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FOREWORD BY THE PIMS DIRECT OR

The annualPIMS Graduate Industrial Math Modelling Camp (GIMMC) is held in one of the PIMS uni-
versitiesas part of the PIMS Industrial Forum. It is partof PIMS commitmentto providing training for young
mathematicascientistsvho areeitherpursingcareersn academiar in industry

Thegoalof the GIMMC is to provide experiencean the useof mathematicaimodellingasa problemsolvingtool
for graduatestudentsn mathematicsappliedmathematicsstatisticsandcomputerscience.ln additionto this it
helpspreparethemfor the Industrial Problem Solving Workshop which is the othercomponenbf the PIMS
IndustrialForum.

At the workshopstudentswvork togetherin teams,underthe supervisiorof invited mentors.Eachmentorposes
a problemarisingfrom anindustrialor engineeringapplicationand guideshis or herteamof graduatestudents
througha modellingphaseto aresolution.

The Fifth GIMMC washeld May 18-23,2002, at SimonFraserUniversity. Thereweresesenproblemsposed,
with atotal of 56 studentsn attendanceThe studentgnainly camefrom all acrosdNorth Americawith 14 from
the United States.

My sincereappreciatiorandgratitudegoesto everyoneinvolvedin this workshop,in particularl wish to thank
the organisergJackMacki, Chris Bose,RandyLeVeque,HuaxiongHuang,Marc Paulhus,Manfred Trummerg
lan Frigaard)and mentors(Tim Myers, Chris Budd, Brett Stevens,PetraBerenbrick,Brian Wetton, Alexander
Melnikov, Yongji Tan).

| look forwardto the 2003GIMMC whichwill beheldatthe Banf InternationalResearclstation.

Dr. NassifGhoussoubDirector
Pacific Institutefor the MathematicalSciences



EDIT OR'S PREFACE

The PIMS site office at SimonFrasefUniversitywaspleasedo hostthe 5" PIMS GraduatdndustrialMathemat-
ics Modelling Campfrom May 18—-23,2002.

Fifty-five highly motivatedgraduatestudentd§rom North Americaparticipatedn the event. The studentscurios-
ity andenthusiasnis animportantingredientfor the succes®f the workshop.l hopethe projectreportsin these
proceedinggorvey thelevel of dedicationof all participants.

GIMMC reliesvery muchon the selflessefforts of the mentors. We were very fortunateto have found seven
dedicatedesearcherastho madethis eventa big successPetraBerenbrinkfrom SimonFraserUniversity, Chris
Budd from the University of Bathin England,AlexanderMelnikov from the University of Alberta, Tim Myers
from the University of CapeTown, Brett Stevensfrom CarletonUniversity, Yongji Tanfrom FudanUniversityin
China,andlastbut not least,Brian Wettonfrom the University of British Columbia.

Marc Paulhus(University of Calgary)madethe organisatiorof this eventseemeffortless;lan Frigaardfrom the
University of British Columbia,oneof the organiserf the PIMS Industrial ProblemSolving Workshopheldin
theweekafterthecamp,helpedtiremendouslyn the selectionof students—alifficult taskgiventhelargenumber
of excellentstudentapplicants.

TheModelling Campandthe IndustrialProblemSolving Workshopbenefitedyreatlyfrom the schedulingaround
theMITACS(Mathematic®f InformationTechnologyandComplex SystemsAnnualGeneraMeeting. Students
wereableto presentheir modellingworkshopprojectasa posterduringthe MITACSAGM.

ThePIMS facilitiesat SFU providedthe mentorsandstudentswith nice meetingspacesandexcellentcomputing
facilities. The PIMS Administratve Assistantat SFU, Ms. Fuyuko Kitazava, madesurethatall local arrange-
mentswerewell takencareof. Thefirst few daysof theworkshopfell onthelong VictoriaDay weelend;virtually
all food outletson campuswereclosed.We wereextremelyfortunateto have Arthur Giovinazzo,former propri-
etorof theworld renavnedNo PopSandwichShopin Whitehorse Yukon, pampetthe groupwith excellentfood.
Seriousscienceaequireshigh quality inputs.

ManfredTrummer
SFUPIMS Site DirectorandLocal Organiser
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Chapter 1

The Flow of an Evaporating Thin Film
Liquid

Participants: Tim Myers (Mentor), Lyudmyla Barantyk, Neville Dubash,Leslie Fairbairn, Jefrey Gilmore,
Maria Landry, NicolasRobidoux,BidhanRoy, TetyanaSegin, CarlosTrenado.

PROBLEM STATEMENT : Thin liquid films areubiquitous.In geology they appeatasgravity currentsunder
wateror aslava flows. In biophysicsthey appeamsmembranesaslinings in mammaliandungsor astearfilms
in the eye. They occurin Langmuirfilms andin foam dynamics. In engineeringthin films sene in heatand
masstransferprocesseso limit fluxesandto protectsurfaces,and applicationsarisein paints,adhesresand
membranes.

Thin liquid films display a variety of interestingdynamics. Sincethe interfacebetweenthe liquid andthe
surroundinggasis a deformableboundary thesefilms displaywave motion. The wavescantravel andsteepen
undercertainconditionsfor high flow rates andalsocanmake transitionanto quasiperiodi@r chaoticstructures.
Thin film canrupture leadingto holesin theliquid thatexposethe substratéo theambientgas.

Of interestin this workshopis the developmentof thin films on aircraft structures. Thin film developson
aircraft structuresbecauseof depositionof supercoolediquid droplets. Thesedropletsreducethe lift of the
aircraft. A popularapproachn eliminatingsuchthin films is by heatingthe surface.However, heatinganaircraft
is expensve.

We developamodelthatdescribeshe developmenbf thin film on a surfaceunderconstanshear Themodel
is thenupdatedo accountfor evaporationwhenthe bottomsurfaceis heated.Parametergontrolling the model
aredeterminedisingrealvaluedata.
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1.1 Derivation of Governing Equations

HA- e ez

Wing Tip

Figurel.1: Half (dueto the symmetry)of thewing tip.

Fluid is assumedo be flowing alonga horizontalplaneunderthe influenceof interfacial continuousshear
7 = 7(z) andsurfacetensions. Thefilm hasthicknessh, the coordinatesare suchthat« is directeddown the
plane,and z is perpendiculato the plane. The Navier-Stokes equationsare assumedo governthe fluid flow.
Usinglubricationtheory theseequationsnaybereducedo thefollowing ones:

Pu  10p
dp
L _0 1.2
0z (2.2)
For anincompressibldluid the continuityequationis unafectedby lubricationtheory:
ou  Ow
—+—=—=0 1.3
ox * dz (1.3)
Herep is thefluid pressure(u, w) is thevelocity vectorandy is thefluid viscosity
Theboundaryconditionsfor solvingthis problemare
u(z, z,t) = 0|,—0 no-slipcondition (1.4)
w(z,z,t) = 0],—o nopenetratiorthroughthe bottomsurface (1.5)
Pressurelifferenceacrosshefree surfaceis takento balancesurfacetensionforces:
_0%h
P—Pa = *U@
wherep, is theambientpressuréwhich mayvary overthefluid surface),ando is the surfacetension.
Anotherboundaryconditionattheinterfaceis
ou T
el = _ 1.6
0zlz=n (1.6)

wherer is theshearstresscausedy theair flow.
At theinterfacez = h(z, t) thekinematicboundaryconditionis

D(z — h(x,t))

=F
Dt
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whereF is the evaporatiorrateand

Then

sothekinematicconditioncanbewritten as

w=FE + hy +uhy 1.7)

Integratethe continuity equation(1.3) over thefilm

z=h(z,t) ou ow z=h(z,t) ou B
0= 4+ " )dz = ——d z:h(x,t)
/0 (0x+ 02) : /0 ox @+l

~z=h(z,t) "
:/0 5y 0@,z 0)|a=n — w(@, 2, 1) =0,

Usingthekinematicconditionon theinterfaceandzeronormalvelocity at = = 0, we have

z=h(z,t)
0:/ %dz—FE—I—@—I-(u(x,z,t)@)
0

ox ot ox z:h(z,t)'
Hence
2=h(@t) gy oh oh
—dz=—-F— — — 2, t)— . 1.8
/0 ox - ot (U(I = )81) z=h(z,t) ( )
Considerateof the changeof the massflux with respecto .
z=h(z,t)
%Q(z,t) = %/ﬂ u(z, z,t)dz
z=h(@:t) gy, oh
= —d t)—
‘/0 ox et (U(m,z, )OT) z=h(z,t)
oh oh oh oh
=—F——— — = - _p-2=
ot <U<ﬂ7, © t) (91') z=h(z,t) + (U<ﬂ7, © t) (91') z=h(z,t) ot
Therefore,
) ) z=h(z,t) oh
— t)=— x,z,t)dz=—E — —. 1.9
5200 = 55 /0 ue, 2 t)dz ot (1.9)
Considerequationg1.1) and(1.2). It follows from equation(1.2) that pressurds the function of x alone:
p = p().
Integratingequation(1.1) oncewe get
ou dp
g = Z% +C
wherethe constanof integrationC; canbefoundby usingthe boundaryconditionfrom the shearstresq1.6).
T dp
Ci=——h—
! I ox

2

Anotherintegrationgivesu(z, z,t) = %% + C1z + Cy. Usingthe no-slip condition (1.4), we getCs = 0.
Hence thevelocity profile is



4 CHAPTER1. FLOW OF AN EVAPORATING THIN FILM LIQUID

22 Op T dp

Now, substituteu(z, z, t) from (1.10)into (1.9) andintegrate.

8 z=h(z,t) a z=h(z,t) 22 ap T ap

0 (22dp T op\ #>
— ==+ |—-——h= )=
Jx | 6 Oz I or/) 2 Jlo

i E@‘F I_h@ ﬁ —i _E@_FZE
or | 6 Oz i or) 2 | Oz 390r p2

a{ h3 op Ih_Q} oh

z=h(z,t)

Therefore,

=50 (1.11)
which representshe massconserationof thefluid.

Pressureanbefoundfromp = p, — ag’i’;. Substitutepressurento the masshalancesquation(1.11)taking
into accounthat

O O Ph Ph

dr Oz U% ~ _U%

sincevariationof ambientpressure, is smallerthanvariationof pressure). Hencewe have

E+

3 93 2
a{ah 0°h Th}_ Oh (1.12)

z\3por paf o
Also we aremostly concernedvith thefilm lengthat steadystate.Thusall time derivativescanbe setto zero

2h — 0 andequation(1.12)becomes

0 (och®0®h  Th?
+8w{3u8x3+u2}_0' (1.13)

Thisis simply afirst orderdifferentialequationin h. While thereareanumberof possiblebhoundaryconditions
thatwe couldapply, thebestoneto applyis afixedrateof inflow, @, atz = 0. We have accountedor evaporation
(alossof mass)in the equation(1.13) but not for massaddition (dueto the accumulatiorof droplets). Thuswe
mustaccountfor this in the boundaryconditionif we hopeto obtaina reasonableolution. The otherboundary
conditionsarelesssignificant.

Integrateequation(1.13) with respectof 2 taking into consideratiorthe boundaryconditionfor the flux at
z=0

h h
=Qq = - T — T2
Q()]z=0 = Qo —/0 u(z) dz—/o MZdZ 2Mh

to get
h?  h3
Ex + I_ + —0hgee | = QO-
w2 3p

We cannegglectthe termwith the high derivative of h sincethe surfacetensionis smallto getanestimatefor the
heighth

h~ 2@ - Ea)
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andestimatehedistancez atwhichtheheighti(z = a,t) = 0:

o=
E.

This give the length of the fluid film. It is interestingto notethatlengthis independenbf the shearstress
appliedat the surfaceof thefilm.

(1.14)

1.2 Energy Balance
1.2.1 Energy Fluxes

Thereare a variety of mechanismghat add or remove enegy from the system. The following are the main
mechanismsonsidered.

1. Convective Heat Transfer: The waterfilm loosesenegy to the surroundingatmospherelueto the tem-
peraturadifferencebetweerthe surfaceof thefilm andthe surroundingair (seeFig.1.2).

T,~ - 30°C

— ~

Water T(h)>T,

Figurel.2: Corvective heattransfer

A simplemodelfor this corvectionis Newton’s Law of Cooling. Theenegy flux is givenby

—ka = Hy(T(z = h(t)) — Ta) (1.15)

wheref is thethermalconductvity of water; H;.. is the heattransfercoeficientfor waterandair, T'(z) is
thetemperaturén thefilm, andT, is theair temperaturesurroundinghefilm.

2. Evaporative Heat Transfer: The water film loosesenegy throughthe evaporationof water from the
surfaceof thefilm (seeFig. 1.3).

= =

Water

Figurel.3: Evaporatve heattransfer
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While therearecomplicatechon-linearrelationsfor evaporatiorthatarederivedempirically, to first order,
they canbeapproximatedy alinearrelationwherethe evaporatiorrateis proportionatto thetemperature
differencebetweerthefilm surfaceandthe surroundingair. In this casethe enepy flux is givenby

—kaa—f =eo(T(z =h(t)) —Ts) (1.16)

whereeq is anempiricalevaporationcoeficient.

3. Thermal Energy of Droplets The dropletswhich collecton the surfaceof the film areat a temperature
equalto thatof thesurroundingair (seeFig. 1.4).

8 T =T,~-30C

0 drop
A 0
M

~
Water T(h)>T,

Figurel.4: Thermalenegy of droplets.

This effectively resultsin a loss of enegy in the film proportionalto the temperaturaifferenceof the
surfaceof thefilm andthe surroundingair.

—’C(z)—f = Cp,water(cvparop)(T (2 = h(t)) — Ta) (1.17)

where C}, water 1S the specific heat of water (at constantpressure)c is the catch parameterwv is the
freestreanvelocity, andpq,..p is the densityof waterdropletsin the air.

4. Kinetic Energy of Droplets Thedropletshave a velocity equalto the freestreanvelocity (seeFig.1.5).

PR
—_—
[ J .
v ~ 100 m/s o Wing
[
LIPS

Figurel.5: Kinetic enegy of droplets.

For dropletswhich accumulateon the wing, someof their kinetic enegy is corvertedto thermalenegy
which heatsthe waterfilm. Assumingthatall the kinetic enegy of the dropletsgetscorvertedto heatthe
enegy flux is
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oT 1

5 = —E(cvpdmp)vz. (1.18)

5. Aerodynamic Heating: The air nearthe surfaceof thewing is forcedto deceleratdoosingenepy to the
waterfilm (seeFig. 1.6).

—k

N

Figurel.6: Aerodynamicheating.

This canessentiallypethoughtof asheatingdueto friction. Theenegy flux dueto aerodynamideatingis

givenby
oT  rHy,v?
—k— = 1.19
0z 2Cp7m‘7- ( )
wherer is therecoveryfactor andC), 4 is the specificheatof air (atconstanpressure).
6. Wing Heating: Thesurfaceof thewing is beingheatedhroughanexternalsource(seeFig. 1.7).
Water
/ /4 / / Wing Surface
Heat
Figurel.7: Enegy appliedatthe bottomsurface.
Thisresultsin afixedenegy flux (or fixedtemperatureat the surfaceof thewing,
T
fk:a— = Q. (1.20)
0z
1.2.2 Total Energy Balance
Thetotal enegy balancesquationfor thewholefilm hasthefollowing form
Heat Kinetic .
Aerodynamic
from + Energy + Heatin
Bottom of Droplets g (1.21)
Thermal FEvaporative Convective .
= | Energyof | + Heat + Heat

Droplets Transfer Transfer
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or

THtCUZ = Cp,water(T(h) - Ta)(cvpa) + 6O(T(h) o Ta) + HtC(T(h) B Ta)’

= 1.22
QCp,ai‘r ( )

1
QT + §(cvpa)v2 +

wherec is the catchparametethatdescribeslistribution of dropletsof waterthatstayof the surfaceof thewing;
eo evaporationparameterThegraphfor c is givenonFig. 1.8(a).

0.9 20
081 15 L
07| 1ol
06|
17 51
12}
05| g
o 0ot
041} g
_C
W 5|
03|
0.2} 0}
01| -15+
0 . . . . . . . . . -20 . . . . . . . . .
25 =2 45 1 ©05_0_ 05 1 15 2 25 25 =2 45 1 ©05_0_ 05 1 15 2 25
§ coordinate § coordinate
(a) (b)
104.0 550
1035} 500 L
450 L
103.0 |
400 b
102.5|
£ 3501
102.0
300 L
1015}
250 |
101.0} 200 |
1008 5535 7 05 _0_05 {1 15 2 25 5% 95 4 o5 0. 05 1 15 2 25
§ coordinate § coordinate
() (d)
Figurel.8: (a) Catch;(b) Shearstressyc) Pressuref;..
Solvingequation(1.22)for 1T', we gettheaveragedemperaturd’
. 2
Qr + Hevpa)o? + tet®
p.a
aver — (123)

cPﬂU(cvpa) + €0 + Htc
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9
1.2.3 Heat Equation
To obtainthetemperature@rofile 7'(z) in thefluid film we mustsolve the heatequation
oTr o*r  9*r
PCp water i k <(,)? + w) (1.24)

Using the following scaling, wherethe primes(’) denotea dimensionlesgjuantity we candimensionalize
equation(1.24):

L
T =TT, t= Ut', x=1Lx, »=HY
Thenon-dimensionaheatequationis

U DT" k L, OXT 0T
L Dt pCpuater or'2 922
To first orderthis canbe approximatedy
o*T’
7 =0
or in dimensionaform ,
0°T
— =0. 1.25
557 (1.25)
Theboundaryconditionsaregivenby theflux atthe surfaceof thewing, equation(1.20),
39T o, (1.26)
0z lz=0
andtheflux atthe surfaceof thefilm, equationg1.15)- (1.19),
oT rHv?
—k— __(Cvpd'rop)v2 - ¢ Cp,water(cvpdrop)(T(h) - Ta) + QO(T(h) - Ta) + Htc(T(h) - Ta)
82 2=0 2 QCp,m’,r

(1.27)
9 rHpov?

= —i(cz)pdmp)v T + (Cp,water (CVpdrop) + €0 + Hee)(T'(h) — T,) (1.28)
p,air

= A+ B(T(h) —Ts) (1.29)

where for simplicity, we write

9 rHyv?

1
A = ——(cvpdrop)v” — and B = Cp water (CVPdrop) + €0 + Hic.
2 2Cp7air

Notethat A and B arejustfunctionsof the physicalconstants.

Solvingequation(1.25)with theboundaryconditions(1.26)and(1.29)we get(since%—f is constantvhichwe
find from theboundarycondition(1.26),we canuseit to find T'(z)| .-, by solvingequation(1.29)for T'(z)|.—5)

T(t) = —%(z ~h) + Qt; A

+ T (1.30)
Now we canfind thetemperaturaifference

T(h) — T, = QTB* A
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Usingequatiorfor the enegy balancedueto evaporation
pwleF = eO(T - Ta)

we find the evaporatiorrate
eo(T —T,)  eo(Qr — A)

pre B pu)LeB
Hence,usingequation(1.14)for the estimateof thelengtha of thefilm, we canwrite

a = @ QOpre _ QOpreB

E =

(1.31)

E a eo(T — Ta) eo(Qt — A)
Substitutingall physicalparametersve obtainthe following estimatefor a:
a= Qopre Cp,water(cvpdrop) + €o + Htc
€o Q1 + 3 (cparopv?) + —'rgfgjz

At theinterfacez = h(x,t) we have anothetboundaryconditionthatrelatestemperaturd” andheightof the
film h. Thisis so-calledStefanconditionandit hasthe following form

~ 8.8m (1.32)

oT oh
k= = pLo— 1.33
0z "ot (1.33)
It canbeusedto estimatehetime neededor thefull evaporationof thefilm of thicknessh:
2
P L L (1.34)
k(T(h) - Ta)

1.3 No Surface TensionReductionto Burgers’ Equation

With theassumptionthatsurfacetensionplaysanegligible role in the profile of thefluid surface the higherorder
derivative term canbe removedto simplify theequation.Theresultingequations similarto Burgers’equation:
Oh  7(x) Oh
— + —h— =R(z) — E(z
ot s () — E(x)
Here,incomingrain andevaporatioraregeneralizedsfunctionsof x. A closedform solutionof this equation
canbeobtainedby the methodof characteristicsBy introducinga new variables, where

dt de  7(x)

—=1 d —=—%h.

ds o and i !

Burgers’equationcannow be expressedsa total derivative of h:
% = R(z) — E(x).

TheseODEscanbe solvedwhencoupledwith theinitial conditionthatatt = 0, x = z¢g andh = hg:

h = R(x)t — E(z)t + hg
T(T t
= %t (ho +[R() — E@)] 5) + 0.

