x 9
a u��

s � öVó 9
a u ¬ �rÄ

where � qVsut is thestandardnormalprobabilitydensityfunction(PDF),which is obviouslygreaterthan0.
It followsfrom thegeneraltheoryof parabolicequations,thesolutionof equation(6.8)is givenby thefollow-

ing formula:

v � q u Ä s tmx z~
�
Ö �

)âqVsãÄA�ãt¡ Oßq u � �ãt wJx 0 � qws � s t |¡ q u � �ãt ���â��s¨x 9 a u
¡ 4 | �

s � öVó 9
a u í

where )âqVs Ä(�ãtmx �| D Ì E � � È Ö ; = �E � .

Thiscalculationprovidesanapproximationto theupperprice(cf. equation(6.4)).

m ê q�ª ~ Ä
��t�� ª ~37 öVó ª ~ t 9 � qwo ��4 | t ¡ t �4 a �
� 9 ïNÖ ³ � 7 öVó ª ~ t 9 � qwo � 4 | t ¡ t �4 a �
� 9 \ 4 |¡ 4 | ï Ö ³ � 4 a � � öVó ª ~ t 9 � qwo � 4 | t ¡ t �4 a � (6.9)

Similarly, anapproximationfor thelowerpriceis givenby:

m ê q§ª ~ Ä
��t�� ª ~37 öVó ª ~ t 9 � qwo �54 | t ¡ t �4 a �
� 9 ïNÖ ³ � 7 öùó ª ~ t 9 � qVo � 4 | t ¡ t �4 a �
� 9 \ 4 |¡ 4 | ï Ö ³ � 4 a � � öVó ª ~ t 9 � qVo � 4 | t ¡ t �4 a � (6.10)
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6.2.4 Small Parameter Approachwith the Probability DensityFunction (PDF)

Anotherway to solve theproblemof pricingundera stochasticvolatility modelis to considerthePDFthatsatis-
fiestheBellmanequation.Theexpectationis thencomputedby integratingthediscountedpay-off multiplied by
thedensityoverall possiblevaluesof theunderlyingstock.

Theexpansionis this time applieddirectly to thePDFor pricingkernel,
ë q s ��Ä s Ä u t , following theideathatit

shouldbea slight variationof thePDF,
ë ~ q s ��Ä s Ä u t satisfyingtheBlack-Scholesequation.

ë q s ��Ä s Ä u tux ë ~ q s ��Ä s Ä u t � \ 4 | ) � q s ��Ä s Ä u t ��} q \ 4 | t (6.11)

where
s � is thevalueof thevariable

s
at time

»
or

u x 4 | q � � » t and ) � q s ��Ä s Ä u t is a functionthatmustintegrate
to 0 in the

s
-space.

The problemis then reducedto solving equation(6.8) for ) � , knowing that
ë ~ satisfiesthe heatequation

(6.8). Unfortunately, themethodis rathertediousandgivesriseto complicatedpartialdifferentialequationsthat
discouragedtheauthorsfrom furtherinvestigations.

Themainadvantageof thisapproachis thatoneconsidersthegeneralsolutionof theinitial PDEandsetsaside
theboundaryconditions(in time) until theendof thecomputation.OncethePDFexpansionis workedout, the
resultstaysvalid for any pay-off. This methodhasindeeda muchwider rangeof applicationssinceonedensity
computationleadsto the pricing of almostany contingentclaim. (In the worst case,the resultscanalwaysbe
integratednumerically.)

To conclude,herearea few commentson why the tediouscalculationsarenot presentedin the reportand
which pathsshouldbefollowedfor furtherinsight.Thefirst remarkis thatoncethePDFis computedup to some
orderin \ 4 | , onemustmakesurethattheresultintegratesto 1 overthewhole

s
-space.It would indeednotmake

any senseto geta PDFwith absorptionfor a givenPDE(knowing that themodelconvergesnumerically).This
unfortunatelycouldnot becompletelyprovenandthereforepreventedthediscoveryof promisingresults.

6.2.5 Numerical Solution

Sinceanexactsolutionof theBellmanequation(6.8) is unattainable,we solve it usingnumericaltechniques,i.e.
thesecondorderapproximationfor thespatialfirst andsecondderivatives,andtheexplicit forwardEulermethod
to progressthesolutionin time. Thus,ourschemeis

v _ � �� � v _�\ u x �¡
v _� � � � ¡ v _� � v _� Ö �\ s | � �¡ \ 4 |4 |

v _� � � � ¡ v _� � v _� Ö �\ s | � v _� � � � v _� Ö �¡ \ s
where\ s

and\ u
arethespaceandtimestepsrespectively.

To verify thestability of our scheme,we performa Von Neumannstability analysis.First, assumea solution
of theform m _� x

À _ ï �i� ^ d { , andplug it into our schemeto obtainÀ
x�� � \ u

¡ \ s | ï �i� d { � ¡ � ï Ö �i� d {
��� \ u

¡ ï �i� d { � ¡ � ï Ö �i� d {\ s | � ï �`� d { � ï Ö �i� d {¡ \ s
(6.12)

where ��� x�d D ÌD Ì .
We considertwo cases:

� Case1:

Þ | vÞ s | �
Þ vÞ s ¬ � .
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Here(6.12)becomesÀ
x�� � \ u

\ s | q��J� ñ qA� \ s t � �¥t � � \ u
\ s | q��J� ñ q(� \ s t � �¥t � � � \ u

¡ \ ñ�òùó qA� \ s t
We require

á À á ��� � � \ u
for stability, where

�
is aconstant.For short,write � as

� � x � � \ u
\ s | q���� ñ q(� \ s t � �©t � � \ u

\ s | q���� ñ q(� \ s t � �©t
|
Ä

thenwe have á À á | x�� � � | \ u |
¦ \ s | ñ
òVó | q(� \ s t (6.13)

Now, ����� if f �¢¡ � \ u |
\ s | q���� ñ qA� \ s t � �©t �<� \ u

\ s | q��J� ñ qA� \ s t � �©t�� ��Ä
andthis holdsif \ u

\ s | � �� � � (6.14)

because��� ñ qA� \ s t � � ¬ �¢¡ .

Now, we use(6.14)to boundthesecondpartof (6.13):

� | \ u |
¦ \ s | ñ
òVó | q(� \ s t�� � \ u Ä

wheretheconstant
� x � Ì��� � � � � . Therefore,we obtainthat

á À á | ��� � � \ u
, i.e.

á À á �E� � � \ u
, provided

(6.14)holds.

� Case2:

Þ | vÞ s | �
Þ vÞ s � � í

Similarly, wecanshow thattheschemeis stableif d zd { Ì � �� Ö � Ä usingthegivencondition � � � .
To guaranteestability, we imposethe strongercondition(6.14). The schemeis consistentbecausethe trun-

cationerror is ²�q \ u � \ s | t , so by the Lax-Richtmyerequivalencetheorem,we concludethat the numerical
methodconverges.