This closedform solutionis only capableof trackinga single particle. It is possibleto generatesolution
profiles numericallyby tracking multiple points. Our solutionfails to accuratelymodelthe physicalsituation
when a shockforms (this will not happenwith the surfacetensionincluded). Sincewe are only interestedn
dampingthe surface this is nota problem.lt is debatablehowever, to whatdegreethis solutionis valuablesince
it doesdlittle to elaborateon the steadystatesolution.
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1.4 Estimating a Whenthe Rain Catch and Shearare Position Dependent

1.4.1 Keyldea: Integrate the FreeSurface Equation over the Whole Layer

Considerthe free surfaceequation(1.12) modified so that the rain’s masscontribution comesthroughthe top of
the layer insteadof throughthe left boundary(the derivationin Sectionsl.1 and1.2 aresomeavhat mismatched
physically:in Sectionl.2,therain’s heatcontribution comeshroughthetop, while in Sectionl.1,therain’'smass
contribution comesthroughtheleft boundary):

Oh . 9 (o 303 T .,

% = rain— E o {Zuh s + 2Nh } (1.35)
The key idea of this sectionis that integrating (1.35) over the entire thin water layer yields an integral equa-
tion parameterizethy the layerlengtha; this integral equationonly involvesa asanunknaown if steadystateis
assumed.

An advantageof beingableto computea without solving the nonlinearfourth order PDE (1.35)is thatthis

allows a more straightforvard treatmentof the boundaryconditions: we know wherethe layer “ends” before
solvingthe PDE;thus,theboundaryis not quite“free”.

1.4.2 Simplifying Assumptions

For the sale of exposition,we assumehatthe only “parametersiwhich dependon x aretherain catch(effective
crosssection)c andtheshearr; we alsoassumeymmetryaboutz = 0, whichimpliesthatthesheamustbe odd,
andin particularthatthe sheawvanishesttheorigin (thisis quitereasonablesincetheorigin is a stagnatiorpoint
of the air flow). Nonethelessthe approactrarriesover to situationswhenotherparametersr termsotherthan
therain catchandshear(and,indirectly, theevaporatiorflux perunit lengthandtime) dependn z. Theapproach
alsoappliesto situationsin which ¢ andr are not constantaway from the origin, situationswith no symmetry
abouttheorigin, andthe non-steadyase(in which casethe approactrelatesoh /ot to a andits time derivative).

1.4.3 The Usual SteadyEstimate for « Holds Even When Accounting for Surface Ten-
siong and Wind Shearr

Assumingsteadystate thetime derivative vanishesintegrating,onegets:

@ @ o 20 T
rainde — | Edr = {—h*— 4+ —h?
/0 ne /0 ! {2u 95 2u }

Theright handsideof (1.36)vanishedecause

r=a

(1.36)

=0

¢ h3 andh? vanishata (by definition, h vanishesat a);
. % vanishesat 0 by symmetry(beinganoddderiative of anevenfunction).

e 7 vanishest0 (becausét is odd).

e Thetotalrain collectedby the wing (perunit time) is foa raindz = @, andconsequentlganbe computed
from ¢ (andsomeotherconstants).

e Thetotalwaterlossthroughevaporations fo‘l E dx, whichis equalto F—theaverageevaporationperunit
length—timesu.

Thisyieldsafirst relationshipbetween, (half of) thelengthof thewaterlayer, @, (half of) thetotalrainflux, and
E, theaverageevaporatiorflux perunit length:

(1.37)

b O
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(Note: this is an equality not an approximation.) Thatthis shouldhold is actually obvious: the only sourceof
wateris rain, theonly sinkis evaporationandwe assumesteadystate sothetotal rain flux mustbalancehetotal
evaporation.Thus,it is reassuringo have the equationappearvenwhenproviding for longitudinalwaterflow
(driven by shear)andsurfacetension. Again, this is not surprising: the term betweenbracletsin (1.35),which
arisesfrom approximatinghe Navier-Stokesequation accountgor waterflow within the layer, consequentlyit
doesnot affect the total waterbalancein any way, only its distribution. Had it beenotherwise this would have
beencausefor worry.

Equation(1.35), unfortunately doesnot readily leadto a very precisecomputationof a, for E, beingan
avermage evaporatve flux, it involvesthelengthscalea. It is, however, possibleto getan equationwith a asthe
only unknown; in fact, very reasonablasimplifying assumptionsllow oneto derive a “closedform” formulafor
a in termsof integralsof the catche.

1.4.4 More Simplifying Assumptions
The Catch ¢ Typically VanishesOutside of a Small Neighbourhoodof z = 0

The catchis not well approximatedy a constantasa functionof z, the distancealongthe wing to the leading
edge,c typically looks like a “narrow Gaussiarwith cut-off tails” centredatx = 0 (seeFigure1.8(a)). In ary
caseputsidea smallneighbourhoodf theorigin, ¢ canbe safelyassumedo be zero.

c enterghefreesurfaceequation(1.12)(nonlinearly)throughthe evaporatiorterm(1.31): theheatandkinetic
enegy conversionflux termsareproportionalto the valueof c.

The Evaporation Flux E is Essentially Constant Outside of a Neighbourhoodof 2 = 0

Theformulafor theevaporatiorflux £ wasobtainediy assuminghatheatflows solelyin the z direction.Looking
attheclosedform expressiorfor thisflux, oneseeshattheevaporationrdepend®nthecatche. Sincec is constant
away from the origin, sois E. (Of coursewe maywantto allow otherparameterso be positiondependentin
which casesimilar assumptionsn thevarying parametergrenecessaryo geta “closedform” for a.)

1.4.5 ConsequenceThe Evaporation is Constantfor » > aj,

The above simplifying assumptionsmply that there exists an a;,, suchthat the catch—andconsequentlythe
evaporation—isconstanfor z > ajp.

Supposehatthe steadystatea is greaterthana;,. Breaktheinterval [0, a] into aninnerregion [0, aj,| and
anouterregion [ajn, a. In theinnerregion, the evaporationflux £ dependson positionthroughc. In the outer
region however, theevaporations constantthis constanbeingobtainedby settingc to zeroin theformulafor E;
call this constantFqt.

1.4.6 Formula for a with £ Constantin the Outer Region

Thefree surfaceequation(1.12)now reads

/Inraindmf/mEdz = / Edzf/ raindz
0 0 ain ain

= Eout{a —ajn},
in whichit hasbeenassumedhatnorainfallsin theouterregion. Theleft handsideis completelydeterminedy
theraindistribution, the heatflux throughthe bottom,andvariousphysicalparametersSo:

{@- Jin Edr}
Eout
where( is the total flux of rain, £ is the evaporationflux per unit length (which dependn the catche, and

consequentlyn position),and Eqt is the constantvalueof the evaporationflux perunit lengthwhich holdsfor
T > ajp-

@ = Gjp+
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1.5 List of Parameters

Tarop - Fadiusof waterdroplet,equalto 50 mmn;

H,. - heattransfercoeficient, equalto 400 W/m?K;

pa - humidity (waterdensityin theair), equalto 10~2 kg/m?3;
pw - Waterdensity equalto 103 kg/m?;

v - free streamvelocity, equalto 100m/s;

L - lengthscalein the z direction,equalto 0.5m;

k - thermalconductvity, equalto 0.6;

e, - evaporationcoeficient,equalto 270 Pa m / K s;

L. - latentheatof evaporationgqualto 2.257 - 106 J/kg;

Q - waterflux, equalto 10~ m?/s;

Q: - heatflux specifiedat theleadingedgeof thewing, J/m?s;
w - viscosityof water 103 kg/ms;

p - pressurePa (profile presentedby FigureF1.2(c));

T - shearstress,Pa (profile presentedby FigureF1.2(b)), in caseof constanshearstressqualto 10 Pa;
Ch,qir - Specificheatof air, 1000J/kgK;

Cp water - Specificheatof water 4200J/kgK;

¢ - numberof dropletscatchingthe surface;

r - recovery factorof aerodynamicaheating,equalto 0.8;

o - surfacetensionof water equalto 0.0728N/m;

T, - temperaturef theair, equalto ~ —30°

1.6 Conclusions

e We modelthedynamicsof thin waterfilms arisingfrom thedepositionof supercooledvaterdropletsonthe
front of anheatedhirplanewing.

e Thethin film approximatioris usedto selectieadingordereffects.

e We derive several consistenestimatesf the length of the steadystatewaterlayer, aswell asthetime to
evaporateaninitial layer.

e Enegy balanceis usedto determinethe evaporationrate from the heatcorvection (radiation), the heat
contentandkinetic enegy of theincomingdroplets,aerodynamiteating,andtheimposedwing heating.
Thisinvolvessolvinga collectionof 1D steadyheatequations.

e The shapeof the thin water layer is modelledby a nonlinearfourth order parabolicpartial differential
equationvaterbalancesquationwhich includesthe effectsof surfacetensionandaerodynamisheairstress
througha Stefanproblem,aswell astheleadingordertermsof the Navier-Stokesequations.

e Wederiveseveralconsistenestimatedor thelengthof steadyfilm layers,aswell asthetimeto evaporation
of aninitial layer.

e An exact formula for the steadyfilm lengthis obtainedby integrating the water balanceequationover
thewholelayer Theresulting“closedform” formulafor the lengthof the layerinvolvesintegralsof the
positiondependeneffective crosssectionof thewing aswell asthe evaporatiorfunction.
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Chapter 2

“One Fish,
Two Fish,

Red Fish,
Blue Fish”

Mathematically Modelling a FreshFish
Detector

Participants: Chris Budd (Mentor), Ibrahim Agyemang,Erik Andries, Dhavide Aruliah, MélanieBeck, Qing-
guoLi, Colin Macdonald MatthiasMiick, Robin Swain.

PROBLEM STATEMENT: The PIMS MathematicaModelling springworkshoppresentedaix differentervi-

ronmentgo be consideredor modelingduringthe program.For this group, Chris Budd proposedhatwe study
dataobtainedhroughexperimentaisinga device designedo determinghefreshnes®f fish. Throughanelectric
currentappliedto a coil, aneedle-shapegrobeis projectedby aforcedirectly onthesurfaceof atestsample.The
depthto which the probepusheshe surfaceis recordecdby the coil asafunctionof time. Thegoal of this project
is to usethe datato indicatewhat mechanismgovernthe dynamicsof the probeover time, namelymodelsof
ordinarydifferentialequationsrom which parametersanbe extractedto determinereshfish from thosewhich
arenot.
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2.1 Intr oduction

Have you ever beento the supermarktto buy freshfish andwonder: Justhow freshis this fish? Is the specified
freshnessf thefish accuratef not, how couldyoutell?

In this reportwe describethe mathematicalinalysisof a systemwhich is proposedo measureahe freshness
of fish. The device usedto testfreshnesss a thin needle-like probewith a coil which providesanelectromagnetic
forceto theprobeandalsomeasure#ts motion. We attemptto capturehe dynamicsof themotionof the probein
a mathematicamodelwhich canfit the givendata. In doingsowe hopeto extractinformationon fish freshness
from somefish-dependerparameterin the model(s).

Thefirst sectiondealswith cleaningup the data. Our grouphasbeenprovidedwith someraw datacollected
by thefish-probeapparatugor severaldifferentmaterials:

1. A plaicefish
2. A foamor sponge
3. A clearcling wrapmedium

4. A humanhand

Thedatacontainsmoisewhichwasfilteredfor subsequerdnalysis FastFourierTransformgFFT)andwavelet
de-noisingechniquesvereappliedto the datato remove the noise.There-constructedatawasusefulin obtain-
ing estimategor thevelocity andacceleratiorof the probeduringthe experiments.Thescopeof ouranalysiswas
only concernedwith fitting the datafor a plaicefish andfoam spongeanddoesnotincludeanalysisof the cling
wrap andhumanhand. Mathematicaimodellingtechniquesncluding nonlinearoptimizationandthe physicsof
oscillatorysystemavereusedto describethe dynamicsof the probe.

2.2 DataFiltering and Estimation of Acceleration

In this partof the project,waveletde-noisingtechniquesreappliedto the empiricalfish probedatafor filtering.
Basedonthefiltereddata,the acceleratiorwascomputechumerically

2.2.1 Wavelet Shrinkage De-noising

Our objective was to suppresghe noiseand recover the signal. Both FFT and wavelet approachesvere im-
plementedo fulfil the task. Becauseof the multi-resolutionpropertyof the wavelet transform,wavelet-based
de-noisingproducedbetterresultsthanthe FFT approach.

To recover a signal the noise mustbe removed before proceedingwith further dataanalysis. The wavelet
de-noisingorocedureconsistof threesteps:

1. A linearforwardwavelettransform
2. A nonlinearshrinkagede-noising
3. A linearinversewavelettransform
Let X (¢) represena setof obseneddata,andassume
X(t)=S(t)+N(t) (2.2)

containghetruesignalS(t) with additive noiseN (¢) asfunctionsin time ¢ to besampledLet W(-) andW~'(-)
denotethe forward and inversewavelet transformoperators. Let D(-, ) denotethe de-noisingoperatorwith
threshold\. We intendto de-noiseX (¢) to recover S(t) asanestimateof S(t). Thebasicversionof theprocedure
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consistof threestepsjncludingdecompositionpbtainingthresholdingletail coeficients,andreconstructionlt
is summarize@s

Y = W(X)
Z =D(Y,\) (2.2)
S=w12)

For thede-noisingoperatorD, giventhreshold\ for thedatald,
DU, \) = sgnid) max (0, [U| — N) (2.3)

definesnonlinearsoft thresholding. Many differentschemeshave beendevelopedon selectionof de-noising
operator[1, 2].

In this application,the datawasfirst processedy using 5-level Haarwavelet transform,thenwe removed
thefiner wavelet coeficientsbs; andby. After that, we performedthe inversetransformandrecoveredthe clean
data.Theprocessewerecarriedout by usingthewavelettoolboxin Matlab [3]. Theresultsfor thefish dataare
shawvn in Figures2.1to 2.2. Figure2.2 containsthe waveletde-noisingresultsandthe original fish data(offset
for comparison)The cleansignalsfor thefoamandcling film areincludedin Figures2.3and 2.4.

Denoising using FFT 16 : ‘ DEr‘mlsmg using wave\e‘((F\sh) ‘
T T T T

T
— - noisy
— clean

voltage(V)
voltage(V)

|

| I I | I I i i 1 | | | | | | | | |

0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
time(ms) time(ms)

-0.4

Figure2.1: FFT (left) andwavelet(right) de-noisingresultsfor the original fish data.

2.2.2 Numerical Computation of Acceleration

After we obtainedthe cleandataby usingwavelet de-noisingthe accelerationsvere computedusingfinite dif-
ferenceapproximationThe positiondataz(t) canbe calculatedrom the de-noised/oltagedatau(t) asfollows:
z(t) = 1072 x 0.8u(t)mm/V (2.4)
Firstthevelocity v(t) canbecomputechs
x(t + At) — z(t)
) = ———=
v(t) Al
whereAt = 103 is the samplerateof the sensar
Becausef thedifferentiationprocessthe noisein the positionsignalwasamplified,andin orderto increase
the signalto noiseratio (SNR), the de-noisingroutinewasalsoappliedto the velocity datav(t) to generatehe
cleansignalv; (t). Theacceleration(t) wascomputedas
a(t + At) — a(t)
)" ——————=
a(t) s
With the de-noiseddatawe obtainedcontinuousacceleratiordatafor furtheranalysis.

(2.5)

(2.6)
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1.4+

=

Fish data denoised

Fish data offset

Figure2.2: Comparisorof thewaveletde-noisedlataandthe original data(offset)for a plaicefish.
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Figure2.3: De-noisingresultsof timfoamdata.
11 Denoising using wavelet(Cling)
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Figure2.4: De-noisingresultsof cling film data.
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20

Estimate of acceleration (Fish)
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Figure2.5: Estimationof acceleratiorfrom cleandata(fish).
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Figure2.6: Estimationof acceleratiorfrom cleandata(foam).
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2.3 Analysis of the Signal

The graphsdescribingthe responsdrom the plaicefish andfoam materialaredisplayedn Figures2.7 and 2.8.
It is obviousfrom the Figuresthatthe motion of the probeexhibits threedistinctbehaioursduringanexperiment
(for boththefish andfoamcases)Thereforewe modelthesephasessindependenprocesses:

1. PhaséA: Theinitial phaseesemblesinoscillatingdecayingexponentiafunctionwhichmightbemodelled
asamass-springystemwith damping.This phasecoincideswith theinitial force appliedby the probeon
thefish or foam.

2. PhaseB: The probecontinuesto exert a constantorce on the fish (foam), anda linearly (exponentially)
decayingfunctionis obsenedwhich indicatesmotionwith constanbr slovly changingvelocity.

3. PhaseC: In thefinal phasedampedbscillationsareagainobsenedastheforceis removed.

Response of a Plaice to the Freshness Detector

1.6

Volts

L L L L L L L L L
o 100 200 300 400 500 600 700 800 900 1000

Figure2.7: Theresponsef the probeto applicationof a plaicefish.

2.5

Response of foam to Freshness Detector
T T T T

Volts

L L L L L L L L L
o 100 200 300 400 500 600 700 800 900 1000

time(msec)

Figure2.8: Theresponsef the probeto applicationto foam block.

The following sectionsdescribethe motion of the fish-probesystemin the the threephasesasisolatedpro-
cesses.
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2.3.1 PhaseA

Dueto the oscillatorynatureof the voltage(position)over time, we first attemptedo modelthe phenomendy a
dampedinearoscillator
Mi+pi+ax+ Mg=0

whereM = 10g is themassof the probe,g is the gravity constanandz = z(t) is thepositionof theprobe.
With constantoeficients,the solutionto the above equationis

z(t) = e ' [A cos(wt) + Bsin(wt)] + D,

where$ is thedecayrate, D is the vertical shift andw is the frequeng. Theseintermediatgparametersy andé
canbeexpressedy the ODE parameters:

X s _p
7 62 and § S

w =

We now have to estimatethe unknonvn parameter®f the linear ordinary differentialequationfrom the time
seriesdataandtheninspectthe compatibility of the reconstructednodelwith thedata. The MATLAB nonlinear
leastsquaresitting algorithm,NLINFIT, wasusedto performthe parameteestimation.Theresultsin Figure2.9
indicatethatPhaseA canindeedbe modelledby thedampedinearoscillatot

Phase A: Fish
Sum of Squares Error: 0.0537

1.3

T
— Original Data
= = Linear ODE Model Reconstruction

1.2 —

0.3

. . .
15 20 25 30
Time (ms)

Figure2.9: Thefit obtainedfor PhaseA by modellingthe original fish datawith a dampedinear oscillator

Theinitial andfinal phase®f the motion of the probeweresimilarin nature- bothwereoscillatingdecaying
exponentialfunctions.

2.3.2 PhaseB

The secondphaseof the time seriesis obsened from 50 to 800ms after the initial contact. It is characterised
by a steadydecayin the magnitudeof displacemenfollowing the transientoscillatory behaiour obsened in
PhaseA. We hypothesizedhatphaseB consistsof aninelasticdeformationbecauséhefinal equilibrium stateat
t = 1000msis somavhatdepressetielow theinitial conditionatt = 0.
To modelthe decreasén the magnitudeof the displacementwe attemptto fit the datafirst with a decreasing
exponentialfunctionof theform
z(t) = Ae "' + B, (2.7

with parametersi, B and~y. As analternate, we useda linearmodel,

z(t) = Ct+ D, (2.8)
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Phase A: Foam
Sum of Squares Error: 0.1992

1.8 -

T T T T T
7 ~ — Original Data
. = = Linear ODE Model Recons truction

1.6

1.4

1.2

Voltage
T

0.8

0.6 -

0.2

Time (ms)

Figure2.10: Thefit obtainedfor PhaseA by modellingthe original foam datawith adampedinearoscillatot

with parameterg’ and D.
Theresidualsareminimizedin theleastsquaresensdor the above datasetsgiving thefunctions

x(t) = 28.45¢ 01368 27 91 or (2.9)

z(t) = —0.3874t+ 0.5357 (2.10)
thatfit thefish dataand

z(t) = 0.2306e 255" 4 0.2994 or (2.11)

z(t) = —0.3104t +0.3928 (2.12)

for the foam data. Theseresultsareplottedin Figure2.11andwe notethelinear andexponentialfunctionsare
essentiallyidenticalfor the fish data,both having a leastsquaregesidualof about0.05. For the foam data,the
exponentialfunction providesa muchbetterfit with a leastsquaregesidualof 0.016asopposedo 0.47for the
linearfit; thisis to be expectedbecauseasseenin Figure2.11,thelinearfunction cannotmodelthe curvatureof
the dataeffectively.