6.2.6 Graphs Inter pretation

We computeandplot thenumericalsolutionsandanalyticalsolutionsof boththeBlack-Scholesequationandthe
Bellmanequation,for a Europeancall option. We do this for \ 4 x � í �¥õrÄ�� í � and � í ¡ . Seeattachedplots. Here
aresomeobservations:

� Increasingthevalueof \ 4 increasesthepriceof thecall option.

� For thestochasticvolatility model,thecall optionis moreexpensive.

� Theapproximateanalyticalsolutionandthenumericalsolutionareindistinguishablefor small \ 4 .

� For \ 4 x=� í ¡ q�x 4 t , theanalyticalsolutioncomputedusingthesmall-parameter(\ 4 ) approachbecomes
lessaccurate.
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Figure6.1:
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Figure6.2:

6.3 Discrete-Time Model

Theclassicalbinomialmodelis describedby thefollowing evolutionof thestockprice:

\ ª�_ x
¶
_�ª�_ Ö � Ä

where

¶
_ is aBernoulli randomvariablewhich takesvalues� with probability ¾ and � with probability � � ¾ ; and

by theevolutionof thebond’sprice: \ ' _ x¤o1' _ Ö � Ä
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Figure6.3:

whereo is a constantinterestrate.
For the model to make sensewe needto impose � � � � to get positive stock,and � � o � � otherwise,the
strategy is trivial.

It is well-known that the market is complete,andthereis even an explicit formula for pricing the standard
Europeanoptions.Fromthecompletenessof themarket thereis a unique“f air” strategy thatreplicatesthegiven
contingentclaim. In otherwords,thereis a uniquestrategy q M _ ÄAK _ t , whereM _ is thenumberof bondsandK _ is
thenumberof stocks,thatwill beableto paytheclaim,at thematurity. Thatis,

M _ � � '�_ � � � K�_ � � ª�_ � � x M _�'�_ � � � K1_�ª�_ � � í
Thepair O�_ x�q M _�ÄAK1_gt is calledaportfolio, andwe will denoteby G H_ thecapitalof theportfolio at time   , i.e.:

G H_ x M _ ' _ � K _ ª _ í
We will saythattheportfolio is self-financingif

\ G H_ � � xLG H_ � � � G H_ x M _ � � \ '�_ � � � K�_ � � ª�_ � � Ä
or equivalently, M _ � � ' _ � � � K _ � � ª _ � � x M _ ' _ � � � K _ ª _ � � í
Thatis, atany givenstepwecanbuild anew portfolio without taking(or putting)capitalfrom (or to) othersource
thantheportfolio.

In realmarketwehavetwo differentinterestrates,adepositrateo � , andacreditrateo | . Toavoid thepossibility
of freelunch weneedo | � o � .
We will considera q(' � Ä�' | Ä�ª\t marketdescribedby:

\ ª�_ x
¶
_�ª�_ Ö �\ ' �_ x¨o��¡'�_ Ö � Ä for �¸x��KÄ ¡

where

¶
_ is aBernoulli randomvariable.

Onewouldexpectthismarketto beincomplete,but it turnsout to becomplete.It is possibleto find theunique
strategy that replicatesany given claim. A strategy in this market hasthe form q M �_ Ä M |_ Ä(K�_gt with M �_ ¬ � andM |_ � � .
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A key observationis thatoneof the M �_ mustbezero,hencethein ital portfolio q M �_ Ä M |_ Ä(K�_gt canbeinterpretedasq M _�Ä(K�_Åt . Indeed,it makesnosenseto borrow money at a high interestwhile investingat a lower rate.
Theprocessof constructingthestrategy is a backwardsinductionfrom time  Cx�± � � down to   x � . The

capitalat time ± is G [� x�) � . In whatfollows,to simplify thenotation,set

��qVsmtmx � if s ¬ �¡ if s � �
Thefirst stepof theinductionprocesswill begivenby theself-financingconditions:

M � Ö � ' � �l¢�£ Ú 
 �� � K � Ö � ª � Ö � q�� � ��t�xc) ��
M � Ö � ' � �l¢ £ Ú 
 �� � K � Ö � ª � Ö � q
� � �Xt�xc) Ö�

where ) �� xc)âq�q�ª � Ä í�í�í Ä�ª � Ö � q�� � ��t�t and ) Ö� x�)âq�ª � Ä í�í�í Ä�ª � Ö � q
� � �Xt�t .
Usingthesameconsiderationthatprovesthis statementfor thestep ± � � wecanprovetheothersteps.
Assumethat M :_ � � , K :_ � � areknown, wherethe notationfollows the sameconventionas in ) :� . The self-

financingconditionof theportfolio is givenby,

M _�' � �l¢�¤ �_ � � � K�_�ª�_gq
� � ��t�x M �_ � � ' � �l¢W¥¤ ¥ 
 �_ � � � K1_ � � ª�_ � �
M _�' � �o¢ ¤ �_ � � � K1_�ª�_gq�� � �ðt�x M Ö_ � � ' � �l¢ Ú¤ ¥ 
 �_ � � � K1_ � � ª�_ � � í

Cramer’s rulegives,

M _ x ª _
' � �l¢�¤ �_ � � ª�_gq(� � ��t q M �_ � � ' � �l¢ ¤ ¥ 
 ¥ �_ � � q
� � �Xt � M Ö_ � � ' � �l¢ ¤ ¥ 
 Ú �_ � � q
� � ��t

� ª�_ � � K �_ � � q�� � �Xt � K Ö_ � � q�� � ��t t í
Notethattheexpressionfor M _ is self-referencing.Nevertheless,thesignin thedenominatoris alwaysnega-

tive regardlessof M _ , andthat thenumeratordoesnot dependon M _ . Thereforethesign M _ is determinedby the
numerator, andwe cancalculateuniquelyM _ . Now find thecorrespondingK1_ . This provestheuniquenessof the
strategy andthereforethecompletenessof themarket.

To illustratehow this methodworks,we have implementeda numericalexamplefor a put Europeanoption) � x�q 9 � ª � t � with ± x ¦ � , 9 x����©� , � x � � í ��� , �¿xC� í � ¡ , ' �~ x�� , o � x � í �¥��� , o | xC� í �©� ¡ , ª ~ x����©� .
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Figure6.4:

Appendix: AdvancedPricing Methodologiesin Contemporary Financial
Mathematics

Considera financialmarket model(( ' , ª )-market) asa pair of non-risky (bankaccount)B andrisky (stock)S
assetsrepresentedby theirprices' � and ª � , where

» x �rÄÉ�NÄ ¡¿í�í�í (discrete-timemodel)or
» ¬ � (continuous-time

model).Certainly, therisky componentª canbea vector, i.e. consistof severalrisky assets.' and ª arecalled
theprimaryassets.

Let usdefineacontingentclaim (for fixed � ) asafunction )É�I¦c)��\q§ª ~ Ä í�í�í Ä�ª��}t í Takinganon-risky asset' �
anda risky assetª � in amountM � andK � respectively we form an investmentportfolio O � xEq M � ÄAK � t . Thecapital
of suchaportfolio O is equalto G H� qwsut\x M � ' � � K � ª � ÄAG H~ qVsmtmx«s í

Denoteby SFthefollowing setof self-financingportfolios O :

O��«ª £ Ä if G H� qVsut � G H� Ö � qVsmtmx \ G H� qwsutmx M � \ '¢� � KX� \ ª��
in discrete-timemodels( �JG H� qVsutnx M �
�3'¢� � KX�
��ª�� in continuous-timemodelsif differentials�3'¢� and ��ª�� are
correctlydefined).

Arbitrage (at time � ) meansa possibilityto make a positivecapitalat time � (with a positiveprobability)by
someself-financingportfolio startingfrom zeroinitial capital.

Any derivativesecurityon thegiven q('�Ä�ª\t –marketcanbeidentifiedwith a correspondingcontingentclaim.
For instance,forwardcontractwith forwardprice £ andexpirationdate� is equivalentto ) � x�) � q§ª � t�¦Qª � �º£
andcall optionwith thestrikeprice 9 is equivalentto )��¨x�q�ª�� �N9 t � , etc.Thus,thesetof derivativesecurities
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inducesa setof graphs(CCG).On theotherhand,thesetof self-financingportfoliosformsa setof graphsof its
terminalvaluesG H� qVsmt (TVG).Themarket is completeif TVG=CCG.Otherwise,it is incomplete. In otherwords,
themarket is calledcompleteif f any contingentclaim ) � canbereplicated: thereexist s ¬ � andOf� ª £ such
that G H� qwsutmxc) � .

We faceanimportantproblemof definingmathematicallya risky assetS.Thenaturalansweris to modelthe
prices ª � asa randomprocesson afixedprobabilityspace.

Denoteby
v � thepriceof )�� at time

» � � . Oneof thebasicproblemsis to describethisstochasticprocessin
termsof the qA'�Ä�ª\t –market.

Theheuristicprincipleof obtainingtheprice
v � consistsof two steps:first, thevalue ) � shouldbediscounted

by the non-risky asset'¢� andthenits conditionalexpectationìn�o) � '¸�§' Ö �� á £ �#� onecantake asa candidateforv � . Thefirst stephasno drawbacks,but thesecondonecanbecriticizedbecausethereis no proof thatwe should
calculatetheprice

v � with respectto thephysicalmeasure
z

.
Any probabilitymeasure

z ê on q�¨½Ä £ Ä z t definesits own “probability character”of themarketprices ' � andª � . It is clearthatthe“stable”characterof themarketshouldleadto amore“natural” priceof thegivencontingent
claim. So, this heuristicprinciple shouldbe adjustedby choosingthe mostadequateprobability measure

z ê
equivalentto

z
.

Theaboveexplanationleadsto thefollowingnon-arbitrageprinciple. The qA'�Ä�ª\t –marketadmitsnoarbitrage
possibilityif thereexistsa probabilitymeasure

z ê equivalentto
z

suchthattheprocessof discountedrisky asset
prices' Ö �� ª�� is amartingalewith respectto

z ê . It turnsoutthatoftenthisstatementcanbereversed(seeHarrison
andKreps,1979,Stricker, 1990). Therefore,themeasure

z ê is calledthemartingaleoneandrepresentsa level
of themarketstability. Thatis why

z ê is calleda “risk-neutral” measure.
Accordingto HarrisonandPliska,1981,theuniquenessof

z ê leadsto thestatement:
On thenon-arbitragecompleteqA'�Ä�ª\t –market thepriceof any contingentclaim ) canbedefineduniquelyif f

themartingalemeasureis unique.
Hereis thesketchof theproof.q � t Let usassumetherearetwo martingalemeasures

z ê� Ä§�nxË�NÄ ¡ . Definetwo processesaspriceprocesses
for givencontingentclaim )�� : v �� x�' � ì ê� �o' Ö �� )�� á £ � ��Ä��¢x��KÄ ¡�í

But
v �� ¦ v |� andtherefore

z ê� ¦ z ê| .qA©=t Accordingto the previous statementthereis a martingalemeasure
z ê suchthat V8X+ X and y X+ X are local

martingaleswith respectto
z ê . But

z ê is uniqueandthereforethepriceprocess
v � canbedefineduniquelyasv �\x�'¢��ì ê �o' Ö �� ) � á £ �#� .

Thus,we havethefollowing methodologyof pricingcontingentclaimsin completemarkets:
Let usassumethat the q('�Ä�ª\t –market is completeand

z ê is a uniquemartingalemeasure.If we definethe
price

v � of a givencontingentclaim )�� as

v � x�' � ì ê �o' Ö �� )�� á £ � �
then q('�Ä�ªÅÄ v t is a uniquesystemof pricesfor (basicandderivative) securitiesif f the correspondingexpanded
marketadmitsnoarbitrage.Moreover, thereexistssucha hedgingstrategy O�� ª £ that G H� q v ~ tmx v ��Ä » � � .

Theabove statementcanbe interpretedasa possibilityto reduceanyrisk relatedto anycontingentclaim to
zero. Below we giveseveralclassicalexamplesof completemarketsto illustratethat.

Binomial modelor Cox-Ross-Rubinsteinmodel,1976.

Denoteby

¶
� x dªV XV8X Ú 
 for

» x �NÄ ¡ Ä í�í�í the rateof returnof the risky assetª . Assumethat

¶
x q

¶
�Ït��(« � is a

sequenceof independentrandomvariableswith two values� � � andcorrespondingprobabilitiesof ¾ and � � ¾ ,
where¾ �=q��rÄ��©t . Denote,ÊQx¬� ¾ � �Xq�� � ¾ t . Thenwe canrepresent

¶
�nx Ê �L­ � asa randomwalk nearthe

meanrelative rateof return Ê . Let usdenotetherateof returnof ' aso . Thentheuniquemartingalemeasureis
definedby ¾ ê x ³ Ö p® Ö p for � � o � � � � � .
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Bacheliermodel,1900.

This is a purecontinuousq('�Ä�ª\t -market modelwhere ª is definedby ¯ V8X¯ � ¦±°ª x Ê �r4 °­ � Ä�ª ~ � � . Here °­ � is
thewell-known Gaussian“white noise”and 4 is a volatility parameter. Therisk freerateof returnis considered
to beequalto zero( �3'²¦ � ).