As a possiblemodelof this behaiour, considera particlesubjectedo a constanforce F' moving in avisco-
elasticmediumwith elasticcoeficient o andviscosity 3. With this model,the kinematicsaredeterminedy the
equation

ax(t) + ﬂz—j =F. (2.13)

Integratingthis equationgivesthe exactsolution
F a F
x(t) = <X0 + —) e B4 =, (2.14)
« «

wherez(0) = X, is theinitial conditionfor the ODE. In the absenceof an elasticterm, the kinematicsare
determineddy

dz
— =F 2.15
8= (2.15)
with correspondingxactsolution

F
x(t) = Xo + Et' (2.16)
It also seemsplausiblethat we could derive Equation(2.16) by consideringDarcy’s Law for the flow of fluid
througha porousmedium(the fish flesh). However, we unfortunatelydid not have sufficient time to developthis
idea.
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Phase B: Fish data with exponential & linear fits
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Phase B: Foam data with exponential & linear fits
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Figure2.11: Exponentialandlinear functionsfit to the phaseB portion of the datafrom the fish andthe foam
experiments.

The parametersn the solutionsEquation(2.14) and Equation(2.16) can be determinedby matchingwith
Equation(2.7)andEquation(2.8).
Furtherin thelimit of vanishingelasticity«, the solutionEquation(2.14)reducego Equation(2.16)since

Thus, this model suggestsghat the foam actsasa visco-elastiomediumduring phaseB while the fish actsasa
viscousmediumwith vanishingelasticity Indeedthisis supportedy thesmalltime constanty in theexponential
fit for thefish data.

2.3.3 PhaseC

We definephaseC asbeginningwhentheforce on the probeis releasedat around780ms. We considerboththe
fish andfoamdataduringthis phase.
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The Fish Data

We first considerthefish data.After theforceis releasedthe probeis pushedupwardsby the skin of thefishand
entersanapparentdampedscillation.
Ourinitial modelwasto describethe motionby the ODE

i + Bt + az 4 pg = 0, (2.17)

wherey = 1+ % is the effective massof theoscillator(M is themassof the probe,m is a massunit of the skin)

anda andj3 arerespectiely therestoringandfriction parametersThe g termdescribesheforcedueto gravity.

We fitted the generakolution
x(t) = Ae % cos(wt — @) + D, (2.18)

to thedataby matchingthe parameterst, 6, w, ¢ and D whereé andw arerelatedto ODE coeficientsby

s=2 (2.19)
21
w2=2_s2 (2.20)
I

Resultsof aleastsquaredit areshavn in Figure2.12.

Phase C: Fish
Sum of Squares Error: 0.4594
T T T T

1.6

Voltage

0.2

. . . . . . . . . .
o 20 40 60 80 100 120 140 160 180 200 220
Time (ms)

Figure2.12: PhaseC—Thefit obtainedoy modellingthe original fish datawith a dampecdonlinearoscillatot

We notethatthefit apparentlynatcheshefirst periodof the oscillationsquite well but the solutionquickly
drifts out of phase.Therefore the modeldescribedby Equation(2.18) shouldbe modified. Onestratagy is to

replacethe constantoeficientsa and 3 with functionsof z and: respectiely. We consideredhesecorrections
upto secondbrder i.e.,

alz) = ap + oz + oz’ (2.21)
B(i) = Bo + Pri + i (2.22)
(2.23)

However, no significantchangewas noticed betweenthis non-linearmodel and the linear approachshavn in
Figure2.12.

After the failure of the non-linearmodel, we attemptedto gain additionalinsight into the physicsof the
problem. Therefore we consideredhe velocity andacceleratiorof the probeascomputedfrom the de-noised
data(seeFigure2.13).
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Figure2.13: (Above) Original PhaseC datawith acceleratioroverlay. Theregion wherethe probeis in freefall

is highlighted.

(Below) Thefit obtainedoy modellingthe original fish dataasanimpactoscillator(lossof contactmodel).
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We noticedthatbetweertimest; = 790msandt, = 808ms,the accelerations almostconstantjndicating
thattheprobeis aconstantacceleratiorover 18mswhichdoesnotcoincidewith motiondueto adampedscillator
Notethe agreementvith the velocity which appeargo have a linear behaiour during the sametime. However,
beforeand after this acceleratiorplateau,the motion seemsplausibly describedoy dampedoscillations. For
corveniencewe call the time interval [790ms 808mg Sectionll andreferto the intervals [780ms 789mg and
[809ms 1000mg asSectionl andSectionlll, respectiely.

The differenttypesof motionof the probein thesethreesectionssuggesthatthe probeis startingto perform
a harmonicoscillation(Sectionl) andloosescontactneart; = 790ms. During Sectionll, the probe(apparently
in “free-fall”) is dealtwith belon. Neartime t; = 808msthe skin andthe probecollide andagainbehae asa
singleoscillator Themotionin Sectionl andlll mustbedrivenby the ODE givenin Equation(2.18). Therefore
thefrequeng w, the decayrated, andthe baselineD of the signalmustbein agreementHowever, we allowed
thatthe intermediateSectionll introducesan amplitudeanda phasecorrectionto the solutionof the ODE in the
lastsection.We thenfitted the (de-noisediatato thefunctions

8
~

~
=

Il

Ae % cos(wt + ¢) + D, t € Sectionl, (2.24)
z(t) = Be % cos(wt +0) + D, t € Sectionlll. (2.25)

The resultsof the leastsquaredit is displayedin the relevant partsof Figure2.13(i.e., the two solid curves).
We emphasizehatthefit is reasonablycloseto the data. This confirmsour conjecturethatthe probeperformsa
dampedbscillationaslong asit is in contactwith the skin.

We focus our attentionon Sectionll to understandhe motion of the probe over the entire time rangeof
PhaseC. After losing contactwith the skin, the probeis constantlyacceleratedver the time rangeof Sectionl|
andthereforedits positionfunctionz(t) obeysthe ODE

i—g=0. (2.26)

The constantg can be determinedfrom the acceleratiordatain Figure 2.13. We expectedthat g matchthe
gravitationalconstany = —9.81m/s?. However, by takingthe averageof the acceleratiordataover the plateau
in Sectionll, g turnedoutto beg = —6.3m/s?. A plausibleexplanationfor thisreducedyravitationalacceleration
couldbethe effectsof friction from insidethe apparatus.

To solve Equation(2.26)we chosenitial conditionssuchthatthe positionfunctionz(t) andthevelocity & (¢)
becamecontinuousat the point, ¢; = 790ms. The solutionis a parabolicpathandis plottedin Figure2.13asa
dashedcurve. Note thatthe “free fall” not only fits the motionin Sectionll very well but alsoconnectgo the
dampedbscillatorymotionin Sectionlll.

Unfortunately it is difficult to determinex and 3 becausef their dependencen . This is problematic
becauseave have very little informationabouty; mostly becauseve did not succeedn finding a way to extract
significantinformation aboutthe motion of the fish skin during Sectionll. A possibleapproachis that some
informationcouldbe extractedby assuminghatmomentunis conseredby the collision at¢,. However, we had
insufficienttime to properlypursuethis option.

The Foam Data

We beganmodellingthefoamdatain muchthesameway aswe initially modelledthefishdata,i.e.,asaadamped
linearoscillator Theresultingmodelwasnot a goodfit.

The next modelattemptedvasthe generalizedlampedoscillatorwith non-linearcoeficients(again,with up
to quadraticcorrections)or viscosity 3 = 8y + /14 + (242, andthe restoringforce, o = ag + oy + anx?.
This new modeldemonstratedonsiderablémprovementover thelinear casej.e., thereconstructe@DE model
wasanexcellentfit (seeFigure2.14.

From here,we canconcludethat the probeprobablydid not leave the surfaceduring PhaseC. Overall, the
proberesponsdor foam canaccuratelybe modelledasa visco-elasticsystem asopposedo the proberesponse
for thefish—indicatingthatthefish is not a perfectvisco-elastianaterial.
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Phase C: Foam
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Figure2.14: PhaseC—Thefit obtainedby modellingthe original foam datawith a dampechon-linearoscillator

2.4 Conclusions

We gaineda fundamentalunderstandingf the dynamicsof the given problemfor both the fish and the foam
data.In this sensethe modellingwassuccessfulln particular the loss-of-contactmodelasanimpactoscillator
duringPhaseC wassurprisinglysuccessfulHowever, althoughwe have identifiedmary parametersf themodel,
correlatingheseparameterwith freshnessequiresseveral(preferablymary) sample®f fish of variousfreshness.
Thus,whenit comeso predictingfreshnessf thefish, we simply do not have enoughdatato make ary claims.

It seemsplausiblethatthe restoringand dampingparametersvould be indicatorsof freshnessRecallthat,
in PhaseC, we wereunableto extractthe valuesof theseparameterérom the frequeng, w, anddecayrate, J,
sincewe could not determineu.. However, it is possiblethatw and§ arethemselesindicatorsusing 1 asa
fish-dependentonstant.
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Source Code
PhaseA Codes

PhaseA_Fit.m

0, ==
function [P, V, F]= Phase_A Fit( time, voltage, tl, t2, baseline )

% Estimate the parameters (coefficients) of the nonlinear ODEfor Phase A

% time: time vector of the signal (SCALE IS 'MS’, i.e. Oms, 1ms, 2ms,

% voltage: position data of the probe/needle

% -- time and voltage must be column vectors

% t1: time of the first crest in the data

% t2: time of the second crest in the data

% -- from t1 and t2, a rough estimate of the decay rate and period can be computed,
% whereby all subsequent initial parameters can be computed

% baseline: guess for the steady-state voltage for Phase A

0, ==

% Reconstructed Voltage

global V;

% Estimate  parameters

Mass = 10;

T = t2-t1; % Period

Omega = 2*pilT; % Frequency

Delta = -1T * log(voltage(t2)/voltage(tl)); % Decay rate

Beta = 2*Mass*Delta; % Damping coefficient

Alpha = Mass*(Omega™ + Delta™2); % Restoring  force coeffient

Shift = baseline; % Steady-state voltage

A = voltage(1)-baseline; % Initial amplitude  for cos(omega t)
B = 0.1; % Initial amplitide for sin(omega 1)
PO = [Delta Omega Shift A B]; % Consolidate initial parameters  into one vector

%Find Optimal Parameters
P = nlinfit(time,voltage,@Phase_A_NLODbj,P0);

% Unroll  the parameters

Delta = P(1);
Omega = P(2);
Shift = P(3);
A = P(4);
B = P(5);

% Reconstruct the voltage from the estimated parameters
V = exp(-Delta*time).*( A *cos(Omega*time) + B*sin(Omega*time) ) + Shift;

% Compute the sum of squares error term (not normalized to the length of the vector
F = sum((V-voltage).”2);

return

PhaseA_NLObj.m

0, ==
function x = Phase_A_NLObj(P,t)

% Objective  function to be minimized by NLINFIT
0,

% Unroll  parameters

Delta = P(1);
Omega = P(2);
Shift = P(3);
A = P@4);
B = P(5);

% Equation to fit
X = exp(-Delta * t) .* (A*cos(Omega*t) + B*sin(Omega*t)) + Shift;
return

PhaseC_Fit.m

0 ==

function [P, V, F] = Phase_C_Fit(time,voltage,t1,t2,baseline)
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% Estimate the parameters (coefficients) of the nonlinear ODE for Phase C
% time: time vector of the signal (SCALE IS 'MS’, ie. Oms, 1lms, 2ms,
% voltage: position data of the probe/needle
% -- time and voltage must be column vectors
% t1: time of the first crest in the data
% t2: time of the second crest in the data
% -- from t1 and t2, a rough estimate of the decay rate and period can be computed,
% whereby all subsequent initial parameters can be computed
% baseline: guess for the steady-state voltage for Phase C
0, ==
% Reconstructed  Voltage
global V;
% Estimate  parameters
Mass = 10;
T = t2-t1; % Period
Omega = 2*pilT; % Frequency
Delta = -1/T * log(voltage(t2)/voltage(tl)); % Decay Rate
Beta = 2*Mass*Delta; % Damping coefficient
Alpha = Mass*(Omega™2 + Delta"2); % Restoring  Force Coefficient
Shift = baseline; % Steady-state voltage
PO = [[Beta 0 0] [Alpha 0 0] Shift]; % Consolidate initial parameters into one
IC = [voltage(1)-baseline; 0]; % Initial conditions for ODE
%Find Optimal Parameters

[P.F]
return

= fminsearch(@Phase_C_Obj, PO, [], time,

PhaseC_Obj.m

0,

voltage, IC);

function f = Phase_C_Obj(P,t,x,IC)

% Compute Objective Function  where the minimizer, X,
% derived  from the numerical solution of the ODE

0,

for the objective function is

% Plug in current ODE parameters and compute current  minimizer, X, based on the
% the numerical  solution to the second-order of ODEs
[TX] = odel5s(@Phase_C_Ode, t, IC, [, P);
% Extract  reconstructed voltage
global V;
shift = P(end);
VvV = X(,1) + shift;
f = sum( (x-V)."2 );
disp(sprintf(‘f = %9.7ff));
return
PhaseC_Ode.m
0, ==
function f = Phase_C_Ode(t,x,P)
% M-function which define the system 2nd-order ODE as system of 1st-order
% ODEs which hypothetically describe  the behavior of Phase C
0, ==
% Define the coefficients of the ODE
M = 10;
[Beta,Alpha] = tweak_parameters(x,P);
% Compute the RHS of system of 1st-order ODEs
f = zeros(2,1);
f(1) = x(2);
f(2) = (-Beta/M)*x(2) + (-Alpha/M)*x(1);
return
0, ==
function [Beta,Alpha] = tweak_parameters(x,P)
% Define the coefficients of the ODE
0, ==
% Unroll  the parameter vector into meaningful components
beta = P(1:3);
alpha = P(4:6);

vector

29
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% Define the nonlinear  damping and restoring force

Beta = beta(1) + beta(2)*x(2) + beta(3)*x(2)"2;
Alpha = alpha(l) + alpha(2)*x(1) + alpha(3)*x(1)"2;
return
PhaseC Codes

The codephaseaminimizerm matcheghe parameterfor Sectionl andlll of PhaseC asdescribedabore. It uses
phaseccost.masthe costfunctionto minimize.

phasecminimizer.m

%PHASEC_MINIMIZER This script  minimizes the parameters in the
% general solution for Section | and Section 1l of Phase C
% simultaneously

close all;
clear all;

% uncomment for the fish data
%rawdata = load(’bl.mat’);

% uncomment for the clean fish data:
load('b1_clean’);
rawdata(:, 1)
rawdata(:, 2)

[1:1024];
ul’;

% the time boundaries

T10 = 780+1; % these are off by one!
T1F = 790+1;

T20 = 806+1;

T2F = 879+1;

timeloffset = rawdata(T10,1);

timel = rawdata(T10:T1F, 1) - timeloffset;
depthl = rawdata(T10:T1F, 2);

time2offset = rawdata(T20,1);
time2 = rawdata(T20:T2F, 1) - time2offset;
depth2 = rawdata(T20:T2F, 2);

% this is just used for plotting

alldepth = rawdata(T10:T2F, 2);

alltime = rawdata(T10:T2F, 1);

% number of times to restart optimization. basically we want to
% avoid local minima

N = 100;

% stores  parameters values and the associated cost value
Xs = zeros(N,6);

fvals = zeros(N,1);
figure(1);
clf;
plot(alltime, alldepth, 'b-");
hold on;
for n = LN
% these are initial values for the parameters

X0 = [.04*rand+.02 A*rand  .1*rand+.9 -1*rand  -.4*rand pi*rand-pi/2];
[X,fval] = fminsearch(@pc_secl_cost_5, X0, [, timel, depthl, time2, depth2);

Xs(n,:) = X;
fvals(n) = fval;

B = X(5);
phi2 = X(6);

phi = atan(-delta/lomega);
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fval
yl = A*exp(-delta*timel) *  cos(omega*timel  + phi) + D;
y2 = B*exp(-delta*time2) *  cos(omega*time2  + phi2) + Dj
plot(timel+timeloffset, yl, 'r-);
plot(time2+time2offset, y2, ’'m-);
pause(0);
if(mod(n, 10) == 0)
disp(sprintf('%10d/%d done’, n, N))
end
end

% find the index of one of the global minima
[minfval, js]I = min(fvals);
io= sy

minfval

delta = Xs(j,1)

omega = Xs(j,2)

D = Xs(j,3)

A = Xs(j,4)

B = Xs(j,5)

phi2 = Xs(j,6)

phi = atan(-delta/omega);

A*exp(-delta*timel) * cos(omega*timel+phi) + D;
B*exp(-delta*time2) * cos(omega*time2+phi2) + D;

yl =
y2 =
figure(2);

clf;

plot(alltime, alldepth, 'b-");
hold on;

plot(timel+timeloffset, yl, 'r-);
plot(time2+time2offset, y2, 'r-);
pause(0);

figure(3);

clf;

plot(sort(fvals));

save pc_plot HACK_yl HACK_ylp HACK_y2 HACK_ y2p T10 T1F T20 T2F delta

omega D A B phi phi2 minfval timel time2 timeloffset time2offset
alltime alldepth

phaseccost.m

function cost = phasec_cost(X, timel, depthl, time2, depth2)
%PHASEC_COSTCost function to minimized for phase B

% The X is the input to the function and the times and depths
% never change (they are the parameters to this function)

% see below...
global HACK_yl HACK_ylp HACK_y2 HACK_y2p;

B = X(5);
phi2 = X(6);

phi = atan(-delta/omega);

yl = A*exp(-delta*timel) * cos(omega*timel + phi) + D;
y2 = B*exp(-delta*time2) *  cos(omega*time2  + phi2) + D;

cost = sum((yl - depthl)."2) + sum((y2 - depth2)."2);

% don't ask dont tell..

HACK_y1 = y1;

HACK_ylp = -A*delta*exp(-delta*timel) *  cos(omega*timel+phi) -
A*exp(-delta*timel) ¥ sin(omega*timel+phi)*omega;

HACK_y2 = y2;

HACK_y2p = -A*delta*exp(-delta*time2) * cos(omega*time2+phi2) -

A*exp(-delta*time2) *  sin(omega*time2+phi2)*omega;
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Chapter 3

Software TestingUsing t-Covering

Participants: BrettStevens(Mentor),LorraineDame,Charled~ortin, JingxiangLuo, HuameiYin, TzvetalinVas-
silev, QingzeZou.

PROBLEM STATEMENT : Oneof the mostexpensve andtime consumingaspect®of industrial softwaretest-
ing is testingwith all possiblecombinationsf input parameteralues. Thereare several mathematicamodels
existing whosegoalis to minimizethe numberof combinationf testparametersisedto run the softwarewhile
meetingspecifiedcriteria.

Onepossiblecriteriais to requireat-covering. A t-coving is a setof testrunsthatcoversall possiblet-tuples
of parametevalues.For instancea2-coving is asetof testrunsthatcoversall possiblepairsof parametevalues.
We will referto eachsuchtestrunasatestconfigurationor atestcombination.

Oneimportantissuethatoccursduringindustrialsoftwaretestingis thatof 'forbiddencombinations’.It may
beknown beforetestingthata certaincombinationof parametevaluesalwaysproducesfailure. Performingarny
testrunsthatcontainthesecombinationsloesnot provide ary informationaboutotherinteractionsof parameters
in thetestrun. Testrunswith thesecombinationshouldbe forbidden.

Anotherimportantissuethat arisesis non-interaction of parameters.lt may be known beforetestingthat
someparameterslo notinteractwith eachotherin the software. In this caseit mightnotbe necessaryo perform
extraneoudestsof all possiblecombinationf theseparametersA third issueis non-uniformcoverage.lt may
beknown beforetestingthatcertaincombinationof parameterarevery frequentlyused,andthesecombinations
shouldbetestedmorethanothercombinationsA fourthissuethatoccursis zoomingin onthefailure. Whenatest
combinatiorproducesfailedresult,it isimportantto determinevhich single,pair, triple, etc. of parametevalues
causedhefailure. It is alsocritical to examinetheflexibility of the modelto adaptto higherordercoverings.

During the workshop,we examinedthe modelsin existenceto seeif they addressedhe givenissues. We
proposeda new graphmodel,andextendedexisting modelsto addressomeof theseissues The existingmodels
we studiedincludegraphmodel,algebraiomodel,arraymodel[2, 3], andintegerlinear programmingnodel.

Additionally, we examinedsomesituationswherewe canhave someefficient direct constructionsFor these
constructionstherearemorelimitations,for example,somemodelsmayonly handleparametershatall have the
samenumberof possiblevalues(alphabesize). We alsostudiedthe casethatthe alphabesizeof the parameters
is a prime power, for which someefficient constructiormethodshave beendeveloped.

Theremainderof thisreportdescribeshe variousmodels,andourwork on how theseissuesareaddresseth
eachmodel.
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3.1 An Integer Programming Model

Becausef the combinatorialstructureof our 2-cov problemiit is naturalto expecta formulationin termsof an
integer program. We here presentsucha model (see[6]) andto simplify the notationwe shall work our way
throughanexample.It will notbea difficulty to seehow the modelcanbeformulatedin thegenerakase.