Definea martingalemeasure� z ê� t � z �CxZwJx 0 � ÓD ­ � � �| ÓD | � í Thenon-arbitrageprinciplegivesthe

following price
� � of thecall option ) � x�q§ª � �59 t � �� � x v ~ x ì ê q§ª � �59 t � x�q�ª ~ �r9 t 7 ª ~ �59

4 a � �54 a �´³ ª ~ �r9
4 a � Ä

where 7 qVsmtÕx ÈÖ � ³ qwÃ×t§��Ã and ³ qVsmtÕx �E | H ï Ö�µ ÌÌ arethe distribution andthe densityfunctionsof a standard
normaldistribution respectively.

Black-Scholes-Mertonmodel,1973.

Considerthefollowing relative ratesof returnfor B andS:

°' �'¸� x¤o©Ä °ª �ª�� x¤Ê ��4 °­ � í
It is clearthat the graphicrepresentationof ¶V XV8X will be the sameasthe oneof °ª � in the Bacheliermodel. This
modelcanalsobepresentedeitherasasystemof two stochasticdifferentialequations:

�3'¢�\x�'¸��o¿� » Ä��¥ª��\x ª���qwÊ � » �54 � ­ ��t§Ä
where­ � is a standardWienerprocess(Brownianmotion),or in thefollowing “exponentialform”:

'¸�}x�' ~ ï ³�� Ä�ª��\x ª ~ ï Ó � Ö B Ì XÌ � D � X í
Theuniquemartingalemeasurecanbedeterminedas � z ê� xc· ê� � z Ä wherethedensity· ê� x�wJx 0 � Ó Ö ³D ­ � � �| Ó Ö ³D | � í

By applyingthe non-arbitragemethodologywe obtainthecelebratedBlack-Scholes-Mertonformulaof thecall
optionprice: � � q � Ä§o©Ä 4 t}x ì ê ï Ö ³ � q§ª � �59 t � x ª ~ 7 q§� � qVo�t
t �r9 ï Ö ³ � 7 q§� Ö qwo�t�t§Ä
where � : qVo�tmx<; = � > ?@ � � � � ³A: B ÌÌ �D E � í

Note,theheuristicprinciplegivesanotherprice� Ô 
 Í ³§� � ���Vv qVÊßtmx ï � Ó Ö ³ � � ª ~37 q§� � qwÊßt�t �r9 ï Ö ³ � 7 q�� Ö qVÊßt�t
and,therefore, � Ô 
 Í ³	� � ���ùv©qVo�tmx � q � Ä�o©Ä 4 t í
The third methodusedby Black andScholesis the methodof differentialequations(seeDuffie, 1996)de-

scribedbelow.
Let ) � x

À
q§ª � t§Ä

À
¬ � be a measurablefunction. Considerportfolios with the capitalof the form

v � x¸ q�ª���Ä » t�Ä » � � , a smoothfunction,suchthat

¸ q�ª � Ä � t x
À
qwsut�Ä§s � �

¸ qwsãÄ » t ¬ ��Ä§s � ��Ä » � � í
After applyingtheKolmogorov-Ito formulato ¸ q§ª � Ä » t t ' � wehave

¸ q§ª � Ä » t'¸� x ¸ q�ª ~ Ä
��t' ~ �
�
~
Þ ¸Þ s � ª' Í

�
�
~

Þ ¸Þ » ��¹ ~ ¸ � o ¸ ' Ö �Í � ¹ Ä
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where ¹ ~ x¨oÉs ÆÆ�È �
�| 4 | s | ÆÉÌÆ�È Ì is thegeneratorof thediffusionprocessª � í

Evidently,
v � x ¸ q§ª � Ä » t is the capitalof a self-financingstrategy if f ÆqºÆ � �c¹ ~ ¸ � o ¸ x � (Black-Scholes

equation). It meanş shouldbeaharmonicfunctionfor theoperator¹ x ÆÆ � ��¹ ~ � o í If
À
qVsmt hasa polynomial

growth thensuchasolutiondoesexist and ¸ qwsãÄ » t hasthefollowing representation:

¸ qVs Ä » tmx
�
~ M qwÃÅÄ � � » Ä�sut

À
qVÃ×t�ï Ö ³ � � Ö � � ��ÃÅÄ

whereM qVÃÅÄ » Ä§sutux �
Î D E | H � wJx 0 � ; = Î Ö ; = È Ö � ³ Ö B ÌÌ �| D Ì � is a log-normaldistributiondensityfunction.

Let us considerthe non-arbitrageprinciple for incompletemarkets. Thereis a set » q§ª t ' t of martingale
measuresanda contingentclaim ) � suchthat cannot be replicatedby any self-financingstrategy. Considera
richersetof portfolios h�qiO}Ä � t � OQxZq M ÄAKmt�Ä � is anincreasingprocess

j
calledportfolios q¼Oßt with consumptionq � t .

For sucha portfolio q¼O}Ä � t thecorrespondingcapitalhasa form:

GIH å ü�'¸� x G�H å ü~' ~ �
�
~ K Í � ª' Í

� �
~ ' Ö �Í � � Í í

It is a supermartingalewith respectto any
z ê �½» q§ª t ' t . According to the optional decomposition(see

Kramkov, 1996,Melnikov etal, 2001)any positivesupermartingalecanberepresentedin theaboveform.
Considerthefollowing supermartingaley -X+ X x w ñ�ñrñ	/10¾ -|¿�ÀÂÁ >�Ã SqÄ ì

ê ' Ö �� )�� á £ � (Snellenvelope). Obviously, y -*+ * x��*+ * and,therefore,
v ê� x�) � (a.s.).Let usdenoteby

v �\x�GIH å ü� – thecapitalof ahedgingstrategy qiO}Ä � t í Sincev � is asupermartingalewith respectto any
z ê �L» q�ª t ' t wehavev �' � ¬ ì ê

v �'¢� á £ � ¬ ì ê )��'¸� q(� íiÅ�í t�Ä for
» � � í

Therefore,the process
v ê� is the minimal one in the above classof capitalprocessesandaccordingto the

optionaldecompositionthereexists a minimal hedge qiO ê Ä � ê t suchthat
v ê� is its capitalprocess.Thus,in the

caseof incompletemarketsthe“natural” priceof ) � is equalto w ñ
ñ�ñ§/10¾ - ¿3À�Á >�Ã SqÄ ì
ê ' Ö �� ) � á £ � '¸� í This approachis

calledsuperhedging.
Below weshow thismethodologyimplementedfor quitearepresentativeincompletemarket,so-calledq('�Ä�ª\t –

marketwith stochasticvolatility (seeVolkov andKramkov, 1997,Melnikov etal, 2001):