For our example,we considerthe casewherewe have threeparameterseachone cantake on two values,0
and1, andwherewe wish to find a 2-cover of the parameterslt is clearthatin this casethereare 8 possible
configurationof the parametersWe startbe assigninga variablez;, wherei = 1...8, to eachof the possible
configurationsPreciselywe have

xz1: (0,0,0)
zs: (0,0,1)
23 (0,1,0)
zq: (0,1,1)
x5 (1,0,0)
ze: (1,0,1)
x7: (1,1,0)
zs: (1,1,1).

Eachvariablez; is binaryandz; = 1 meanswe selectthei-th configurationto appeatin our 2-cov.

To have the pair of parameters0, 0) coveredin thefirst two parametersye introducethe notation{04, 0> },
meaningO in the first coordinateandO in the secondcoordinatemustappeaiin oneof the configurationsof our
2-cov. To forcethis pair of parameteto be 2-coveredin our model,we have the constraint

T + 22 > 1.
Ourobjectiveis clear:we minimize
n
>
i=1

We can now formulate our integer programmingmodel wherewe indicate for eachconstraintwhich pair of
parameterss beingcovered.

minxzi+ a2+ a3+ x4+ x5+ 26+ a7+ a8

{01, 02} : 71 +13 >1
{01,125} : T3  +ay >1
{11,02} : T5 +Te >1
{11,12} - 7 +xg >1
{01,03} : 1 +z3 >1
{01,135} : T2 +1y >1
{11,03} : T5 +x7 >1
{11, 13} : Te +xg > 1
{02,03}2 X “+xs5 >1
{02, 13} : ) +x6 >1
{12,03} : 3 +x7 >1
{12,135} : T4 +xg >1

z; € {0,1}, i=1...8.

It is easyto seehow this modelextendsin the generalcase thatis whenwe have multiple parametershat can
take on differentnumberof values(maybenot the samevaluesfor eachparameter)Theideais to createa binary
variablefor eachpossibleconfigurationandaddthecorrespondingonstraintfor eachpair of parametersve wish
to cover (for a2-coverwe wishto coverall pairs,but we maydecideaswell thatit is notimportantto cover some
pairsof parameters)In the caseof a t-cover, we thenhave a constraintfor eachcorrespondingirrangemenof
parametersaluesamongall possiblecombinationf t parameters..

Returningbackto our example,we considemow theeffectof forbiddinga pair of parameterso appeain our
selectionof testingconfigurations.Saywe do not wantto have configurationsncluding the pair of parameters
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values{0;, 02 }. We thenmodify our modelby deletingthefirst constraintandremoving the z; andx, variables
(notethatin our example,this changeimplies s = =4 = x5 = 2 = 1 andonly the constraintr; + x5 > 1
remains put this phenomenaoesnot occurin general).

We mayalsomodelnon-uniformcornvergewith this model. Preciselyif we wish for exampleto have thefirst
andsecondparametergoveredtwice asmuchasthe secondandthe third parameterwe changethe right hand
sidecolumnof 1's,to 2's for the constraintsnvolving the first andsecondoarametergin our case the first four
constraints).

Themodelalsoallowsalot of freedomin thesensdghatwe maychooseheconfigurationsve wishto consider
for ourtestsandwhich pairsof parametersve wish to cover. This follows from the constructiorof thevariables
and the constraints. For example,if we do not want to testthe interactionbetweenthe secondand the third
parameterwe would eliminatethe four lastconstraints.

We seethat the integer programmingmodelis very flexible asit adaptsto the generalcasewherewe have
multiple parametershat cantake on differentvaluesandwherewe considera t-cover of theseparametersOn
the otherhand,integer programsarehardto solve in general. Althoughfor our particularexamplethe constraint
matrix is totally unimodularand thereforewe will obtain an integer solution for the LP-relaxation(dropping
theintegrability constraint) this propertydoesnot follow in generalandthe LP-relaxationwill mostlikely give
fractionalsolutions.In Section3.3we considethow we canusethefractionalsolutionsof relaxedlinearprograms
to obtainanapproximatesolution.

3.2 A Graph Model or lllustrating the Integer Programming Model

We keepon working with the example of the previous sectionand seehow the integer programmingmodel
translateso someproblemsn graphtheory Wewill seethatin generalt translateso the problemof decomposing
agraphinto particularsubgraphln amoreparticularcasewe will alsoseethe problemis equivalentto thevertex
coverof agraph.Thislastmodelwasa fortunatediscovery we madeduringtheworkshop while thefirst onewas
presentedo us.

3.2.1 Graph Decomposition

Recallthatfor our examplewe have 3 binaryparametersln the graphin Figure3.1, eachvertical pair of vertices
representshe 0-1 valuesthateachparametecantake.

If we considerthe configuration{01, 02, 13} it coversthe 3 pairs{01, 02},{01, 15} and{02, 15}. Thesepairs
correspondo edgeson the graphandthe configurationcorrespondso the triangle with vertices0,,05 and1s.
Findinga 2-coveris thenequivalentto finding triangles(graphof thetype K3) with verticesin eachvertical pair
of vertex whoseunion coversall the edgesof the graph. In generaljf we have n parametersindarelooking for
a2-cover, we thenwish to find graphsof thetype K,, (with verticescorrespondingo a parameteraluefor each
of then parametersjvhoseunion coversall of the edgesof thegraph.In the caseof at-cover, we do not wantto
coveredgesanymore,but all the possiblecompletesubgraphsvith t-vertices.

3.2.2 Vertex Cover

We now shav how we canformulateour problemin termsof vertex cover. In Figure3.2,we assigrnto eachvertex
aconfiguration.Precisely

O = FH=EFEF OOO
HO R RO FOO

S OO === O
N N N N S e e N

S w0 0 >

AN AN AN AN S N N N
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pl p2 p3

‘<

| /
O
Figure3.1: 2-coverfor 3 binaryparameters.

We thenjoin with an edgethe configurationshat sharea pair of parametewvalues. For example,we join a to
b sincethey sharethe pair {01, 02 }.Becausenly « andb sharethis pairin common,eitherconfigurationa or b
mustbein our 2-cover. Equivalently, eithervertex a or b mustcover (in thesenseof vertex cover)theedge{a, b}.
Hence jn this example finding the minimal vertex coveris equivalentto finding aminimum2-cover. In this case,
{a,c,d, f} form avertex coverand{(0, 0,0), (0,1,1),(1,0,1),(1,1,0)} isaminimum2-cover.

Now considerthe examplewherewe have 4 binary parameterandwe still look for a 2-cover. We now label
the 16 verticesin thefollowing way,

a: (0,0,0,0) i: (1,0,0,0)
b: (0,0,0,1) j: (1,0,0,1)
c: (0,0,1,0) k: (1,0,1,0)
d: (0,0,1,1) 1: (1,0,1,1)
e: (0,1,0,0) m: (1,1,0,0)
f: 0,1,0,1) n: (1,1,0,1)
g: (0,1,1,0) o: (1,1,1,0)
h: (0,1,1,1) p: (1,1,1,1),

andagainjoin by anedgethe verticeswhich sharea commonpair of parametewralues. The graphwe obtainis
shawvn on Figure3.3. A minimumvertex coveris {a, b, ¢, e, f, g, h, 4, j, k,1,m,0,p}! Only two verticesdo not
appeaiin the cover. Thisis nota surpriseasthe graphis almostcomplete.Yet the correspondingonfigurations
do not form a minimum 2-cover. Thereasorfor this is thatthereis now morethantwo configurationsharinga
samepair of parametewralues.Thusthe vertex cover hereonly give anupperboundon the sizeof a minimum 2-
cover (aprettybadonein this particularcase).Howeverif we would now consider3-coverfor the sameproblem,
i.e. that our configurationmustincludeall triples of possibleparameteralues,thenthereis no morethantwo
configurationsharinga sametriple. For example,{01, 02,03} is sharedby the configurations: andb only. On
the graphof Figure 3.4 we join eachverticesthat sharea commontriple of parameteraluesandwe obtainthe
minimumvertex cover{a, d, f, g, j, k, m, p}. Thesetof correspondingonfigurationss alsoaminimum3-cover.
Thuswhat we have shavn is that for n binary parametershe problemof finding a minimum n — 1-cover is
equivalentto findinga minimumvertex cover of the associatedraph.
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Figure3.2: 2-coverfor 3 binaryparameters

3.3 Usingthe LP-Relaxation to Obtain a 2-Cover

We have mentionedthat the optimum solution from the LP-relaxationof our integer programmingmodel will
mostlikely be fractional. Yet by roundingall non-zerovariablesof the optimum solutionto 1, we obtaina
feasiblesolutionfor theintegerprogramwhich mayhowevernotbe optimal.

Anotherpossibilityis to relaxthe polytopedefinedby thelinearconstraintsWe maydo soby changingsome

of theright handsidescalarsn the constraintsyhich areall 1'sin themodel,to 2. For example,we maychange
thefirst constrainin theexampleof Section3.1to

xr1 + To 22

Obviously, if this constraintis satisfiedthe original onewith 1 on theright handsideis alsosatisfied.Therefore
changingsomeof the 1'sto 2’sin the constraintenlagesthefeasiblepolytope.

As anexample,we could solve thefollowing relaxed problem:
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Figure3.3: 2-coverfor 4 binaryparameters

minzi+ w2+ 23+ w4+ T5+ T+ T7+ T3

{01,02} : T +x2 >1
{01, 12} = T3 t1y >2
{11,02}: rs +xg >1
{11, 12} : r7 Hxg >1
{01,03}1 T +x3 Z 1
{01,135} : T2 +1y >1
{11,03} : T5 +x7 >2
{11,135} : Tg +xg >1
{02,03}: 1 “+xs5 >1
{02, 13} : T2 “+xg >1
{12,03}: I3 +xr Z 2
{12, 13} : T4 +xg >1

2;>0, i=1...8

Fromanoptimal solutionto this relaxed problemwe may obtaina feasible(integer) solutionto our integer pro-
grammingmodelby settingall non-zerovariablesto 1. We canthenrepeatthis procedureby generatinghe1’'s
and?2’s randomlyon the right handside. Roundingeachoptimal solutionaswe describedjive us a feasibleso-
lution to the original integer programmingproblemandchoosingthe onewhich hasthe leastnon-zerovariables
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Figure3.4: 3-coverfor 4 binaryparameters.
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givesusanapproximatiorfor theoptimal 2-cover (in the casewhereour integermodelwasmodellinga 2-cover).
We have testedthis methodon two differentproblems(unfortunatelyof small size sinceMaple wastoo slow on
larger size problemandwe did not have accesgo Matlab’s fastLP solver). Tables3.1 and 3.2 below give the
resultsof the experiments.For eachproblemwe solved differentrelaxed LP problems.The first columnof our
tablesgivesthe numberof 1's thatwererandomlyreplacedby 2's in the relaxed problems.The secondcolumn
givesthe numberof non-zerovariablesfor the optimal solution (recall thatif k variablesare non-zerofor an
optimal solution,we canrecovera 2-coverwith £ configurations) Eachrow in this columngive theresultsfor 4

differentproblemswe randomlygenerated.

numberof 2’'sontheRHS | numberof non-zerovariablesat optimum
0 8,11,8,8

1 5%,5%,5%,8

2 8,5*,5",5*

3 9,6*,8,6"

Table3.1: 2-coverfor 4 binary parameters.

The starrednumberscorrespondo solutionsthat were alreadyintegral, i.e. no roundingof the non-zero
variableswas needed. For the first problem, since5 is the smallesthumberwhich appearsn Table 3.1, the
smallestsize 2-cover we canconstructfrom our approximationdas5 configurations.t turnsout this numberis
theoptimalsizeof the 2-cover. For the secondproblem,we obtaina similar result: we canconstructa 2-cover of
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numberof 2’'sontheRHS | numberof non-zerovariablesat optimum
0 8,8,8,8

1 11,11,16,12

2 10,10,9,10

3 6*,6*,10,10

Table3.2: 2-coverfor 5 binary parameters.

size6 andthis numberturnsoutto bethe smallestsize2-cover for this problem.

3.4 On the Geometric-Algebraic/Array Model and SomeResults

3.4.1 Background

Supposewe have k variables,and eachvariablecan be assigned valuefrom an alphabet(size g). Eachsuch
assignmenis calledatestcaseandwill producearesultof pas¢ fail. Usually & > g.

whichincludesasfew aspossibletestcases.

t-coverin suchasituation.

g valuesin thealphabet:.

A geometricmodelmapsa testcaseto exactly a pointin the vectorspace-*. The mappingis 1-1. All the
possibletestcasesconstitutea hypercube:*. Eachpointis representetby (vy,vo, .., vx) in 2%, A t — cover is
a setof pointsthatis incidentto ary ¢-dimensionahyperplanesEach(k — 1) — cover is a hyperplanen ¥,
however, thereverses nottrue! To note,all suchplanesn (F,)* canberepresentetly aalgebraidinearequation
whereary variableandary coeficientsbelongsto (F,)*.

In the following, wheng is a prime power, we use(F,)* to denotea finite field of sizeg (usingmodularg
arithmetic).In this situation,the constructiorof (k — 1) — cover is known to beparticularefficient.

In anarray model,a setof testcasess representedby a 2d-arrays:eachcolumncorrespondso a variable;
eachtestcasescorrespondgo a row, which designatesn assignmenbf the k variables. Array modelis very
corvenientfor: (a) theexaminationof testresult,(b) the expansionof a cover.

i.e. to expandt — cov(k, g) tot — cov(k’, g), wherek’ > k, throughthe

i.e. to expandt — cov(k, g) tot — cov(k’, g), wherek’ > k, throughthe methodof usingmultiple copiesof
theoriginal coverin columesandmakingadditionaltestcases.

3.4.2 Identifying Coversfrom Hyperplanes—AlgebraicApproach

Thissubsectiondentifies(k—1) —cover from hyperplanesf (F,)*. Corollariesaredervedon (k—1)—cov(k, g)
andthe numberof suchcoversin (F,)*.

We claimthatthe (k — 1) — cover canbeidentifiedvery simply, asshovn below.

Now from the view of geometric-algebraiconstruction,eachtestcaseis a pointin (F,)*. Notethatin a
S C (F,)*, a(k — 1)-dimensionahyperplanecanbe alwaysrepresentedly following:

Cayay 1 01p1 +2p2 + -+ appr =0 (3.1)
where (p1, pa. - -- ,pi) arethe k parametersp; € F,,i = 1,2,--- ,k, a1, a9,--- , oy, arethe k coeficients,
o € Fyyi=1,2,--- k.

Now wewill show that

Theorem1 In formula(3.1),

(Vi a; #0) — Cqy.a,, represents (k — 1) — cover (3.2)
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Proof From (F,)*, we chooseary combinationof (k — 1) parametergsaypi, pz, - - - , pr—1, Without losing
generality) thereis only oneparameteteft (in our casepy), which canbe solvedas:

Pk = 7Q;1(Q1p1 + 22 + e + Olkflpkfl)

Sincewe discussn (F,)*, whereg is aprimepower, 50a,;1 exists,which meanghatfor ary (p1,p2, - , Pk—1):
we canfind the solutionp, shchthat (p1, p2, -« -, pr—1,px) Satisfiesequation(3.1). By the definition, equation
(3.1)represents (k — 1) — cover.

Corollary 1.1 Thesizeof (k — 1) — couv(k, g) canbe obtainedas:
(k—1) = cov(k,g) = g"*

Proof Sinceequation(1)represents (k — 1)-dimensionhyperplanein (F,)*, it includesg®~! points. This
immediatelyleadsto the corollary1.1. |

Corollary 1.2 Thee existsexactly (g — 1)*~! differentcoversin (F,)*.
Proof We only needto notice:
1. Cisacover— Vi, «; # 0 — eachq; canpick upvaluesfrom (1,2,--- ,g — 1).
2. If (a1, 2, - - - , ) representa hyperplane by multiplying bothsideswith A € (F,)¥, i.e.
Aapr + Aagpy + -+ - 4+ Aagpr, =0
still representthe sameplane.
FromEg. (3.1)and(3.2), we concludethatthenumberof (k — 1) — cover is

(g— 1"

=1 =(g—1)!

3.4.3 Developing Strategiesfor Zoom-in Test

This subsectiorconcernzoom-intest,aswe mentionedearlier Supposeve have obsened somefailure cases
in the initial testset. t — cover testcandetectary faulty t — tuple. In a practicalscenariosometimesve are
interestedn whicht — tuple(s) actuallycauseshefailure.
setof teststo locatethefaulty t — tuple, in whichwe wantto have asfew aspossibletestcases.
Thereareseveralsituations:

Situation FailureCasesn Assumptionof
theinitial setof tests| faulty pairs

Al Single Exactone
A2 Single Multiple
A3 Multiple Single/Multiple

To start,we startfrom the simplecasey = 2,¢ = 2, k > 2 in thefollowing discussion.
For situationsaslabelledin (A1), (A2), we claim thatwe candesigna new testsetwhich includek, < ]; )

testcases,respestly.

We first considerthat thereis a single failure casein the initial testset. Supposey = 5. Without losing
generality assumehe singlefailure casecapturess (0, 0, 0, 0, 0). Thenwe designthe following testset,which
includesk = 5 testcasesgeachtime we flip one of the variablesin the initial failure case. The stratey for
detectingthe faulty fair is asfollows. If theresultof a new testcaseis passthenthevariableflippedin this test
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caseis oneof the faulty pairs, otherwiseit is not. This stratey is justified asfollows. Assumeary faulty pair
(piypj) (i, 7 # 5) is faulty, in this example,we will getthat (0,0, 0,0,1) will fail.

Thuswe have designeda new setof teststo detectthe faulty pair for situation(Al). To extendthis strateyy,
we candesigna new setof testsin which eachtime two of thevariablesareflipped. Fromthis designthe number
of testcasess g aswe have claimed.

To furtherthe studyof this problem,we noteseveraldirectionsto be explored:

e If k> g, thereis usuallymultiple casedor a specialpair (p; = v, p; = v’). Accordingto the definition of
afaulty pair, we canimmediatelyexcludethe pair (p; = v, p; = v') from beinga faulty pairif ary of the
testcaseshatsatisfies(p; = v, p; = v’) succeedsThis reveals,just by a throughanalysisof the output,
somepairscanbe excludedfrom beingafaulty pair.

e At this point, we areunableto shav that our constructionof a new testsetis the bestpossiblesolution.
Attemptingfor a (possible)bettersolutionfor this questionmay shedlights on “smarter” designof test
cases.

¢ To tacklethequestiormoregenerallye.g.g > 2, etc.

3.5 Array Model: Resultsand Extensions

In this sectionwe look atthe problemof generatiorof testingsets from the pointof view of combinatoriadesign.
We presentsomeresultsabout2-coveringsand 3-coverings,recursize constructionof covering arraysandgive
someideasaboutthe future work towardsthe possibleextensionof this model.

3.5.1 BasicDefinitions
We startour discussiorwith thefollowing definitions:

Definition 1 We assumehatwe havek parametes, they canbeviewedastheinputsand/oroutputsof theactual
softwae to betested Each of the parametes cantake v differentvalues.For simplicitywe assumeéhat theseare
valuesof thealphabetV/, consistingof all thesymbolsform0to (v —1). V :={0,1,2,-,v— 1}. Wealsoassume
thatit will besuficientto testall t-tuplesof parametes,where 1 < t < k.

It is clearthatthe situationwith ¢ = 1 correspondso the testingof eachindividual variable,andthe situation
with ¢ = k correspondso the full testingof all possiblecombinationsof valuesof the parametersNaturally,
no testexceptthe full testcanreveal the faulty behaiour of the testedsystem. However, in practiseit might
be sufficient to only testthe smallersubsetf the parameterandit will give the acceptabldevel of certainty
aboutthe behaviour of the testedsystem.Anotherreasorto try notto testthe setof all possiblecombinationsof
parametewraluesis thatindustrialsystemghataresubjectto suchatestareof sizethatdoesnot allow exhaustve
testingin reasonabléme.

Definition 2 An covering array A is the array of size N x k, sud that ead row in the array correspondgo
onetestcombinationand each columnin the array correspondgo one of the parametes in our model. Thus,
the it"-elementin the 5" row of A, denotedby A(3, ), representsthe value of the jt" parameterin the it"
testcombination. Thus, A(4, j) is one of the symbolsin our alphabet. Furthermoe, the covering array has
the propertythat it containsall possiblet-tuplesof valuesfor all possiblechoicesof ¢ parametes amongthe &
parametes.