�3'¢�\x�'¸��o¿� » Ä
��ª��ßx ª���qwÊ � » �rY �r� ­ ��t�Ä

wherer is a non-negative constant,Y | � x 4 | � q � �©t � X�\ 4 | Ä
�c� \ 4 | � 4 | Äã±n� is a Poissonprocesswith
intensity Ð � � . Accordingto theKolmogorov-Ito formula:

� ª' � x
ª' � Y �r� ­ ê� Ä

where � ­ ê� x � ­ � � Ó Ö ³Æ X �
» í

It is clearthata measure
z �f» q§ª t ' t if f theprocess­ ê is a (local) martingalewith respectto

z í Theset» q§ª t ' tÈÇxbÉ becauseby thevirtue of theGirsanov theoremthereexist at leasttwo martingalemeasuresdefined
as Ê· :� x�wJx 0

�
~

o � Ê
a 4 |ÌË \ 4 | � ­ Í � qVo � Êßt |¡ q 4 |ÍË \ 4 | t �

¹
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and,thus,themarket is incomplete.
Denote,4�ÎÐÏ = xba 4 | � \ 4 | and 4�ÎÐÑ	Ò xca 4 | � \ 4 | . We canrepresentY � in thefollowing way:

� Y � x�q 4 ÎÐÑ	Ò � 4 ÎÐÏ = t�qw�8Ó Æ X Ú�Ô D�Õ1Ö ×WØ � �FÓ Æ X Ú�Ô DJÕ1Ù#Ú�Ø tð�¥± �
and Y � Ö x 4 ÎÐÑ§Ò í Let usrepresentthecapital

v � x m q�ª � Ä » t of theminimalhedgeK � x Æ%ÛpÆ�È q§ª � Ä
» t as

m qVs Ä » tmxQïNÖ ³ � � Ö � � ñ§/10k ì
À
q�ª �lk �� Ö � t í

Here ª �lk �
is a controlleddiffusion processwhich is a strongsolution of the following stochasticdifferential

equation �¥ª �ok �
Í x ª �lk �

Í qwo¿� ¹ � é Í � ­ Í t�Ä�ª
�lk �~ x«s Ä

wherethe“control” parameteré xQq é � t �(g � takesvaluesin theset h 4 ÎÐÏ = Ä 4 ÎÐÑ§Ò j í
From the generaltheoryof controlleddiffusion processes(seeKrylov, 1977) it follows that m � � | å �

and
satisfiestheBellmannequation: Þ mÞ » ��¹ ~ m � o m � �¡ s | á

Þ | mÞ s | á \ 4 | x¨��Ä
m qVsãÄ � tux

À
qwsut í

To solve this equationlet usapplya small parameterapproach denotingby
v ê q 4 | Ä \ 4 | t the capitalof the

minimal hedgein this stochasticvolatility modeland
v ê q 4 | Ä
��t thecapitalin thecorrespondingBlack-Scholes-

Mertonmodel.We have

v ê� q 4 | Ä \ 4 | tÐÜ v ê� q 4 | Ä
��t �
Þ v ê�Þ \ 4 | � D Ì å ~ � \ 4 | x v � ~ � � v � � � \ 4 | í

Thus,
v

canbewritten in theform v x v � ~ � � v � ��� \ 4 |
and,therefore,theBellmannequationis reducedto

¹ v � ~ � �5¹ v � ��� \ 4 | � �¡
Þ | v � ~ �Þ Å | � Þ | v � � �Þ Å | \ 4 | \ 4 | xC�

and

¹ v � ~ � �5¹ v � ��� \ 4 | � �¡
Þ | v � ~ �Þ Å | \ 4 | � �¡

Þ | v � � �Þ Å | q \ 4 | t | x¨�rÄ
where ¹ x ÆÆ � ��¹ ~ � o í

Takinginto accountthat
v � ~ �

is thecapitalof theminimalhedgein theBlack-Scholesmodelwe arrive to the
following equation

¹ v � � � \ 4 | � �¡
Þ | v � ~ �Þ Å | \ 4 | x �

(up to termsof the \ 4 | order).
Therefore,theinitial problemcanberewritten:

¹ v � � � qwsãÄ ¹ tux Ü qwsãÄ ¹ t
v � ��� qwsãÄ � tux ��Ä

where
Ü qwsãÄ ¹ tux � �| Æ�Ì Ûy Á ? ÄÆ � Ì í
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Applying theKolmogorov-Ito formulawe getthefollowing upperboundaryof thenon-arbitragepriceinter-
val:

� ê q 4 Ä \ 4 | tmx � q 4 t � ñ	/10Ý ¿3À�Á >�Ã SqÄ ì æ
�
~
�¡
Þ | v � ~ �Þ Å | � ¹ \ 4 | Ä

where
� q 4 t is thecorrespondingfair pricein theBlack-Scholesmodelwith volatility 4 í

Therearepricing methodsotherthanperfecthedging.We aregoing to mentiontwo of themmean-variance
andquantilehedgingapproaches. Thefirst onesuggeststo useastrategy O ê with theterminalcapitalG H -� optimal
in termsof meanvariance(seeFollmer, Sondermann,1986andSchweizer, 1996for details):

ì qA)�� � G H -� t | �Qì qA)�� � G H� t |
for any strategy O with its terminalcapital G H� í The secondoneis basedon hedgingcontingentclaimswith a
probability Þ � � í Thereare two problemsof quantilehedging: minimizing the initial capitalof the minimal
hedgegiventhefixedprobabilitylevel Þ andmaximizing Þ giventheinitial capitalvalue.

Now let usdiscussa relationshipbetweencompleteandincompletemarkets(seeMelnikov etal, 2000).
Let usconsiderthedifference

\ xßw ñ�ñrñ	/10à¾ ¿3ÀÂÁ >�Ã SqÄ ì´' Ö �� )�� � w ñ�ñròVó1,à¾ ¿�ÀÂÁ >�Ã SqÄ ìá' Ö �� )�� í
We shall interpret \ asa naturalmeasureof incompletenessof the market (\ x � for any completemarket).
This is so-calledspread. Let usconsidera few morecharacteristicsrelatedto completenessor incompleteness:
leasingandtransactioncosts. It’s typical to considersuchleasingâ � ª � andtransaction� � á \ K � á ª � costs,where ª �
is a stockprice, â � and � � areleasingandtransactioncostscoefficients.

Involving new financialderivative securitiesmakesthe initial market “more complete”with smaller\ , â and

� .
Abovewehavedescribedthelongtermhedgingandinvestmentmethods.Financialmathematicsalsosuggests

methodsapplicableto short term trading. Most short term tradingsystemsarebasedon heuristicmethodsof
technicalanalysis(seeGranville, 1976).We aregoingto show how methodsof stochasticfinancialmathematics
canbeappliedfor trading.

Let usconsidera modelof thefinancialmarket thatstartstrendingat themoment
» x u í It canberepresented

astheobservedprocessof thefollowing form (seeShiryaev, 2000):

G � x¨orq » � u t � ��4 ' � Ä
i.e.

��G � x 4 �3'¢�
Ä » � u Äo¿� » �54 ��' � Ä » ¬ u Ä
Let usalsoassumethat

u
takesvaluesin � �rÄ�ã=t andhasthefollowing distribution:z q u x ��tãx�O}Ä

whereO��I� �rÄÉ����Ä and z q u ¬ » á u � ��tãxQï ÖrÑ � Ä
where Ð � � is a known constant.

Denote, O � x z q u � » á £Ìä� t§Ä
where £ ä� x 4 q¼G � Ä Å � » t í

Wearegoingto considertheproblemof determiningthestoppingtime � ê optimalin thefollowing sense:For
any given ä � � , find

' q ä ÄAOßtmx òVó1,� h z H q¼� � u t � ä ì H q¼� � u t � j x z q¼� ê � u t �Cä ì�qi� ê � u t � í
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Accordingto thegeneraltheorydevelopedfor solvingthewell-known “quickestdetection”problemtheopti-
mal stoppingtimecanbecalculatedasfollows:

Denote, å
qVÃ×tmx ö ��æ Ã� � Ã � �Ã Ä

ç x Ð t o
|

¡ 4 | Ä � x ä t o
|

¡ 4 | í
Let usalsodefine ' ê astheroot of theequation:

� + -
~ ï Ö1è2é ê � + - � Ö�ê � Î ��ë ��ÃÃ×q�� � Ã×t | x�� í

Thenthetime � ê canbecalculatedas

� ê xL� ê q(' ê tux òVó1, h » � O � ¬ ' ê j
is optimalfor any �ì��O���� and

' q ä Ä(Oßtmx z H qi� ê � u t �Cä ì H q¼� ê � u t � í
Here we have rigorously statedand solved the problemof detectingtrendsin financial markets which is

probablythemostchallengingandimportantproblemof technicalanalysis.Thus,rigorousquantitativemethods
of financialmathematicsarereplacingold qualitativeheuristicmethodsof classicaltechnicalanalysis.



Bibliography

[1] BachelierL. (1900),Theoriede la speculations,Ann. De l’Ecole NormaleSuperieure,Vol. 3, Gauthier-
Vellars,Paris.

[2] Black F., ScholesM. (1973), The pricing of optionsand corporateliabilities, J. Political Economy, 81,
637-659.

[3] CavannaH., Ed.1992,FinancialInnovations,Routledge,London& N.Y.

[4] Cox J.,RossS.,RubinsteinM. (1979),OptionPricing: A SimplifiedApproach,J.Fin. Economics,7, 229-
263.

[5] CumminsJ.D., GemanH. (1995),Pricing catastrophefuturesandcall spreads:an arbitrageapproach,J.
FixedIncome.

[6] DelbaenF., HaezendockJ.(1989),A martingaleapproachto premiumcalculationprinciplesin anarbitrage-
freemarket, Insurance:Math.andEconomics,8, 265-277.

[7] Duffie D. (1996),DynamicAssetPricingTheory, PrincetonUniv. Press,N.J.

[8] Folmer H., SondermannD. (1986)Hedgingof non-redundantcontingentclaims, Contributions to Math.
Economics,Ed.HildebrandtandMas-Colell,205-223.

[9] Granville J.E.(1976)New Strategy of daily stockmarket for maximumprofit, Prentice-Hall,N.J.

[10] GuillaumeD.V., DacorognaM.M., Dave R.R.,Müller U.A., OlsenK.B., PictetO.V. (1997),Fromthebirds
eye to themicroscope:A survey of new stylizedfactsof theintra- daily foreignexchangemarkets,Finance
andStochastics,1, 95-129.

[11] HarrisonM., KrepsD. (1979),MartingalesandArbitrage in Multiperiod securitiesMarkets,J. Econom.
Theory, 20,381-408.

[12] HarrisonM., PliskaS.(1981),Martingalesandstochasticintegralsin thetheoryof continuoustrading,Stoch.
Proc.Appl., 11,215-260.

[13] Kramkov D.O. (1996),Optionaldecompositionof supermartingalesandhedgingcontingentclaimsin in-
completesecuritymarkets,Probab. TheoryandRelatedFields,105,459-479.

[14] Krylov N.V. (1977),Controlleddiffusiontypeprocesses,Nauka,Moscow.

[15] Lintner J. (1965),Thevaluationof risk assetsandtheselectionof risky investmentin stockportfoliosand
capitalbudgets,Rev. Econ.Stat,47,13-37.

[16] Markowitz H. (1959),Portfolio selection:Efficientdiversificationof investment,Wiley, N.Y.

[17] Melnikov A.V. (1995),OnStochasticAnalysisin theModernMathematicsof FinanceandInsurance,Survey
Appl. andIndustrialMath.,2, 514-526(in russian).

89



90
í

CHAPTER6. HEDGINGIN THE PRESENCEOF MARKET CONSTRAINTS

[18] Melnikov A.V. (1999), On innovation and risk aspectsof financial systemevolution, Questionsof Risk
Analysis,1, 1, p. 22-27(in russian).

[19] Melnikov A.V. (1999), FinancialSystem: InnovationsandPricing of Risks, University Karlsruhe,Tech.
Report5, 21p.

[20] Melnikov A.V., Nechaev M.L., Volkov S.N. (2001),Mathematicsof ContingentClaims, HigherSchoolof
Economics,PublishingHouse,Moscow, 260p.

[21] Melnikov A.V., MolybogaM.M. (2002),Pricingof Equity-LinkedLife InsuranceContracts, RussianMath
Surveys,30 p. (acceptedfor publication).

[22] Melnikov A.V., Volkov S.N.,Nechaev M.L. (2000),Mathematicsof ContingentClaims,HigherSchoolof
EconomicsPublishingHouse,Moscow.

[23] Merton R.C. (1973), Theory of rational option pricing, Bell J. Of Economicsand ManagementSci., 4,
141-183.

[24] MertonR.C.(1990),ContinuoustimeFinance,Basil Blackwell,Oxford.

[25] Merton R.C. (1995),Influenceof MathematicalModelsin Financeon Practice:Past,PresentandFuture,
Math.Modelsin Finance,Ed.Howisonet al, Chapman& Hall, London,1-12.