FromDef. 2, it is clearthatif we addanrow of arbitraryvaluesto a coveringarray, theresultingarray, whichis of
size(N + 1) will alsobeacoveringarray If thereareredundanfequivalent,identical)rowsin thecoveringarray
we may remove all the copiesandleave just one, this will alsopresere the coverage. Thus,we shall assume
thatall therows in the coveringarrayaredifferent. For somecoveringarraysit will be possibleto remove arow
(or numberof rows) andstill have theremainingrows representing coveringarray However, this is not always
possible.For eachtriple (¢, k, v), thereexistsa coveringarray(or setof coveringarrays)suchthatno row canbe
removedwithoutalossof thecoveringproperty
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Definition 3 For thetriple (¢, k, v), the minimumcoveringarray is a covering array that has minimumnumber
of rows. Thesizeof the minimumcoveringarray (the numberN of rows)is denotedoy t — cov(k, v).

As it is clear the minimum covering array always exists, but theremight be mary of them,i.e. the minimum
coveringarrayis not necessarilynique.

Property 1 Thesizeof theminimumt — covering array with v alphabetand k& parametesis greateror equalto
thet*" powerof thealphabety:
t — cov(k,v) > v* (3.3)

Supposeave have chosery out of the k parametersfor simplicity—theparametet, 2, ..., ¢. To coverall ¢-tuples
of their possiblevalues,we needat leastv? rows, becauseherearev! combinationghatwe needto test. Thus,
we needat leastv? rows to testonly the possiblet-tuplesfor ary ¢ parametersit may be enoughin somecases
to cover all the combinations.Generallythough,it will not be sufficient. From this obsenation, we have the
following two importantconsequences:

1. We wantto be ableto identify the caseswhenthe ¢ — cov(k,v) is equalto »* and moreimportantly to
constructtoverswith anoptimallength,i.e. thetestingarraywith minimal size.

2. Wewantto obtainastight aspossiblethe upperboundsfor the sizeof the coveringarray whenthe optimal
sizeis notachievable.

For Examples,l — cou(k, v) is thefollowing arraywith v rows

0 0 0 . 0
1 1 1 . 1
2 2

Wo1) (w=1) (W=1) - (W=1)

k — cou(k,v) is thearraywith v* rowsrepresentingll differentk symbolwordsoverthealphabet

0 0 0 - 0 0
0 0 0 - 0 1
0 0 0 - 0 2
0 0 0 - 0 (v=1)
0 0 0 .- 1 0
0 0 0 .- 1 1

(1);1) (1);1) (1);1) (’U*.l) (1);1)

3.5.2 2-Covers: Algebraic Construction

Lemmal For anynumberqg = ¢g" with ¢ a primenumberandr € Z (Thesetof positiveinteger), the sizeof a
2 —cov(q+1,q)is ¢>

Proof Considerthe finite field F, definedby theelementf V' = {0, 1, 2,---,¢ — 1 }, andthe operationof
additionandmultiplicationmodulog. Furthermoreconstructhe3-dimensionaliectorspacels := F, x Fy x Fy.
Theaffine spaceof V3 hasq® points,q® choicesof 2 lines, etc. Theprojective geometryis definedasfollowing: in
theaffine geometrypointsrepresenthelinesthroughthe origin, andlinesrepresenthe planeghroughthe origin,
subspacesf orderj (i.e., j-dimensionabubspaceskepresenthe subspacesf order(j + 1) throughthe origin,
etc. We canalwayschooseoneof the pointsin the projective geometryastheinfinity point. Then,all thelines
throughthis pointwill have the samenumberof pointsfrom the point setof the projectve geometry If we label
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the pointson eachof thesdinesuniformly with labelsO to ¢ — 1, andg+ 1 suchlinescanbeobtained.This canbe
seerfrom thefactthatthecardinalityof thesetof thepointsin theprojectvegeometnyis ¢> +q+1 = q(q+1) +1.

Thepointson eachline will thenrepresenthe correspondingaluesof oneof the parametersandwe have ¢ + 1

parametersiNow eachtestrow will correspondo a hyperplanghathasonepointfrom eachline. It canbeshavn

thatg? suchhyperplanegoverthe setof all possiblepairsof valuesfor eachparameterAnotherway to seethis
is to build the coveringarrayexplicitly. The2 — cov(q + 1, ¢) is anarrayof sizeq?(q + 1). Thefirst two columns
of thisarray labelledrespectiely aandb represenall possiblepairsof symbols,andthereareq? suchpairs. The
restof thearraywith ¢ — 1 columnsareobtainedby thelinearcombination®f ¢ andb of theform a + «;b, where
a;€{1, ---, ¢g—1},representshei + 1** column:

a b a+b a+20 a+3b -+ a+(¢g—1)b

0 0 0 0 0 0

0 1 1 2 3 - (¢g-1)

0 2 2 4 6 - (¢g—2)
(¢—1) (¢—-1) (¢—2) (¢—3) (¢—4) - 0

The additionandmultiplicationaremoduloq. Now we canshaw thateachpair of valuesfor eachparameteis
covered,.e. thatthearraysoconstructeds in facta2 — cov(q+ 1, ¢). Consideithepair (x, y) in thethecolumns
a anda + «;b. We candeterminethata = x, a + a;b = y, thuse;b = y — z, andthereforeb = (y — z)/«;,
which determineghelocationof the pair (z, y). Analogouslyif we areinterestedn finding the pair (z, y) in the
pair of columnsb anda + «;b, thenwe have: b = z, a + «;b = y, thus,a = y — «;x, which determineghe
locationof the pair (z,y). Last,if we wantto find wherethe pair (x, y) appeaiin the pair of columnsa + «;b
anda + a;b, we have: a + a;b = z, a + a;b = y, subtractingthe first equationfrom the secondwe obtain
(aj — a)iy =y — x, thusb = (y — x)/(a; — a;),anda = = — a;(y — 2)/(a; — o). Thus,we have proven
thatfor eachprime power, the existenceof the abose mentionedoropertiess guaranteedhe optimal 2-covering
is possibleand2 — cov(q + 1,q) = ¢>. [ |

This constructiongives us the optimal 2-coveringsfor infinitely mary pairsof values(k, v). It remainsto see
whetherthereareothervaluesthat have the samepropertyandhow this canbe usedto derive upperboundsfor
2 — cov(k,v) for all possiblepairs(k, v). Suchconstructiongrepresentedn the next section.

3.5.3 2-Covers: Recursive Construction

Therearetwo logical questionghat we canask aboutthe two-coverings,basedon the fact that we know 2 —
cov(k, v) for certainvaluesof (k, v). First,how canweincreasehenumberof parameterkeepingthesymbolset
constantaWhateffect will this have onthesizeof thearray?Secondhow canwe increase¢he numberof values
for eachparameteri.e. the symbolsetsize,while keepingthe numberof the parametergonstant?Thirdly, how
will this affectthesizeof theoptimal2 — covering?

Lemma2 If 2 — cov(k,q1) = ¢} and2 — cov(k,q2) = ¢3, then2 — cov(k, q1q2) = (q1¢2)>.

Proof Considerthe productof the two arrays,with sizesq? x k andg3s x k, definedas following. We align
vertically g5 copiesof thearrayrepresenting@ — cov(k;, ¢1), we alsoassumehatthe symbolsin thetwo alphabets
aredistinct,andwe redefinethe alphabetisthe productof thetwo alphabetsin thei'” copy of 2 — couv(k, q;) we
redefinethe symbolsin the j** row to bethe productof the vectorsrepresentinghe j** row from 2 — cov(k, q1)
andthei*" row of 2 — cov(k, q2). Thuswe have takeninto accountof ary possiblepair of symbolsthat may
occur andthus2 — cov(k, g1q2) = (q1g2)*. The meritof Lemmaz2 is thatfor any numberk of parametershat
equalsto oneplusa prime power, we canconstruc2 — cov(k,v) = v2, for any numberv. To obtainthis result,
we needto noticetwo importantpropertiesof thecoverings. ]

Property 2 Rowcollapsing:t — cov(k,v — 1) < t — cov(k, v).
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We canexcludethev*” symbolfrom V, or substitutet by ary othersymbolnotin V, thearrayremainsacovering
— for ary k parametersall the combinationsare covered(plus someextra combinationsjncluding the symbol
thatis alreadynot in alphabet). Thusthe optimal coveringt — cov(k,v — 1) hasatmostN = ¢ — cov(k,v)
rows. Theabove two resultsgive usanopportunityto reducethe sizeof analreadyconstructedptimal covering
t — cov(k,v), to acoveringt — cov(k —i,v — j),4,j > 0. However, this doesnot guaranteehatthe covering
obtainedwill be the optimal covering for that case. Thatis to say that whenwe reduce,we only canusethe
initial arraysizeasanupperboundfor the sizeof the optimal covering of thereducedpair (k — i,v — j). These
considerationslearthe casethatthe symbolsetincreasesWe canachieve 2 — cov(k, v) = v for all pairs(k, v).

Now we shall explore the way of changingthe numberof parametersSupposewe have 2 — cov(k,v) = d,
we wantto obtain2 — cov(2k, v), i.e., to doublethe numberof the parametersLet A bethearrayrepresenting
the2 — couv(k, v). If weduplicateA in thehorizontaldirection,we have:

A A

But thisarraywill notgenerallybea coveringarrayfor the new setof 2k parametersTo seethis, comparethe i*"
columnwith the j** columnin thenew array If i <> jmodulok, thenthesetwo parameterarealreadycovered,
sincethe correspondingolumns(i mod k) and (j mod k) are presentwithin A, thus2 — covers of this two
columnis achieved. However, for the pairsof columns for whichi = (j mod k), only thepairs:

0 0

1 1

2 2
w—1) (v—1)

arecovered.Thisis v pairsout of thetotal of v? pairs.So,we just needto addtheremainingv? — v pairs. These
are:

b ¢

0 1

0 2

0 (v=1)

1 0

1 2

1 (w=1)
w—1) (v—2)

If b andc arethe columnsasdenotedabove, the array B is the array obtainedby & duplicationsof the column
b in the horizontaldirection. Analogously the C' is the array obtainedby placing £ columnsc togetherin the
horizontaldirection. Then,by our constructionthe array:

A A
B C

coversall the possiblepairsbetweerarny two columns(i.e., ary two parameters)ThearrayhasN = d + v2 — v
rows. Thus2 — cov(2k,v) < d + v* — v. Giventhat,we will derive thefollowing moregenerabproperty

Property 3 If 2 — cov(k,v) = d; and2 — cov(n, v) = da, thenwehave2 — cov(nk,v) < d; + ds. In thespecial
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casethat oneof thesetwo coveringshasthe specialpropertythatit containstherows

0 0 0 0
1 1 1 1

v=1) (v=1) (v—=1) --- (v=1)
theupperboundcanbereducedo 2 — cov(nk,v) < dy + ds — v.

Proof The propertyfollows from the constructiorabove. We just needto make n replicasof thearray A repre-
senting2 — cov(k, v), insteadof only 2. And in somecaseswve will be ableto reducethe numberof rows in the
2 — cov(nk,v) by v asit is notedabove. [ |

This proof completesthe consideration®on 2-coverings. We have shavn how to increasethe numberof the
parametersandthe numberof symbolsof the alphabetj.e. the parametewralues,andwhateffect this will have
ontheupperbound.It remainsto show thatthe growth of 2 — cou(k, v) is logarithmicin v.

Lemma3 2 — cov(k,v) < (vexp2).logk.

Proof To shaw this, consider2 — cov(k,v) = d. Apply the proceduredescribedn Property3, i.e. the multi-
plication of two 2-coverings,using2 — cov(k,v) = d, we have 2 — cov(k?,v) < 2d. If we continuewith this
procedurewe have2 — cov(k™,v) < md. Thus,if wedenoten = k™, 2 — cov(n,v) < log 10d. And it is clear
thatd canbe consideredsa constantBasicallywe canpick d = v? for somev prime powerandthenreduceas
appropriate Strongerresultis presentedh [1].

Theorem?2
2 —cov(k,v) v
e log k X (3.4)
. 3—cov(k,v) [ v
O Togh ( 2 ) - (3:5)

We will returnto this resultlater, next we discussthe naturalextensionof this schemeso 3-coverings. The
Theorem?2 is givenin [5].

3.5.4 3-Covers: Recursive Construction

Oneof the naturalextensionof the 2-coversarethe 3-covers. For the 3-coversthe samealgebraicconstruction
canbe applied. In the caseof ¢ prime power, we will have 3 — cov(q + 1,q) = ¢>. If ¢ is even, we have
3 —cov(q +2,q) = ¢. Thisresultcanalsobe generalizedo the following:

Theorem 3 For anyprimepowerqg > ¢ — 1, wehavet — cov(q + 1, q) = ¢*.

Thisresultis provenin [1], andanalternative constructiorusingorthogonalarraysis givenin [4]. Wetry to extend
the constructionsve usedin previous sectionfor 2-coveringsto 3-coverings. It is morecorvenient,however, in
constructinghe 3-coveringof largersetof parametergsay multiplesof &) to usenotonly the3 — cov(k, v), but
also2 — cov(k,v). As wemayexpect2 — cov(k,v) << 3 — cov(k,v), andasit is seenfrom Theoreml1, this
differenceis oneorderof magnitudeask approachesc. Herewe will presenta recursve constructionfor the
casev = 3, i.e. we have ternaryvariables.The constructiortriplesthe numberof parametersvhile keepingthe
sizeof the symbolsetconstant.

Lemma4 If 3 — cov(k,v) = a, 2 — cov(k,v) = b, then3 — cov(3k,v) < a + 2b+ 18.
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Proof: Let A denotethea x k arraythatrepresentshe3 — cov(k, 3), similarly B is theb x k arrayrepresenting
2 — cov(k, 3). Thearraysdenotedby B + 1 and B + 2 representhearray B with 1 and2 addedto eachof its
elementrespectiely, wheretheadditionis modulo3. Thenthearray

A A A
B+1 B B+2
B+2 B B+1
c1T C2 (8

is a 3-coveringof the 3k ternaryvariables.Assumewe have threecolumns,notall of which arein the samepart
of thearray If wetake theirindices,for example,i, j andk, modulo3, we have thefollowing 3 possibilities:

1. All theindicesaredifferentmodulo3. Thenthesethreeparametergcolumns)arecoveredaccordingto the
propertyof A.

2. Exactlytwo of theindicesareequalmodulo3. Thenall the possiblepairsbetweerthe two columnswith
equalindicesandthethird columnarecoveredin thepartA, moreover, theconstructiorof A assuresghatfor
eachpossiblecombinationbetweerthe entriesin thetwo "equal” columnsthereis anentryfor eachsymbol
(0,1,2) in thealphabet.Thusit is enoughto 2-coverall possiblecombinationsdetweerthe columnswith
equalindicesmodulo3. Thisis achiezedby the additionof the 2 blocksof thearray B andits shifts B + 1
andB + 2.

3. All threeindicesareequalmodulo3. We will examinethis casein detailin thefollowing. moredetail.

The A blockscoverthefollowing triples:

N = O
N = O
N = O

Furtherthe B + 1, B, and B + 2 blockscoverthetriples:

[evl VRN
N = O
=)

Similarly, the B + 2, B, B + 1 blockscoverthetriples:

= O N
NN = O
[\
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Thus,we have covered9 of all 33 = 27 triples betweentheseparametersWe just add the other 18 triples as
follows:

cl 2 3
0 0 1
0o 0 2
0 1 0
0o 0 2
0O 1 0
0O 1 1
0 2 0
0o 2 2
1 0 0
1 0 1
1 1 0
1 1 2
1 2 1
1 2 2
2 0 0
2 0 2
2 1 1
2 1 2
2 2 0
2 2 1

andtheblockscl, ¢2 andc3 consistof k& copiesof thecolumnscl, ¢2 andc3, respectiely. Thus,we have covered
all possibletriples betweenarny 3 of the 3k parametersandthe claimis verified. It will be desirableto have a
recursve constructiorthatrelates3 — cov(nk, 3) to 3 — cov(k, 3) andeventually3 — cov(n, 3), thuseliminating
theneedof alower ordercoverings(in theabose case— the 2 — cov(k, 3)). Thequestionaboutthe existenceof
sucha constructiorremainsopen.

3.5.5 Generalizationsand Conclusions

Basedon the considerationgjivenin previous sectionsthe asymptotichehaiour of thet-coveringsmight be as

follows: (k.0)
i t —cov(k,v _ -1
klu>noo log k =00 (3.6)
whereO(v) denoteghe numberof orderof variablev. Anotherinterestingthing to look atis the non-optimality
of thet-coveringsof (k, v) for fixed (k, v). In otherwords,how muchthe optimalt — cov(k, v) differsfrom the

theoreticalower boundof v*?

Definition 4 The non-optimalityfunctionf is definedas follows. For eac pair of integers (k,v), and each
1<i <k, fi(k,v) =i — cov(k,v) — (v*).

By thedefinitionof thefunction, it is evidentthat f; (k, v) = 0 and f(k, v) = 0. Thequestionis whatthegeneral
behaiour of the function f is? We have shavn in Lemmal someof the caseswhen f will have internalzeros.
It remainsto studywhethertheseareall the casewhen f will have internalzeros. If we areableto efficiently

computethis function,thereis onepracticalapplicationof this property In testingwe will usuallyknow the pair
(k,v), i.e. the parametersf thetestedsystem.We will alsoknow the capabilitiesandrequirementsf thetesting
equipment i.e. thecomputingoower andthetime constraints Givenall theseandcombiningthemwith theupper
boundsfor ¢ — cov(k, v), we may determinewhat maximumlevel of coveragewe cantestwithin our limits. In

otherwords,we canadjustour testingto our capabilitiesandsomeadditionalrequirementsThe non-optimality
function, asdefinedis a discretefunction. It is interestingto seewhat the asymptoticbehaiour of f is when
k — oo, assuminghatk — oo without assumingary valuethatwill allow f to have internalzeros. To our
knowledgethesequestionshave notbeenanswereget.
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Chapter 4

Routing in Ad Hoc Networks/Dynamic
Networks

Participants: PetraBerenbrick(Mentor),IsabelleDéchene, TerezaNeocleousAnita Parkinson,Bo Peng Adam
Webber

PROBLEM STATEMENT : Dynamicnetworksprovide new challengegor pacletrouting. In adynamicnetwork
thereis the possibility that any nodeor edgecan move or disappeat ary time. As a resultpathshave short
lifetimesandestablishmentf fixedroutesis notpossible Examplef dynamicnetworksincludefaulty networks
wherelinks oftenfail, mobileadhocnetworkswherenodesmove andtheinternet.

Previouswork hasbeendoneproving the stability of singledestinatiometworkst. Theseproofs,however, did
not utilize actualstructureswithin the networksto reachtheir conclusionsin this papemwe developproofsbased
on the structuref singledestinatiometworks with the hopesthatthey canbe extendedto multiple destination
networks in the future. We will alsoinclude a discussionof insightsgainedinto networks of both single and
multiple destinations.

1BaruchAwertuch, PetraBerenbrink,André Brinkmann, Christian Scheideler Simple Routing Strategiesfor Adversarial Systems,
Proceedingsf the 42th Symposiunmon Foundationof ComputerSciencg FOCS),2001,pp 158-167.
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4.1 The Model

In themodelof the network, thefollowing assumptionareused:

Time: timeis discreteanddividedinto synchronousteps

Messages: Messagesrerepresentedy fixed-sizepacletswith a fixed sourceanddestina-
tion. A singledestinatiometwork containsonetype of paclet. A multiple desti-
nationmodelcontainsmultiple typesof pacletseachwith their own destination.

Communication  Message®r packetsaretransporteddown links or edgesthat cantransportone

Link: pacletof ary typein onetime step.Theedgesareconsideredindirected.

Nodes: Eachnodecanstorean unlimited numberof all paclet types. The nodeknows
how mary of eachtypeof pacletit is storing.

Whendiscussingnetworks several parametershouldbe defined. Oneis the way the pacletsare injected.
Therearetwo main methods- paclet andflow injection. In pacletinjection, unit pacletsareinjectedinto the
system.This representsliscreteinjectionasthe packet cannot be brokendown into smallerunits andmustflow
down only oneedge.Flow injectionrepresents continuousnjectionandcanbesplit up anddistributedbetween
multiple edgesln this work we have focusedon the pacletinjectionmodel.

Oncean injection model hasbeendecidedupon, the patternof injection can be specifiedas either static
injection or adwersarialinjection. In thesenetwork problemsthe conceptof an adversaryrepresentshe worst
casescenario.We assumehat we areworking againstan adwersarywho hascontrol of the network. Sincehe
controlsthe configurationof the network, he determinesa routefor eachpaclet throughthe systembeforethey
areinjected.Heis alsoawareof our dependencenthebalancingalgorithmandcanremove edgeghathedid not
planto use,but thatwe would use.

Finally, the network canbe consideredstaticor adwersarial.In a staticnetwork, all edgespresentin the first
time steparepresenfor all futuretime steps.Thisis in contrasto anadwersarialnetwork in whichtheadwersary
canchooseto remove or addedges.

4.2 BalancingAlgorithm

Pacletsaretransferredrom onenodeto anotheraccordingto the balancingalgorithm. For the singledestination
network, a paclet is transferredrom nodeA to nodeB if the numberof pacletsstoredin A is atleastT more
thanthe numberof pacletsstoredin B. T is atleastaslarge asthe maximumdegree,d, of all thenodesto ensure
thatif pacletsaretransferrecbut of nodeA thennodeA will notbeleft with suchalow numberof packetsthat
somepacletswill flow backin thenext step.Thedegreeof anodeis the numberof edgesconnectedo thatnode.

The algorithmfor the multiple destinationcaseis essentiallythe sameasfor onedestination.A paclet of a
giventypewill move alonganedgeif the differencein pacletsof thattype storedin the nodesat the endsof the
edgeis atleastT andis greaterthanthe differencein numberof pacletsof the othertypesstoredin the nodesat
theendsof theedge.Eachedgecanonly transportonepacletin eachtime step. ! f the maximaldifferences the
samefor maytypesof paclets,thenthe oneto be movedis randomlychosen.

The balancingalgorithm createsa distribution of pacletsthat resultsin a potentialslopetowardsthe desti-
nation. Oncethe slopehasbeenbuilt, new pacletsenteringthe network flow down the gradientandexit at the
destination The gradientindicateshe pathto the destination.

One methodof implementingthis algorithm would begin with feedingdummy pacletsinto the systemto
createthe potentialprofile. Onceenoughdummy pacletshave beeninjected,real packets canbe injectedand
they will all flow to their destination.The problemis to determinef this numberof dummypacletsthatmustbe
injectedcanbeboundedpr if eventuallyreal pacletswill becomepartof the potentialandwill neverreachthe
destination.

4.3 Previous Work

For the caseof onetype of pacletswith onedestinationjt hasbeenproventhatthereis anupperboundon the
numberof paclketsthatgetstuckin thenetwork. Thatis, the network is stableusingthe balancingalgorithm.
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Progression of Algorithm

One packet injected per time step
0 0 0 0 1 0

1 T T-2

T-1time
steps
0o 0% 0 0 10
Figure4.1:

Motivation for Balancing Threshold T

T=5
1 1 2 2
<\ 5 0\ 1
1 1 2 2
5 1<T If balancing did occur
No balancing node would be left with fewer

packets than neighbour.

Figure4.2;
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In this project,we attemptto gaininsightinto the openquestion‘ls the network stableunderthis algorithm
with two typesof pacletseachwith a differentdestination?”

We will focuson the staticnetwork with pacletinjectionmodelwith staticinjection.

4.4 Our Approach

Previous work hasproventhatsingledestinatiometworks are stableunderthe balancingnetworks. The proofs
for the onedestinationcasedo not utilize the specificstructureof eachnetwork, but arebasedon the numberof
nodesin the network. Theseproofscannot be extendedto the multiple destinatiorcaseasthey useassumptions
thatall pacletsarethe sameandareexchangeableThisis obviously not possiblewith morethanonepaclettype.

Our stratgy to solving the problemwasto approacht from two directions. The first directionwasto find a
formal proof of stability. First, a proof usingthe specificstructureof the network for the singledestinatiorcase
would be developed. This would thenbe extendedto multiple destinationcases.In all casesve assumedtatic
network andstaticinjection of one paclet of eachtype. It is believed thattwo destinationcasesand morethan
two destinatiorcasesnay not actthe same two destinatiorcasesverethereforefocusedupon.

The secondmethodwasto searchfor a countergamplethat shoved an unstablenetwork. In orderto test
networks and gain someinsight asto how the algorithm functionsa simulatorwas developed. This program
waswritten in S-Plusand canhandlesingleandmultiple destinationnetworks. Many ideasweretestedon this
simulatorandit provedto bea greatstepforwardin our progress.

45 Results

After spendinghreedayslearningaboutthis problemiit is believedthat a staticnetwork with staticinjection of
two typesof paclketseachwith their own destinationis stableunderthe algorithm.

4.5.1 StepOne—SimpleNetwork

We beganwith a simplenetwork consistingof a chainof nodesconnectinghe sourceandthe destination.Each
nodeis in thepathbetweerthe sourceanddestinationln ourapproachin orderto provethatthenetwork is stable
underthe balancingalgorithmit neededo be proventherewasanupperboundon the numberof pacletsin each
node. The following proof shaws thattherewill be a profile down the chainin incrementf T. The destination
will have 0 paclets,the next nodewill containT packetsand countingaway from the destination,nodek will
containkT paclets.

Lemmal Thenetworkis stablefor theline case

Proof. Thenodesaremarked g, vy, ..., v, from thedestinatiorto the source.The potentialof nodei attime
t is markedby S?. We claim thatat time stept, the maximumpotentialfor v; is T, which is independenof time.
In this case thetotal potentialin the network is lessthanor equalto 7'n (n + 1) /2 andthe network is therefore
stable.

At time stepl, it is obviousthat S} < T Inductionstep: Supposehatfor timet = m, S!™ < iT. We have
to shaw this holdsfor timem + 1.Fori = 0, S{”“ = 0 by definition. Now if 7 > 0, two caseseedto be con-
sidered.If S™ < 4T, thenS!™ ! < iT sincethe network is a straightline. If S/ = iT, sinceS!, < (i —1)T
by theinductionhypothesisthenS™ — S/, > T andS]™* andS;™ ; will bebalancedaccordingo thealgorithm.
ThereforeS;"“ = S™ — 1+ possibleinjectionfrom v; ;1 < i7.m

Sincewe know whatthe profile will be,anupperboundon thetotal numberof pacletsin the systemcanbe
calculatedandit canbe concludedhatthis network underthe balancingalgorithmis stable.
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Simple Network
T=3

12 9 6 3

®
®
C
C
O

Figure4.3:

4.5.2 StepTwo—Networks with Branches

A slightly morecomplicatedhetwork consistsof onepathwith sidebranchesThe proof for the simplenetwork
canbe extendedto this case.With the ability to predictthe potentialprofile, an upperboundon the numberof
pacletsin the systemcanbe determinedandhencethe network underthis algorithmis stable.

Branched Network
T=4

N
o

16 12 8

O

() () )
/ /

Figure4.4:

Lemma2 If T > % andthegraphof the networkis a tree thenit is stable

Proof. In this casethereis a uniquepathfrom sourceto destinatiorsincethe graphhasno circuit which we
will laterreferto asmainpath Theinjectionrateis 1 pertime stepandthe network capacityis 1.

The nodeson the main patharemarked vy, v1, -..v,, from the destinationto the source. The nodesthat are
directly connectedo thev; (calledadjacentnodeof v;) aremarkedasv;; j > 0. Nodesthatarenoton the main
path but are connectedo v; will be called side nodesof v; and are marked asv;... We claim that S? < T,
St, < (i — 1) T + 1 holdsfor ary t. Thereforethetotal potentialin thenetwork is lessthan N2T" whereN is the
numberof nodesfor thetree. The network is thereforestable.

The resultis trivial for time step1. Supposethat for time ¢ = m, S* < T, S < (i—1)T + 1 for
0 < i < n.Thefollowing factscanbe obsened:
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1. Fori = 0, wehave ;"' = Si" = 0 sinceuy is thedestination Thefollowing casesassume > 0.

2. If S =4T, sinceS < S andS™, < (i — 1) T, v; will bebalancedwith v;,_; or someof its adjacent

nodes.Sincetheinjectionfor v; is atmost1, S7"*! = S™ — 1+ possibleinjectionfrom v, 1 < iT.

3. If S < T andS™ < iT — d + 1, thenevenif all adjacentodesinject to v;,we still have /" <
St+1<il—d+1+d <.

4. 1f S <iT andS™ > T —d+1,sinceS? < (i — )T+ 1,8 - S < (i—\)T+1—iT+d—1=
—T+d < T sinceT > % by hypothesisThatis to say v;. will notbeableto injectapacketto v;. Since
the only possiblenjectionto v; is from v; 1, ™! < §™ 4+ 1 < iT.

2

ThereforeS{"+1 < ¢T atary time stepin all casesFor sidenodessinceS]? < (i — 1) T'+1 by theinduction
hypothesisandall its adjacenhodeshave potentiallessthanor equalto i 7', S’i”j“ <@{-1)T+1.m

In thetwo casesbove,only onepacletwould enterthe pathto thedestinatioratatime andhencehepredicted
profile will alwayshold. Next we look at a casewhenmorethanone paclet canenterthe pathto the destination
atatime.

4.5.3 StepThree—Netvworks with Loops

Flow Down Both Paths

T=4
16 12 8 4
20 O O o
16 12 8 4 >
16 12 8 3
19 O O o
16 12 8 3 >
Figure4.5:

In thistypeof network, with onetype of pacletwe have foundtwo typesof behaiour canoccur Eitherall the
pacletsuseonly oneof thetwo paths,or both pathsareused.In the secondcase the network oscillateshetween
apair of statesIn onetime periodtwo pacletsentertheloop, onedown eachedgeof theloop. In the subsequent
step,no pacletsentertheloop.

In investigatingthis situation,a formulahasbeendeterminedhatwill predictif bothpathswill be usedor if
onepathwill beused.

Lemma3 If nT < m (T — 1), thelongpathis neverusedto delivera padetto the destination.

Proof. Thenodeson thelong patharelabelledvs... v,,, with no labelon the destinatioror the sourcenode.
Nodesontheshortpatharelabelledus, ..., u,. m is thenumberof nodesn thelong pathandn is the numberof
nodesin theshortpath.
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Flow Down One Path

T=4
8 4
12 O O 0]
vvvvvvvvvvvvvvvv o) 6 3 0 N
Figure4.6:

Assumea pacletis delivereddown thelong path.

It s.t. S,i; = T. Sincewe areboundedy the algorithm,3t” < ¢’ s.t. Sf,: =T-1 andSE;' =2T — 1. Sy,
mustreach27" — 1 to beableto passto v; whensS,, =T — 1.

By induction,the previous stepcanbe appliedto successie nodes.Therefore thereexistst™ < t” suchthat
5" = m (T —1) + 1. Thereforethereexistst” < t™ s.t. S8 =m (T —1).

m (T — 1) is thenumberof package®,, musthave beforeit recevesa packageo deliver to the destination
viathelong path.By lemmal, we know thatS,,,, canreacha potentialno higherthannT'. By our algorithm,if a
pacletis notsentalongthelong path,thens,, , > S,, . If S, isgreatethanthemaximumof S,, , it will always
begreatetthansS,  andthereforethelongpathwill neverbeusedto delivera paclet. We canthereforeconclude
thatif nT < m (T — 1), thelong pathwill neverbeusedto deliverapaclet.m

$m

Thisformulaholdsif thedestinatioris immediatelyoff theloop or if thereareanumberof nodeshetweerthe
loop andthedestinationalthoughLemma3 holdsonly whenthe destinatioris atthe endof theloop.

4.6 Extensionto Two Destinations:

Thealgorithmfor the multiple destinatiorcaseis essentiallthe sameasfor onedestination A pacletof agiven
typewill move alonganedgeif the differencein pacletsof thattype storedin the nodesat the endsof the edge
is atleastT AND is greaterthanthe differencein numberof pacletsof the othertypesstoredin the nodesatthe
endsof theedge.Eachedgecanonly transportonepacletin eachtime step.

Thesimplecasewith two typesof packetseachwith their own destinations two brancheseachendingwith
adestinatiorfor onetype of paclet.

In this casewe predictthe numberof eachtype of paclketsat eachnode. Along the pathto the destinatiorof
a giventype of paclet, therewill bea profile in incrementf T. Along the otherpath,therewill be a profile of
incrementT-1. Whenthe two pathsmeet,thefirst nodealongthe blocked pathmusthave onemorepaclet than
thefirst nodealongthe pathto the destination.Thiswill preventflow down the blocked path.

With anunderstandingf this type of network, we move to the network with loops.

4.7 Searchfor a Counter Example

In looking at networks with two destinationsgachwith an independenpath, andtwo possiblepathsfor each
paclettype, it waslearntthateachpacletwill usethe shortespathto the destination.In the casewhenthereis
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Branched Network
Two Destinations
T=4
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Figure4.7:

Two Destination Network
One Path Used by Each Type
T=4
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oneshortpathfor onepaclet type, andtwo equivalentpathsfor anothermpaclet type, eachpaclet type will take
onepath. This led to the question’What happenavhenboth paclketssharethe shortesipath?”. The speculation
wasthatonepaclettypewould settleon the shortespathandthe otheron thelongestpath. The choiceof paclet
ontheshortespathwasarbitraryandmight be decidedwhenthefirst tie wassettled.

The casewasenterednto the simulatorandthefollowing resultsobtained.

Two Destination Network
Both Paths Used by Each Type

15 =
13 T=4
12 9 7
% 8 4 O
8 4 O
282520171211 9 6 16
2824 22 1816 12
11 9 7
3 2 3

292421161312
2725211915

Figure4.9:

In this case both packetsuseboth pathsin analternatingfashion.Furtherthoughtresultedin the realization
thatif the adwersarywereto closethelink betweenthe two destinationspacletswould continueto flow down
both lines. This would happenuntil a profile was establishedhat would resultin eachpaclet type taking the
pathopento its destination.By closingthelink, additionalpaclketsaretrappedin the network. Would repeated
openingsandclosingsresultin repeatedrappingsandproducea counterexample?

Unfortunatelythe answerin this caseis no. Eventuallythereareenoughpaclketsof eachtype storedin each
nodethatif theedgeis closedanda pacletflows down the"wrong” pathit will notresultin amissedopportunity
to senda pacletto the destination.

This examplelendssupportto the opinionthattwo destinatiometworksarealsostable.

4.8 Conclusions

From experimentationdy handand with the simulator aswell asthe proofs that have beenconstructedwe
believe thatthe two-destinatiorstaticinjection network is stable. Two-destinatiordynamicnetworks, however,
underthe control of anadwersary could behae in a differentway. Networks with more thantwo destinations
have not beenexamined but thereis potentialthatthey could behae moreproblematically

Futurework shouldincludethe developmentof proofsfor thoseconjecturesve have made.Proofsthathave
beendoneshouldalsobe extended,if possible.to two (or more)destinationnetworks. In orderto accomplish
this, a more generalsimulator ableto stopautomaticallyupon stability and utilize symbolicrepresentationef
potentialsmayneedto be constructedoonecangainageneraknowledgeof whatwill happerin morecomplec
networks.

Finally, it mayinterestingto obsene the behaiour of the network undera modifiedbalancingalgorithm.
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Chapter 5

Modelling Polymer Electrolyte Membrane
Fuel Cells

Participants: Brian Wetton (Mentor), Elaine Beltaos,Mikalai Birukou, Olivier Dubois, KatherineHegewisch,
Heather_ehr, Anuj Mubayi, Tingting Shu,FabienYoubissi.

PROBLEM STATEMENT: In recentyears,with increasingerviromentalconcernover vehiclegenerategol-

lution andlimited rangeassociateavith batterypoweredelectricvehicles the protonexchangemembrandPEM)

fuel cell systemis gainingmoreattentionasan alternatve power generatiorsourcefor electricvehicles.Attrac-

tive characteristicef the PEM fuel cell systemincludethe simplicity of its designandoperation.The PEM we

will studyherefunctionedwith humidifiedhydrogenin the anodeand humidifiedair (Os + H>O + N») in the

cathode.The mathematicaformulationreducedo a systemof nonlinearODESs,subjectto appropriateboundary
conditions.Resultsare presentedor variousoperatingconditionsanddesignparameterén orderto identify the

importantfactorsin the performancef thefuel cell.
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5.1 Physical Problem

TheP PEMfuel cell usesa simplechemicalprocesso combinehydrogerandoxygeninto water, producingelectric
current. At the anode hydrogenmoleculesgive up electronsandform hydrogenions, a processwhich is made
possibleby the Platinumcatalyst. Theseelectronstravel to the cathodethroughan external circuit, producing
electriccurrent. The PEM allows protonsto flow through,but stopselectrondrom passinghroughit. As aresult,
while the electrondlow throughan externalcircuit, the hydrogenionsflow directly throughthe protonexchange
membrando the cathodewherethey combinewith oxygenmoleculesandelectrongo form water In this way,
thehydrogens naturaltendeng to oxidize andform wateris usedto produceelectricity Thereactionsve getare
asfollows:

Anode:2H, — 4e” +4HT.

Cathodede™ +4H* + Oy — 2H50.

Overall: 4¢= + 2H> + Oy — 2H50.

In theanodewe have humidifiedhydrogengastravelling in a channel.This gasentersthe poresof theteflon
layerandinteractswith the catalystlayer, which speedsip thereactionH, — H T + 2e~. Theelectrontransfers
to the conductveteflonlayerandconductgo the graphitelayer. Sincethegraphitelayerontheanodeandonthe
cathodeareconnectedn a circuit, thereis atotal current. The hydrogenprotoncarriesa watermoleculeacross
themembraneo the cathoddayer.

In the cathodewe have humidifiedair (composeaf oxygen,nitrogerandwatervapour)travelling in achan-
nel. This gasalsoentersthe poresof the teflon layer andinteractswith the catalystlayer, which speedsup the
reactionde™ + 4H™ + Oy — 2H>0. Theelectronsaretransferedo the mediumfrom the graphitelayerto the
porousteflonlayer

5.2 Mathematical Problem

To derive a systemof ODEsthat describesour physicalproblem,we discretizethe interval =z € [0,1]to z =
Az x n, wheren = 0,..., N. Considerthe changein flux, Q,+1 — @, betweenthe pointsz = nAx and
x = (n+1)Az. We seethat

Qn+1 = Qn + A.’Ef(!ﬂ)

wheref(x) describeshe sources/sinksf the quantity Letting Az — 0, we seethattheequatiorbecomes

d
%sz(@

Thus,for eachof the gasfluxes,we needonly considerthe sources/sinkef the quantity

5.2.1 Coupled Systemof ODEs

The rate of changeof the flow of waterin the anodedependsnly on the water transferacrossthe boundary
betweeranodeandcathode.
d . i(x)
%QHzo - F 252 (ra(x) — re())
Therateof changeof theflow of waterin thecathodedepend®nly onthewatertransferacrosshemembrane
betweerthe anodeandcathodeandthe amountof watergeneratedby the chemicalreactionin the cathode.

i = (4 25200) - o)) + 52

SincethereactionH, — 2H ' + 2¢~ takesplacein the anode the amountof hydrogenneededs twice the
amountof currentgeneratedso
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i(z)

d
&9 = Tap

Sincethereactiodde™ +4H™ + Oy — 2H,0 takesplacein the cathodewe seethattheamountof oxygenis
four timestheamountof current,so

d
w9 = Tup

Sincetheflow of nitrogenin the channeldoesnot changeasa function of «, we have thattherateof change
of theflow is zero,i.e.

d
JR— e O
dIQNQ

Thusour systemof differentialequationsn the fluxesbecomes:

d 1¢

2 Qe = D 252r0)  rel)
d i)

LeH = —op

d 31

4 Qo = 4 953 (ry(w) — (@)
d i)

Lo = —&

d = 0

Lo =

wherer,(z) andr.(z) aretherelative humiditiesin the anodeand cathoderespectiely. We canfind i(x) by
invertingthefollowing equatiorfor i(z),which alsodepend®n the propertiesof themembrane

B 00001 [ 1 1 RT . [ 86i()
U= Eo—i)— <Ta(:v)+rc(1:)) b (0.0044 C’og(m)>

where Ej is the voltageacrossthe fuel cell whenthereis no current, R is the ideal gasconstantand T is the
temperatureWe take temperaturgo be constanthroughouthis paper

In orderto geta systemof ODEs,wewouldlik e to have expressiongor r, (), r.(x), andCo2 in termsof the
fluxesQ.