[26] SchweizerM. (1996),ApproximationPricingandVariance-OptimalMartingaleMeasure,Ann. Probab., 24,
1, 206-236.

[27] SharpeW.F. (1970),PortfolioTheoryandCapitalMarkets,McGraw-Hill.

[28] Shiryaev A.N. (1998),Essentialsin StochasticFinance,World Scientific.

[29] Shiryaev A.N. (2000),QuickestDetectionProblemsin the TechnicalAnalysisof the FinancialData,Pro-
ceedingsof Congressof BachelierFinanceSociety.

[30] Shiryaev A.N. (2001),Essentialsof StochasticFinance:Facts,Models,Theory, World Scientific,834p.

[31] StrickerC.(1990),Arbitrageet Lois deMartingale,Ann. De l’Institute H. Poincare,26,451-460.

[32] Volkov S.N.,Kramkov D.O. (1997),On hedgingmethodologyfor options,Survey Applied andIndustrial
Math.,4, 1, 18-65(in Russian).



Chapter 7

Resistivity Well Logging

Participants: Yongji Tan (Mentor), Maria Inez C. Goncalves,Jeff P. Grossman,Ying Han, GeraldH.W. Lim,
ZhengMeng,BenjaminW.L. Ong.

PROBLEM STATEMENT: In petroleumindustryresistivity well-loggingis oneimportantmethodto detectthe
resistivity of the formation. This methodcanbedescribedasfollows. After a well hasbeendrilled, oneputsa
log-tool into thewell. The log-tool is an insulationrod whoselateralsurfaceis coveredby metalaselectrodes.
While it works,someof theelectrodesdischargecurrentsof fixedintensityinto theformationthenthepotentials
in someotherelectrodesaremeasured.Raisingthelog-toolalongthewell-boreonegetsthepotentialdistribution
on theelectrodesof variouspositions.By this informationoneinfers theresistivity of thegeologicalformation.
Combiningthis informationwith theporosityof theformationobtainedby someotherwell-loggingtechniques,
onecancalculatetheoil storage.
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7.1 Intr oduction

In petroleumexploration,resistivity well-loggingis performedin orderto estimateoil saturationlevelsin porous
media.Themethodemploysa log tool consistingof 3 dischargingand20measuringelectrodes,which is lowered
into a drilled well. Currentis suppliedby the discharging electrodesto generatea staticelectricfield, andthe
resultingelectricpotentialis sampledat the measuringelectrodes. The goal is to infer the conductivity of the

Figure7.1: domainidealization

Figure7.2: log tool

domain;this is achievedthroughaniterative scheme.Therearetwo methodsto solve theforwardproblem(i.e.,
find thepotentialgivenconductivitiesandboundaryconditions):imposingthetotal boundaryflux conditionand
re-expressingtheproblemin termsof classicalPDEs.
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7.2 Mathematical Model

7.2.1 ProblemFormulation

Given

1. ThegoverningLaplaceequationof theelectricpotential
¹

¼ Á qA��q�îs}t ¼ ¹ q�îsmt�tmxC� (7.1)

2. Thecurrentat thedischargingelectrodes,

ïñð �
Þ ¹Þ î  ��ª x �q� (known constant)Ä (7.2)

where � � standsfor thesurfaceof the � -th electrode,and� � is thecurrentdischargedby it.

3. Theelectricpotentialsat themeasuringelectrodes,Ê¹�ò Äñó x��KÄ í�í�í ÄJô (7.3)

whereJ is thenumberof measuringelectrodes.

We wish to find theconductivity ��q�îs}t . Unfortunately, theproblemasposedis impossibleto solve.

7.2.2 Simplification

We discretizeour domaininto severalsub-regions,andassumethatk is piece-wiseconstantin eachsub-region.
A naturaldiscretizationallows for a top rock layer, a bottomrock layer, anoil-saturatedsandstonelayer, a mud
filled well boreanda contaminatedregion within thesaturatedlayer(seefigure7.1). We notethatalthoughthis
discretizationmay appearsomewhat simplistic, it neverthelessrepresentsthe essentialgeophysicalfeaturesin
a reasonableway. Onecanalways refinethe discretizationto P subdomainsprovided

z �õô (the numberof
measuringelectrodes).In addition,wecaninfer thefollowing physicalboundaryconditions.

7.2.3 Physical Boundary Conditions

� Ontherubberinsulatingsurface,

Þ ¹Þ î  x¨�
� Onthemeasuringelectrodes

�ÂxC�?x � ö ð � �
Þ ¹Þ î  ��ª x«�ÂxC�

or equivalently,

Þ ¹Þ î  xC� .
� For far fields,

¹ � � , since
¹L÷ � asdistance

÷ ã
� By symmetry,

Þ ¹Þ î  xC� on thecylindrical axis.

7.2.4 Interface Conditions

To obey thelawsof physics,we require� Continuityof electricpotential
¹ á Ö x

¹ á � .

� Continuityof current,� Ö
Þ ¹Þ î  Ö xø� �

Þ ¹Þ î  �
acrossall interfaces.
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Figure7.3: NumericalDomain

7.2.5 The InverseProblem

This inverseproblemcannotbe solved in a straightforward manner. We adoptan iterative approachthat en-
forces(7.2.3)by minimizing

ù x
ú

ò Ô �
¹ � qAû ò t � Ê¹ ò Ä (7.4)

sothattheiterativesolutionat themeasuringelectrodes,
¹ � q(û ò t , convergeto

Ê¹ ò
. Theoutlineof theiterativealgo-

rithm is asfollows:

Algorithm:

1. Guessaninitial setof conductivities, î� � xc�o� � � , � �| , � �Ý , � �� å � � , and � �� å | for �¿x � .

2. Solve(7.1) for
¹ � excludingcondition(7.3).

3. Calculateù using(7.4)

4. If ù � ù , where ù is a user-definedtolerance,the î� � is accepted;otherwise,it is modifiedto î� � � � x�)âq î� � t
by a simplex searchalgorithmin Matlab.

5. Returnto step2, using î� � � � , andrepeatsteps2 to 4 until thecondition ù � ù is satisfied.
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7.3 Variational Principle and Finite ElementMethod

7.3.1 Formulation

Theresistivity well-loggingproblemcanbere-expressedby incorporating(7.2)(thetotalflux boundarycondition)
in a variationalformulation.This is equivalentto finding theminimumof theenergy functional:

ôuq m t}x �¡ ü � á ¼ m á | ��s ��ÃÅ�3û �
ý

� Ô � �q�
m á þ ð

& Ä (7.5)

where¹ is thenumberof dischargingelectrodesandtheminimumis takenover
v ~ x�h m x m q�îsmt á m �L� � q�¨�t�Ä m á þ 
¢x�rÄ m á þ ð

& x const. qw�¸x��KÄ í�í�í Ä ¹ t j , i.e.,we wish to find
¹ � v ~ suchthat ômq ¹ tux ÿ òVóp�Q�y ? ômq m t .