5.2.2 Concentrationsin Terms of Fluxes

To calculatethe concentration®f the gasesn termsof the fluxes, we considerthe flux of a gastravelling at
velocity v througha crosssectionalareaA. We assumeéhatthe velocity of the gasesareall roughlythesame.
For the gasesn the cathode

Qn2 = Cn2Av
Qo2 Coz Av
Q0 = ChoAv
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_ Qn2 _ Qo _ Qs
ThenAv = Cne = Con = T

FromDalton'slaw, we havethatC; = £% andthelaw of partialpressuregives)", P; = Pg,. Then

ZO. — Ziﬂzi%t
- ! RT RT

andwe have

P Qa0
RT(Q%90 + QN2 + Qo2)

This procedurecanbeusedfor all gasesn eithertheanodeor the cathodeyielding

c —
CH20 -

Cop = PtcotQOQ
RT(Q%90 + QN2 + Qo2)
Cnog = P @na
RT(QCHQO + QN2 + QOQ)
cn = DinQiino
RT(Q%0 + Qr2)
CH2 _ PtaotQH2

RT(Q?{QO + QH2)

If the cathodds saturatedwe mustmake modificationsto theseformulae:

Cf’no = Csat
Py Qo2
C — tot Csa >
o2 ( RT ) Qna + Qoo
pe Qn2
C — tot Csa w2
vz ( RT t) QN2 + Qo2

Similarly, if theanodes saturatedye usethefollowing relations:

C;IZO = Csat
PCL
CHQ - ]%t;f - Csat

5.2.3 Relative Humidities in Terms of Fluxes

We canobtainexpressiongor the humidities,r, (x),r.(x), of theanodeandcathoderespectiely in termsof the
fluxes,by usingthe above formulae:

ra(z) = P _ Clio RT

Psat Psat
r ($) — PEIZO — O?‘IQORT
¢ Psat Psat
Pt%tQ%IQO
= gl =
( ) Psat(Q%IQO + QHZ)
= TC(ZE) — PtcothHZO

Psat (Q?—Izo + QNQ + QOZ)

We noticethatwe needto setr, (z) = 1 if Pfoy > Psqr andre(x) = 1if Pfoq > Psat
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5.2.4 Initial Conditions

For our initial flux conditions,we choosesomeinitial relatve humidities,r,g, 7.9, for the anodeand cathode,
respectiely. Thuswe take initial waterfluxesof

(Q02(0) + Qn2(0)) Psatrao

Qipao(0) =
HZO( ) P — Pgsaira0
QHQ (O)PsatTcO
c 0 _

In choosinginitial valuesof the oxygenand hydrogen,we considerthat at the target current, I, the total
currentdravn from the cell is theintegral over the currentdensity i(x), throughthe membraneso

iQHz(JC)dZIT = —2F (Qu2(1) — Qu2(0))

o dx

1
Iy = /i(fﬁ)dq::—QF
0

I = /0 i(w)dz = —4F /0 2 Qosla)ir = —4F (Qus(1) - Qos(0)

DefinethestoichiometricratiosSgq, So2 of hydrogenandoxygensuchthat

_ Smalr
Sozlr
Q02(0) Wa

A lack of eitherhydrogenor oxygenwill causethecurrentdensityto equalzero.To avoid this possibility, we
enforcethefinal fluxesof hydrogenandoxygenbepositiveatz = 1. Thisleadsto

Iy Iy
= _ = — — >
Qm2(1) Qm2(0) o (Swa2 1>2F >0
Ir Ir
et - = _ i >
Qo2(1) Q02(0) a (So2 1)4F >0
To ensurehatthefuel cell doesnot run out of eitherhydrogenor oxygen,we choosehe stoichiometriaratios
Sga > 1
SOQ > 1

Sincedry air containst9% N» and21%0,, we take theinitial conditionof flow of nitrogento be

79
QN2 = ﬁQoz

Thuswe chooseour initial fluxesby choosingonly initial relatve humiditiesfor the anodeandthe cathode
andinitial stoichiometriaatiosfor the hydrogenandthe oxygen.
StoichiometricRatiosS s, Sg2, Initial Humiditiesr,g, 7o

(Qo2 + Qn2)PsatTao

QH20 - pe — TaOPsat
1
QHQ = ESHQIMTQ
Qo = QH2lsaTo
H20 P¢ — 1o Psqt
1
QO2 = ﬁSO2Itarg

79
Qn2 = ﬁQoz
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5.2.5 Pressue ChangesAlong Channel
Pressue Gradient when only Water Vapour is Considered

Assumegasesreincompressiblandhave low Reynold’snumbergsolow viscosity). We have theNavier-Stokes
Equation:
Du Du L
sztz = —Vp+ Vu+ py, WhereFZ = uy + (u - V)u (flow derivative)
Assumethe vectoru = u(y,0,0) andp = p(z). Thenthe Navier-StoIesEquationbecomes‘g—f = N?)QT%'
Since%ﬁf is nota functionof z, but P = P(x) is afunctionof z, we have thatthe above equationmustequala

constantj.e. 4 = u‘giy% =\
. 2 . . . .

Considerg 4 = 2 with the boundaryconditionsu(4) = u(5) = 0, sincethe velocity nearthe surfaces
dropsto zero. Thenu(y) = %% — ’\%. To getthe pressurgyradientin termsof the gasfluxes,we find thetotal
gasflux:

2 —C(x)A

Q@) = C(a) [ vy = =

h3

Therefore for theanode:
ore  —12p(Qfp + Qu2)RT

oz Pap3
andfor thecathode:
ore _ —120(Q%20 + QN2 + Qo2)RT
or Pchs

In this case the systemof equationscontains/ variableggasfluxesandpressures theanodeandcathode).

Pressue Gradient whenthe Height of the Liquid is Takeninto Account

Assumingthe depthof the liquid waterin the cathodeis ~ thenwe have the boundaryconditionsfor flows of
liquid andgas:

ug(h) = w(0)=0
ug(h) = w(h)
OJug ouy

Hg a—y \ﬁ = M B_y |ﬁ

whereu, is thevelocity of the gasflow, andw;, is the velocity of theliquid waterin the channel.Usingthesame
argumentsasabove, we obtainthevelocities:

A
ug(y) = M—y2+cly+02
g

A
w(y) E?Jz +diy + da

wherec; ca dq,ds arethe constant®f integrationin termsof ,h, and\.
Explicitly, theseconstantsre:

N Ezug — 52/1,1 + h2

c1T = — —
tig(hp — hprg — hp)
—XhZ AR 52/1,9 R+ R
cy = - —
2ug Mg prg(hp — by — hy)
—2 -2
By —h h2
di = A Mg e+ Ry

pu(hpsy — hysg — hyur)
d, = 0
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Integratingu; andu, givesustherespectre fluxesfor gasesindliquid. Takingtheratio % eliminates)\, and
we geta4th-degreepolynomialequationin A:

Qy

o

a(h) -

We usetheroot of this equationﬁ*, to find )\, thusgettingthe pressuregradient. This appliesto both the
anodeandcathode.

5.2.6 Counterflow Case

In the coflow case,we have the air and hydrogenflow in the samedirection. Changesn the fluxesdueto the
exchangeof hydrogenandwaterthroughthe membrangropagatén bothchannelsn the samedirection.

In the caseof the counterflav, we reversethe directionof eitherhydrogenflow or airflow. The exchangeof
hydrogenandwateron the membranen this casepropagatein oppositedirections.Dueto the counterflav, we
have to reversethe signof the derivativesof thefluxesfor oneof the channelseitheranodeor cathode.

5.3 Simulation and Computational Results

5.3.1 Determining Appropriate Voltageto Yield Desired Curr ent

Our goalwasto write a codewhich would computethe necessaryoltagedropto obtaina giventargetcurrent.
To achieve this we first hadto solve the problemof obtainingthe currentdistribution down the channelgivena
voltagedrop. Essentiallywe neededo invertthe following function:

U = Eo — (4.167¢ — 6)i(z) <% + %) - % sinh ™! (1954 5400(2 () >>

Notice thatin this expression., r,, andCo, appearsothatin orderto invertit, we first mustobtainthe
valuesof the fluxes. To obtainthe valuesof the fluxes, we solved our systemwhich dependecdn the current
distribution. In Matlab, we wrote a codewhich usedthe o.d.e. solver “ode15s”and took asits input function
“Fun.m”. Within this input function, which definesthe systemof ordinary differentialequationswe invert the
above expressiorfor agivenU ateachvalueof x givenby the solver. To invert, we usebisectionto find a zeroof
thefunction:

9="U — Eo + (4.167¢ — 6)i() (ﬁ + T;) + % In (2 * 1954.54%)

Note thatwe areapproximatingsinh ~*(z) by In(2z), sincethe argumentis large. In orderto do bisection,
we needaninterval on which g is positve andnegative. By analyzingthe intersectiorof the functionsi — ¢ and
— In(di) (c andd areconstants)we saw thatif:

3909.09

<1
(£ + +)(4.166¢ — 6)

Cc

f—a-v)

Theni < 3909 %5+ Otherwisej; is boundechabove by (11660 16)’{ T Thecurrentis alwaysboundedelon

by zero,sowe take asmallvalue(.001) asthelower boundfor performmgthe bisection.

Oncewe could computethe currentdistribution givena voltage ,we madea wrapperfunction (“Voltage DIn-
tensitym”, seeAppendix)which, given a voltage drop, solves the systemand returnsthe differencebetween
the total 5|mulatedcurrent(jO x)dz) andatargetintensity Then,the bisectionalgorithmwasappliedto this
wrapperfunctionto find thevoltagedropwhlch givesatargetintensity
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5.3.2 Resultsfor Constant Pressue

In this subsectionwe shav resultsobtainedfor the constantpressurecase. The following assumptionsvere
made:

e Constantemperaturg298K)

e Constanpressurg¢101.3kR)

¢ Inlet humiditiesof 50%in the cathodeandanode

e Inlet hydrogenflux of 1.2x stoichiometricflow

e Inlet oxygenflux of 2 x stoichiometricflow

e Air is composednly of nitrogen(79%)andoxygen(21%)

¢ All flux valuesareaveragedver channeheightandgascomponentareassumedo bewell-mixed
e Thecellis 1 meterlong (z € [0, 1])

e Tamgetintensityof 10,000Amps (usedto computeinitial valuesfor the fluxesof hydrogenandoxygenin
termsof their stoichiometridlows)
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Simulation Resultsfor the Forward Problem

Themainresultsof the simulationaresummarizedn thefollowing graphs:

Reactant fluxes in the channel (target Int=10,000A, 50% hum.).
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Notethatthe flux of hydrogenin the anodedecreasefasterthanthe flux of oxygenin the cathodesincetwo
moleculesof H, areusedfor eachmoleculeof O, in the chemicalreaction.

Water vapour concentration (target Int=10000A, 50% hum.)
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Initially, the cathodeandanoderelative humiditiesareequal,sothatby analyzingthe equationfor the anode
waterflux it is clearthattheanodewaterflux (andsoconcentrationyvill decreassteadily The cathodehumidity
grows quitefastandreachesaturatiomquickly, andsobecomedargerthanthe anodehumidity quickly, resulting
in diffusion of waterfrom the cathodeto the anode.Oncethe cathodes saturatedihe cathodehumidity is fixed
at100%, andit appearshatthe diffusive flux to theanodenearlybalancesheflux dravn by thereaction.
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Concentration of hydrogen in the anode (target Int=10000A, 50%hum.).
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Current distribution over the channel. (target Int=10000A/m, 50% hum.)
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Note thatwhenreachingthe watersaturationin the cathodethe behaiour of the concentratiorof hydrogen
andof the currentdensityis modified. As the anodewaterflux dropssharplyneartheinlet, the concentratiorof
hydrogenrisesaccordinglyto fill the volume. Essentiallythe hydrogenconcentratiorin the beginning mirrors
thebehaiour of theanodewaterconcentrationandthendiesoff slowly aftersaturationasit is consumedy the
reaction.

Similarly, the currentdistribution nearthe inlet appeargo be moststronglyinfluencedby the humiditiesin
the anodeandcathode.Oncethe saturationstateis reachedn the anode the depletionof the oxygendown the
channebecomeghedominantfactor, causingthe slow decreasén currentgeneratiordown thechannel.

5.3.3 Dependenceon the Humidity Levels

Using our inverseproblemsolver, we computedhe voltagedrop which would give anintensityof 10,000amps
for varyinghumidity level, in the cathodeandanode.

Cell Voltagefor Target Currentat 10,000Amps/meter
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rcvs.ra 10% 25% 50% 100%
10% .449185| .456813| .464998| .474523
25% 468094 | .471249| .475192| .480386
50% .479853| .481143| .482819| .485153

100% || .486229| .486485| .486783| .487244

In theabovetable,rc (ra) is therelative humidity in the cathodganode) Fromthesenumbersye reachedhe
following conclusions:

e Fuelcell performancemproveswith increasechumidity

e Cathodehumidity hasslightly largerinfluencethananode

5.3.4 Variable Pressue Case

We modifiedour MATLAB codeto considevariablepressurén the channel. Two ordinarydifferentialequations
were addedto the original system,one eachfor the pressuren the cathodeandin the anode,with boundary
conditionof 101.3kPa at the inlet (seeprevious section). We tried threerealisticchannelheights(suppliedby
our mentor)and obsenred the resultingperformance.In the secondtable below, the voltagedrop wasfixed at
0.4828087.

Dependencef Cell Performancen ChanneHeightwith 1=10,000Amps

ChanneHeight .01m .003m .001m
Voltage .4828087| .4828049| .4826203

(In)Dependencef Currenton ChanneHeightfor fixed Voltage(U = 0.4828087)

ChanneHeight || .01lm | .003m | .001m
Current 9.99e3 | 1.00e4 | 9.99e3

Hence for channeheightsbetweenlcmand1lmm,the pressureehangehaslittle effectonthe behaiour and
performancef thefuel cell. This meanghatconsideringhe presencef liquid waterin the channelavould also
have little impactonthe model,astheliquid waterwould only causea smallchangdn the channeheight.

5.3.5 Counterflow Simulation

We beganto extendour numericalmodelto simulatethe counterflav casej.e. whenhumidifiedair is putin the
cathodefrom theleft ( = 0) andhumifiedhydrogenis putin theanodefrom theright (z = 1). The problemis
morecomple sincewe needto solve afirst ordersystemwith someboundaryalueson theleft andsomeon the
right of the channel.Somekind of shootingmethodis required.We decidednot to usea zero-findingroutinefor
vectorvaluedfunctionsbecaus@f robustnesgoncernsOur alternatve ideainvolvesnestedscalarzero-finding:

1. Supposeve haveaguesdor theflux of watervapourattheanodeoutlet. Giventhevoltagedropcorrespond-
ing to atargetintensity thenweknow theflux of hydrogerexactly attheanodeoutlet({*2ich=rlow _Litarget.ly
We run bisectionto find this voltage.

2. Runanouterbisectionon the flux of watervapourat the anodeoutletto find the valuethatcorrespondso
the specifiedflux of watervapourattheanodeinlet.

We raninto difficulties, sincethe shootingon the watervapourflux is very sensitve, and our codedoesnot
handleproperlytheunphysicakcasegfor example whenareactanor waterrunsout).
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5.4 Further Work

Thesimulationof our fuel cell modelwith counterflav would probablyrevealdifferentbehaiour andsoit would

beinterestingo compareaesultswith the coflow case.Onecouldalsolook atthe effect of liquid waterinsidethe
channelwhenthe gasis saturatedvith watervapour eventhoughwe have shovn someevidencethatit should
have little effectfor channelheightsin the orderof 1cmor 1mm. In our model,we assumedhat the gasesare
well-mixed (in the direction perpendiculato the membrane).So, we could remove this assumptiorandaddto

our modelthe diffusion of the gasednside eachchannel.In that case the gaseswvould be moving towardsthe
membranasthereactantandwaterareusedin thereaction.Onecanalsoconsiderafull 3D model.In thiscase,
thederivative of the pressuravould dependcon h% insteadof h% asin our model. So,the effect of pressuremight

becomamportant.

5.5 Conclusion

As asummaryherearethe mainconclusionsve obtainedfrom our model:

1. Thefuel cell performances improvedwhenincreasinghe humidity level, particularlyonthe cathodéair)
side.

2. Incorporatingvariablepressuresandtheeffect of liquid waterhave only smallimpacton the performance.
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Hedging in the Presenceof Mark et
Constraints

Participants: AlexanderV. Melnikov (Mentor), Andrei BadescuHammoudaBen Mekki, Alicia Canbn, Ray-
mondKa Wai Cheng AsratFikre Gashav, Ana GranadosYuaryuanHua, Stephar_awi, MaratMolyboga, Yuri
Petratcheng, Victoria Skornyakova.

PROBLEM STATEMENT : We have studiedmathematicamodelswhich describdinancial( B, S) marketswith
bothdiscreteandcontinuougime. TheBlack-Scholesnodelwith stochastiwolatility wasinvestigatedrom point
of view of controlleddiffusionprocesseslo give anappropriateapproximatiorof the Bellmanequationsolution
we used(seeAppendixand[20], [21], [14]) asmallparameteapproactandnumericalmethods.The Cox-Ross-
Rubinsteinmodeltwo differentinterestrates(borroving andlending)wasalsoinvestigated.

73
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6.1 Intr oduction

Mathematicof Financeis oneof the mostapplicablebranchesf the fundamentatontemporarymathematics.
The quantitatve methodsof financial mathematicdasedon stochasticanalysiswere introducedin papersby
Black, ScholesandMertonandled to the modernoption pricing theoryandthe contingentclaimsanalysis. The
pricing theoryis basedon the non-arbitragerinciple andtwo fundamentatheoremsf contemporanfinancial
mathematics:

1. Thereis no arbitrageonthefinancialmarketiff arisk neutral(martingale)ymeasurexists.
2. Thefinancialmarketis completeiff thereis a uniquemartingalemeasure.

The classicalmodelof financialmarketssuchasBlack-Scholesand Cox-Ross-Rubinsteiare completeand,
thus, the correspondingprice of a contingentclaim fr canbe calculatedas E* ,é—q;, where Br is the terminal
non-riskassetprice and £* is the mathematicaéxpectationwith respecto the uniquemartingalemeasureP*.
In this situationwe dealwith the Black-Scholesand the Cox-Ross-Rubinsteiformulaeas well asthe linear
Black-Scholegquation(seeAppendix).

In the caseof incompletemarkets (marketswith constraintson the modelstructureand stratgies)we deal
with arangeof “fair” prices:

[inf E*f—T, sup E*f—T]
P* BT pP* BT

The Black-Scholesmodel with stochasticvolatility (see[20] and Appendix for details)is a representatie
exampleof sucha market. This modelis attractve from a theoreticalaswell asa practicalperspectie. We
appliedthe generaltheory of controlleddiffusion processeg¢see[14]) andthe Bellman principle to arrive to a
non-linearBellmanequationwhich appeargo be an expansionof the linear Black-Scholegquation.Thekey to
gettinga good approximationof the Bellmanequationsolutionwasin applyinga small perturbationapproach.
Thefirst resultsin this areawereobtainedfor the caseof a generalizedacheliermodelwith stochastio/olatility
(see[21]). In the caseof the generalizedBlack-Scholesnodelwith stochastiosolatility we have obtaineda first
approximatiorof the solutionof the non-linearBellmanequationwhich is our key result.

We have alsoconsidered generalizedCox-Ross-Rubinsteimodelwith differentrisk-freeratesof borrowing
andlending. We shaved completenessf this market by anexplicit uniquerepresentationf a hedgingstrateyy
for arny contingentclaim. The resultwas obtainedby applying backward inductionto a binomial tree of stock
prices.

We have usednumericalmethodsto find a solutionof the non-linearBellmanequation. The numericaland
the analyticalresultscoincidefor the whole reasonableangeof the modelparametersWe have alsodeveloped
anautomatedradingsystemfor thegeneralizedCox-Ross-Runinsteimodelwith two differentrisk-freerates.

6.2 Continuous-Time Model
6.2.1 The Black-ScholesModel

Considera complete(B, S)-market, composedf a non-risky bond B anda risky assetS. Let themsatisfythe
following stochastidifferentialequations:

dBt = T‘Bt, dt
dSt = St(/.l/dt-{—O'th)

wherer is aconstantisk-freerateof return, . is arisky averagerateof return,o is aconstanwvolatility of theasset
andW; is thestandardBrownianmotion. In theframework of this modelwe canfind the closeform solutionsfor
the price of variouscontingentclaims,suchasa EuropearCall option.

Co(T.r,0) = So®(ds (r) — Ke "T(d_(r)) (6.1)

S o2
In 24T (r+%)

where®(z) is the standarchormaldistribution andd.. (r) = T
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6.2.2 The Bellman Equation

Consideranincomplete( B, S)-market. By the non-arbitrageprinciple for incompletemarkets,somecontingent
claimscannotbereplicatedby ary self-financingstratey. Therefore onemustconsidera larger classof portfo-
lios, namelythe self-financingstratgieswith consumptiorC, whereC' is anon-decreasingrocess.The capital
of theportfolio, Xt’“c, satisfieghefollowing stochastiequation:

dX[C = ~,dS, + dB; — dC,. (6.2)

¢ Fromthe optionaldecompositiortheorem,addingthe consumptiorprocesdurnsthe discounteccapital of
the portfolio into a supermartingale Furthermorethe minimal hedgetheoremdemonstratethe existenceof a
minimal hedger* of theform:

*
™

X ~( fr
5 = eSSSUPp (5, p) P (B—T|ft) (6.3)

t

Where/\/l(%, P) is the setof all martingalemeasuresor g—ft (seeAppendixand[20] for details).
Considera generalizedlack-Scholesnodelwith stochastia/olatility:

dSt = St(‘udt =+ thWt)a Z% = 0'2 + (71)HtAO'2
dBt == TBtdt

wherell, is a Poissorprocesswith intensity A andW; is a standardBrownian motion. Onerecoversthe Black-
Scholesf Ag is setto 0. Thestochastigprocess:; definesatelegraphsignalthatoscillatesbetweertwo values,

i.8. Omin = V02 — Ac?2 andonmes = Vo2 + Aoc?, suchthat% << 1.