An equivalentformulationusingthevariationalprincipleis to find
¹ � v ~ suchthat

ü � ¼ ¹ Á ¼ 7 ��s ��ÃÅ�3û�x
ý

� Ô � ��� 7
á þ ð

& Ä
� 7 � v ~ í (7.6)

7.3.2 Implementation

Usingthefinite elementmethod,thenaturalboundaryconditionsareautomaticallysatisfied.Nevertheless,some
specialtreatmentof the total flux boundarycondition is required. Without lossof generality, we simplify our
problemasfollows:� We considerthe50m � 50mcrosssection̈ � split into two sub-regionswith piecewiseconstantconduc-

tivities � � and � | .� Reduceproblemto onedischargingelectrodeandeightmeasuringelectrodes.

ômq ¹ t simplifiesto

ômq ¹ tux �¡
ý

� Ô � ü ð
$

�q� á ¼ m á | ��oð�3û � �¡ O
¹ á þ

& í (7.7)

We can now form the stiffnessmatrix and treat the equi-valuedboundaryvalue condition explicitly. We use
lineartriangularelementsbasedon theperpendicularnetwork. Themeshis densernearthedischargingelectrode
becausetheelectricpotentialchangesrapidly there..
In our numericalexperiment,we set � x � on the discharging electrode,set î�¨x­qA� � ÄJ� | tÕx qjõ�Ä�� í �¥õ�t andwe
computedthepotential

¹
over ¨ � . Thesolutionis plottedon thefollowing page.

Observethatthepotential
¹

decreasesrapidly from thetool to thefarfield boundaries.Also notetheeffectof
currentcontinuityat o � ¡
7.3.3 InverseProblem

Supposewe take eightpotentialson the log tool (from theabovecomputation)asmeasureddata.Givenanother
two resistivities � ~ � and � ~| asinitial values,canwe recover î� x?qjõ�Ä�� í �©õ�t ? Yes! Our final solutionconvergesto
ourgivendata.Thedeviation ù is } q
��� Ö � | t , andwe recover î� x � õ í �©�©�¥��� ¦©¡©¦ � ¦¥¡ �Ï�¥�rÄ�� í � ¦ ¯©¯N¯ ¦ � ¦©¦ ¯���õ ¦ îW� .
7.3.4 Stability

Wetestedthestabilityof ourmethodby introducing0.5%randomerrornoiseinto ourmeasureddata.Wefind that
theconductivitiesnow convergeto î���×x � � í �©õ�� ¦�� Ä�� í �����©õ ¦ � with ù x } q���� Ö � ~ t . This indicatesthatourmethodis
not stable,andthatsomeregularizationof theparametersor someaddedweightsis requiredin our futurework,
e.g.,replacing(7.4)by

ù x ÿ òVó�W
 å � Ì
Ø

� Ô � � � q ¹ � Ê¹ � t | (7.8)
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Figure7.4: mesh

7.4 ClassicalMethod

7.4.1 Formulation

We canalso reformulateour boundaryconditionsto a more familiar form: Dirichlet andNeumannboundary
conditions,namely

replace þ ð
&

� �
Þ ¹Þ î  x¨�q� by

¹ á þ Ì& x�� (7.9)

In fact,throughlinearity of (7.1), if we just solve thePDEin section7.2with (7.2)replacedby¹ á þ	�
& x��KÄ

¹ á þ�

& x �rÄ�qió Çxc��t í

Our solutionis thena linearcombination ¹ x
ý

ò Ô � M
ò ¹ ò

We can thensolve for M ò
by solving a linear systemof equations.For example,the casewith 3 discharging

electrodesresultsin

þ 
&
M � � �

Þ ¹ �Þ î  � þ 
&
M | � �

Þ ¹ |Þ î  � þ 
&
M Ý � �

Þ ¹ ÝÞ î  x¤� � (7.10)

þ Ì&
M � � �

Þ ¹ �Þ î  � þ Ì&
M | � �

Þ ¹ |Þ î  � þ Ì&
M Ý � �

Þ ¹ ÝÞ î  x¤� |
þ &&

M � � �
Þ ¹ �Þ î  � þ &&

M | � �
Þ ¹ |Þ î  � þ &&

M Ý � �
Þ ¹ ÝÞ î  x¤� Ý

7.4.2 Implementation

We useda finite elementpackage(FEMLAB) to solve the problemposedin section7.2.2. Only 4 regionsare
visible in thefollowing plot becausethecomputationwasdoneto scale.

� thedepthof thewell is 100m
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Figure7.5: ElectricPotentialwith � � x¨õ , � | x � í �¥õ

� theelectricfield affectsa radiusof approximately50metersradially,

� thedrill hasa 10 cmradiusresultingin a mudregionwith a 10cmradius

� thetool hasa lengthof 8 meters

� thesingledischargingelectrodehasa heightof 0.5meters.

� thecontaminatedregion is approximately1 meterwide

WhenI = 0.645and î� x �o� � ÄJ� | Ä�� Ý ÄJ� � � ÄJ� � | �×x �ù���rÄÉ�NÄÉ�NÄ�� í õrÄ
� í ����� ,
Noticethatthesamefeaturesarepresentin themorecomplex subdomainstructure—thecontinuityof current

providesa jump in Æ�ÍÆ
�_ .
A moredetailedplot of themeshis shown in figure7.4.

7.4.3 InverseProblem

As in section7.3, the searchdirection for î� was computedusing fminsearch, a routine found in the Matlab
optimizationtoolbox. We hadproblemsconverging to the correctsolution for the 5 parameterproblem, î�Qx�o� � ÄJ� | Ä�� Ý ÄJ� � � ÄJ� � | � . It appearedthat therewere local minimumsin this problem. The problemdid converge
howeverwhen � � Ä�� |�� � Ý waskeptfixed,and î� xb�o� � � Ä�� � | � wasoptimized.

Finding a good optimizationroutine is of coursethe key to this problem. Due to time constraints,only
fminsearch wasattempted.fminsearch tooksomeundesirablesteps:theconductivitiesbecamenegative,which is
notphysicallypossiblein thisproblem.Giventime,onecouldprobablycodeamoresuitableoptimizationroutine
which involvestrustregionsandappropriateconstraints.
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Figure7.6:
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Figure7.7: mesh
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7.5 Conclusions

Given the time restrictionsof a modellingcamp,we werequite pleasedwith the resultsthat we obtained.We
think thatour formulationof theproblemcorrectlymodelstheproblempresented,andour finite elementsolvers
correctlysolvedtheLaplaceequationwith boundaryconditions.
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