Thekey ideais now to find the upperprice of a EuropearCall option of pay-of f(St) = (St — K)™. We
emphasizaherole of ; asa controlparametein the following sense Let o = (o ):<r bethe procesgaking

valuesin the set{o,in, omaz }- AS afunction of «, St(a) is a controlleddiffusion process. Accordingto the
minimal hedgestructure the minimal hedgeis asfollows:

v*(z,t) = sup E[fre "1, (6.4)

By meansof generaltheoryof controlledstochastigprocessesndthe Kolmogoror-1td formula, we getthe
Bellmanequation:

=0

v ov 1.2,.29% 1 2,2 (8%
57 trrgs r1)+50mw+§Aam ’W
v(z,T) =(z—K)*.

Now to simplify this equationwe usethefollowing idea.We know thatthecorrespondindlack-Scholegquation
(Ao = 0) canbereducedo the classicaheatequationthroughthefollowing changeof variableg(see[30]):

¢ = Inz+(r—o0%/2)(T—t)
0 = o*T—t)
V(6,8) = exp(r(T —t))v(z,t). (6.5)

Theexpectedresultis the heatequatiorplusa perturbatiortermof the order Ao 2.

V. _ 19°V | 1Ag?
80 2 9E2 o2
V(0,6) =(f ~ K

ez o (6.6)

An importantremarkcan be added: this equationdoesnot have a closeform solution. Hence,the following
sectiongdealwith analyticalandnumericaltechniqueso approximatehe solution.
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6.2.3 An Analytic Approximation to the Bellman Equation

Sincethe correspondingarabolicoperatoiis regular, from thegeneratheoryof partialdifferentialequation®ne
canusethewell-known smallperturbatiorapproach:

V(0,6) = Vo(6,6) + AdVi(6,€) + o(Ac?) (6.7)

After combiningtermsthat don't have Ao? in the equation(6.6) we get the following partial differential
equation:

andcombiningtermsof thefirst orderof Ac? givesthefollowing equation:

Vi _19%Vy 4 1
90 T 279¢z 202
Vl(oaé-) = 0

Theequation(6.8)is the Black-Scholegquationandits solutionhasthefollowing form:

Vo(0,8) = 920 (%) — Ko (%) : (6.8)

The absolutevaluetermin equation(6.8) makesit difficult for oneto solve the equation.Direct calculation

shows that
oavE Vo K E—InK
T~ aE = 5P >0,
23 9 Vo Vo
wherep(z) is the standardhormalprobability densityfunction (PDF),which is obviously greaterthanO.
It follows from the generatheoryof parabolicequationsthe solutionof equation(6.8)is givenby thefollow-

ing formula:

Vo _ Ve
dez DE

00 [ [ ()= B ()

_ K z—In K
wheref(z,7) = W(p( G )
This calculationprovidesanapproximatiorto the upperprice (cf. equation(6.4)).

n T 0'2
o (5.0) ~ S (1 SO/Kt\(/T+ /2)T)
Crn (So/K + (r — 0?/2)T
- Ke ‘I)< T )
0.2 *02
. K2§2 T Tip <lnSo/K—;(/7“T /2)T> (6.9)

Similarly, anapproximatiorfor the lower priceis givenby:

v*(SO,O) ~ Spd <11'150/K —:.\(/TT_F 0.2/2)T>
g (So/K + (r —o®/2)T
— Ke (I)< U\/T )
KAo? o T InSoy/K + (r — UZ/Z)T
202 T \/_ < i >

(6.10)
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6.2.4 Small Parameter Approachwith the Probability Density Function (PDF)

Anotherway to solve the problemof pricing undera stochastiosolatility modelis to consideithe PDFthatsatis-
fiesthe Bellmanequation.The expectationis thencomputedoy integratingthe discountedpay-of multiplied by
thedensityover all possiblevaluesof the underlyingstock.

The expansionis this time applieddirectly to the PDF or pricing kernel,U (&, &, 8), following theideathatit
shouldbeaslightvariationof the PDF, Uy (&, £, 0) satisfyingthe Black-Scholequation.

U(&. &, 0) = Uo(&.€,0) + Ac” f1(&, €. 0) + o(Ac?) (6.11)

whereg; is thevalueof thevariable¢ attimet or § = o2 (1' — t) and f1(&;, €, 0) is afunctionthatmustintegrate
to 0 in the&-space.

The problemis thenreducedto solving equation(6.8) for f;, knowing that U, satisfiesthe heatequation
(6.8). Unfortunately the methodis rathertediousandgivesrise to complicatedbartial differentialequationghat
discouragedhe authorsfrom furtherinvestigations.

Themainadwantageof thisapproachs thatoneconsiderghegenerakolutionof theinitial PDEandsetsaside
the boundaryconditions(in time) until the endof the computation.Oncethe PDF expansionis worked out, the
resultstaysvalid for arny pay-of. This methodhasindeeda muchwider rangeof applicationssinceonedensity
computationleadsto the pricing of almostary contingentclaim. (In the worst case the resultscanalwaysbe
integratednumerically)

To conclude,hereare a few commentson why the tediouscalculationsare not presentedn the reportand
which pathsshouldbe followedfor furtherinsight. Thefirst remarkis thatoncethe PDFis computedup to some
orderin A2, onemustmake surethattheresultintegratesto 1 overthewhole&-spacelt would indeednot make
ary senseo geta PDFwith absorptionfor a given PDE (knowing thatthe modelcorvergesnumerically). This
unfortunatelycould not be completelyprovenandthereforepreventedthe discovery of promisingresults.

6.2.5 Numerical Solution

Sinceanexactsolutionof the Bellmanequation(6.8) is unattainablewe solwe it usingnumericaltechniquesi.e.
thesecondrderapproximatiorfor the spatialfirst andsecondierivatives,andthe explicit forward Eulermethod
to progresghe solutionin time. Thus,our schemas

3

A0 2 Ag? 2 o2 Ag? 2A¢

Vi‘n-H -V _ lvvzil -2Vt + Vi + EAUQ Vit —2ViP+ Vi, _ Vit, = Vi'y

whereA¢ andA# arethe spaceandtime stepsrespectiely.
To verify the stability of our schemewe performa Von Neumannstability analysis.First, assumea solution
of theform v = g"e™*™mAL "andplugit into our schemeo obtain

A ikac —ikAg
6.12
SAQ | eikAE _ 9 + e—tkAE ethAE _ —ikAg ( )

2 INZ B 2AE

2
whered := 22~
(e

We considertwo cases:

02V oV
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Here(6.12)becomes

Al 0A0 OA0
g =14 — (cos(kAE)—1)+ e (cos(kAE) — 1) —i SA

A sin(kAE)

We require|g| < 1+ CAd for stability, whereC' is aconstantFor short,write A as

A (1 + AA; (cos(kAE) — 1) + iig (cos(kAE) — 1))2 ,
thenwe have
lgI> = A+ TAA;; sin? (kAE) (6.13)
Now, A < 1 iff
2.2 B (eos(kAE) — 1)+ g (cos(hAE) — 1) <0
andthis holdsif
AA—;Q < ﬁ (6.14)

becauseos(kAL) — 1 > —2.
Now, we use(6.14)to boundthe secondpartof (6.13):

2 A2
(ZAA; sin?(kAE) < CA,

wherethe constantC' = Thereforewe obtainthat|g|> < 1 + CA#, i.e. |g| < 1 + CA#, provided

(6.14)holds.

4(1+5)

02V oV
Case2: 05 85 < 0.

Similarly, we canshow thatthe schemas stableif AAEZ <73 5, usingthegivenconditions < 1.

To guaranteestability, we imposethe strongercondition(6.14). The schemas consistenbecausehe trun-

cationerroris O(Af + A¢?), so by the Lax-Richtmyerequivalencetheorem,we concludethat the numerical
methodcorverges.

6.2.6 Graphs Inter pretation

We computeandplot the numericalsolutionsandanalyticalsolutionsof boththe Black-Scholegquationandthe
Bellmanequationfor a Europearcall option. We do this for Ac = 0.05,0.1 and0.2. Seeattachedblots. Here
aresomeobsenations:

¢ Increasinghevalueof Ao increasesheprice of thecall option.
e Forthestochastio/olatility model,thecall optionis moreexpensve.
e Theapproximateanalyticalsolutionandthe numericalsolutionareindistinguishabldor small Ao

e For Ao = 0.2(= o), theanalyticalsolutioncomputedusingthe small-parametefAc) approacthecomes

lessaccurate.
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6.3 Discrete-Time Model
Theclassicabinomialmodelis describedy thefollowing evolution of the stockprice:
AS’I’L = annfla

wherep,, is aBernoullirandomvariablewhich takesvaluesb with probabilityp anda with probability1 — p; and

by the evolution of thebond’s price:
ABn = T‘anl,
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wherer is aconstaninterestrate.
For the modelto make sensewe needto impose—1 < a to getpositive stock,anda < r < b otherwise,the
stratayy is trivial.

It is well-known that the market is complete,andthereis evenan explicit formulafor pricing the standard
Europearoptions. Fromthe completenesef the marketthereis a unique“f air” strategy thatreplicateghe given
contingentclaim. In otherwords,thereis a uniquestrat@y (5,,, v»), whereg,, is the numberof bondsand~,, is
thenumberof stocks thatwill beableto paythe claim, atthe maturity. Thatis,

Br+1Brt1 + 15041 = BaBnt1 + 1nSnt1-
Thepairm,, = (6,,7n) is calleda portfolio, andwe will denoteby X the capitalof the portfolio attimen, i.e.:
X = BnBn + YnSn-
We will saythatthe portfolio is self-financingf
AXF =X — X)) = Bnt1ABpi1 + Ynt1Sn+1,

or equivalently,
6n+an+1 + "/n+1Sn+1 = ﬁanJrl + ﬁ/nSnJrl-

Thatis, atarny givenstepwe canbuild a new portfolio withouttaking (or putting) capitalfrom (or to) othersource
thantheportfolio.

In realmarketwe havetwo differentinterestrates adepositrater;, andacreditrater,. To avoid thepossibility
of freelunch we needr; > r;.
We will considera (B*, B2, S) marketdescribedy:

ASn - annfl
AB,L,L = Tianla fori = 1, 2

wherep,, is aBernoullirandomvariable.

Onewould expectthis marketto beincompleteputit turnsoutto becomplete.lt is possibleto find theunique
strat@y that replicatesary givenclaim. A stratey in this market hasthe form (3}, 32, ~,) with 3} > 0 and
B <0.
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A key obsenationis thatoneof the 3, mustbe zero,hencethein ital portfolio (3., 32, v,,) canbeinterpretedas
(Bn;vn)- Indeed it makesno senseo borrov money ata highinterestwhile investlngatalowerrate.

The procesof constructinghe stratay is a backwardsinductionfromtimen = N — 1 downton = 0. The
capitalattime N is XI = fn. In whatfollows, to simplify the notation,set

(z) = 1 ifz>0
W)= 2 if <0

Thefirst stepof theinductionprocesawill be givenby the self-financingconditions:
By B pan 1Sy oa(L+b) = fh

By Bty 1Syl +a) = fy

Wherejﬁ = f((Sl, ceey SN,1(1 + b)) andfjg = f(Sl, ceey SN,1(1 + Cl))
Usingthesameconsiderationhatprovesthis statemenfor thestepN — 1 we canprovetheothersteps.
Assumethat /3n+1, ~;-,, areknown, wherethe notationfollows the samecorventionasin fx. The self-

financingconditionof the portfolio is givenby,

Bn (B
BnB :L(+1 + ’YnSn(l + b) = ﬂnJrl n+1+1) + "/n+15n+1

n i(Bria)
fnB ;Z’L(fl +WSn(1+a) = n+1Bn+1 + Yn+1Sn+1-
Cramersrule gives,
S Z(Bn 1 ) — i(ﬁn 17)
b =yt (B Bt (L @) = B BT (1))
n+1 S (CL - b)

+Sn+1 (Va1 (14 a) =751 (1 +D))).

Notethatthe expressiorfor 3, is self-referencingNeverthelessthe signin the denominatois alwaysnega-
tive regardlesof 3,,, andthatthe numeratoidoesnot depencon 3,,. Thereforethe sign 3,, is determinedoy the
numeratorandwe cancalculateuniquely3,,. Now find the correspondingy,,. This provesthe uniquenessf the
stratgy andthereforethe completenesef the market.

To illustrate how this methodworks, we have implementeda numericalexamplefor a put Europearoption
fnv = (K — Sy)t with N =40, K =100, a = —0.01, b = 0.02, Bé =1,r; = 0.001, 2 = 0.002, Sy = 100.
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The capital of the strategy:
T T T

Stocks price:

Number of bonds in the portfolio:

Number of stocks in the portfolio:

Figure6.4:

Appendix: Advanced Pricing Methodologiesin Contemporary Financial
Mathematics

Considera financial market model ((B,S)-market) asa pair of non-risky (bankaccount)B andrisky (stock) S
assetsepresentetly their pricesB; and.S;, wheret = 0,1, 2. .. (discrete-timenodel)or¢ > 0 (continuous-time
model). Certainly therisky componentS canbeavector i.e. consistof severalrisky assets.B and.S arecalled
theprimary assets

Let usdefinea contingentclaim (for fixedT') asafunction fr = fr(So,..., St). Takinganon-risky assetB;
andarisky assetS; in amounts; and~; respectrely we form aninvestmenportfolio =; = (5, ;). Thecapital
of sucha portfolio 7 is equalto

Xtﬂ—(T) = BtBt + ﬂ/tSt’ Xg(w) = T.

Denoteby SFthefollowing setof self-financingportfoliosr:
me SF, if X[(x) — X[ 1(x) = AX[ () = Bt AB: + 1 AS:

in discrete-timemodels(d X[ (z) = £:dB: + 1:dS; in continuous-timemodelsif differentialsd B; anddsS; are
correctlydefined).

Arbitrage (attime T') meansa possibilityto make a positive capitalattime 7' (with a positive probability) by
someself-financingportfolio startingfrom zeroinitial capital.

Any derivativesecurityon the given (B, S)—marlet canbeidentifiedwith a correspondingontingentclaim.
Forinstanceforward contractwith forwardprice F' andexpirationdateT” is equivalentto fr = fr(Sr) = Sp—F
andcall optionwith thestrike price K is equivalentto fr = (Sp — K)™, etc. Thus,thesetof derivative securities
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inducesa setof graphs(CCG). On the otherhand,the setof self-financingportfoliosformsa setof graphsof its
terminalvaluesX; (x) (TVG). Themarketis completdf TVG=CCG.Otherwisejt is incomplete In otherwords,
the marketis calledcompleteff any contingentclaim fr canbereplicated thereexistz > 0 andw € SF such
that X7 (z) = fr.

We faceanimportantproblemof definingmathematicallya risky assetS. The naturalansweris to modelthe
pricessS; asarandomprocesson afixed probability space.

Denoteby V; thepriceof fr attimet < T'. Oneof thebasicproblemss to describethis stochastigprocessn
termsof the (B, S)—marlet.

Theheuristicprinciple of obtainingtheprice V; consistof two stepsfirst, thevalue fr shouldbediscounted
by the non-risky assetB; andthenits conditionalexpectationE[fTB,gB;1 |F] onecantake asa candidatefor
V;. Thefirst stephasno drawvbacks but the secondnecanbe criticizedbecauséhereis no proof thatwe should
calculatetheprice V; with respecto thephysicalmeasureP.

Any probabilitymeasureP* on (2, F, P) definests own “probability character'of the market prices B; and
S;. It is clearthatthe“stable” charactepf themarketshouldleadto amore“natural” price of thegivencontingent
claim. So, this heuristicprinciple shouldbe adjustedby choosingthe mostadequategprobability measureP*
equialentto P.

Theabove explanationeadsto thefollowing non-arbitrageprinciple. The (B, S)—marketadmitsnoarbitrage
possibilityif thereexistsa probabilitymeasure”* equivalentto P suchthatthe procesof discountedisky asset
pricesB; ' S; is amartingalewith respecto P*. It turnsoutthatoftenthis statementanbereversedseeHarrison
andKreps,1979,Stricker, 1990). Therefore the measureP* is calledthe martingaleoneandrepresents: level
of themarket stability. Thatis why P* is calleda“risk-neutral” measue.

Accordingto HarrisonandPliska,1981,the uniquenessf P* leadsto the statement:

Onthenon-arbitrageomplete( B, S)—marketthe price of ary contingentclaim f canbedefineduniquelyiff
themartingalemeasurés unique.

Hereis the sketchof the proof.

(=) Letusassumeherearetwo martingalemeasures’*, i = 1, 2. Definetwo processeasprice processes
for givencontingentclaim fr:

Vi = ByEf B fr|Fy,i=1,2.

But V;! = V;2 andthereforeP;} = P;.

(<) Accordingto the previous statementhereis a martingalemeasureP* suchthat % and %i arelocal
martingaleswith respecto P*. But P* is uniqueandthereforethe price processV; canbe defineduniquelyas
Vi = B.E*[By" fr|F].

Thus,we have thefollowing methodologyof pricing contingentclaimsin completemarkets

Let usassumehatthe (B, S)—marletis completeand P* is a uniqguemartingalemeasure If we definethe

price V; of agivencontingentclaim fr as
Vi = BE*[By* fr|F]

then (B, .S, V) is a uniquesystemof pricesfor (basicandderivative) securitiesff the correspondingxpanded
marketadmitsno arbitrage Moreover, thereexistssucha hedgingstratgy = € SF that X[ (Vo) = Vi, t < T.

The above statementanbe interpretedasa possibilityto reduceanyrisk relatedto any contingentclaim to
zeo. Below we give sereralclassicalexamplesof completemarketsto illustratethat.

Binomial modelor Cox-Ross-Rubinsteinmodel, 1976.

Denoteby p; = % for ¢ = 1,2,... therateof returnof therisky assetS. Assumethatp = (p)i>1 isa
sequencef independentandomvariableswith two valuesh > « andcorrespondingrobabilitiesof p and1 — p,
wherep € (0,1). Denote,u = bp + a(1 — p). Thenwe canrepresenp; = u + w; asarandomwalk nearthe
meanrelative rateof returny. Let usdenotetherateof returnof B asr. Thenthe uniqguemartingalemeasurds

definedoy p* = ;== forb > r >a > —1.
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Bachelier model, 1900.
Thisis a purecontinuous( 3, S)-market modelwhereS is definedby <2t = § = ;i + ouy, So > 0. Herewy, is
thewell-known Gaussiarfwhite noise”ando is a volatility parameterTherlsk freerateof returnis considered

to beequalto zero(dB = 0).
Definea martingalemeasurelP;./dPr = exp {—ng -1 (g)2 T} . Thenon-arbitrageprinciple givesthe
following price Cr of thecall option f7 = (S — K)*

cTzvo=E*(ST—K>+=<SO—K><I>(S§f )+af¢>< fK>

;1)2 . . . - .
#e* = arethedistribution andthe densityfunctionsof a standard

where®(z) = [“_ ¢(y)dy andg(z) =
normaldlstrlbutlon respectiely.

Black-Scholes-Mertonmodel, 1973.

Considerthefollowing relative ratesof returnfor B andS:

It is clearthatthe graphicrepresentationf 3 St will be the sameasthe one of S, in the Bacheliermodel. This
modelcanalsobe presenteaitherasa systermf two stochastidifferentialequations:

dBt = BtT dt, dSt = St(,u dt + crdwt),

wherew is astandardVienerprocesgBrownianmotion),or in thefollowing “exponentiafform”:

o2t
B, = Bye™, S, = Syett— 2t towe,

g g

By applyingthe non-arbitragemethodologywe obtainthe celebratedlack-Scholes-Mertofiormula of the call
optionprice:

Theuniquemartingaleneasureanbedeterminedsd ;. = Z% d P, wherethedensityZ; = exp {f (D) wr — 3 (“*")2 T}.

Cr(T,r,0) = E*e "1(Sp — K)* = So®(d. (r)) — Ke "T®(d_(r)),
whered (r) = %
Note,the heuristicprinciple givesanotherprice

Cheuristic (/,L) = e(#ir)TSOCI)((LF (M)) - K67TT¢(d* (,LL))

and,therefore,
Cheuristic <T> = C<T, T, O').

The third methodusedby Black and Scholesis the methodof differentialequationgseeDuffie, 1996)de-
scribedbelow.

Let fr = g(St),g > 0 beameasurabléunction. Considerportfolios with the capital of the form V; =
v(St, t),t < T, asmoothfunction,suchthat

v(S,T) = g(z),z >0
v(z,t) > 0,2 > 0,t <T.

After applyingthe Kolmogorov-Ito formulato v(.S;, t)/ B; we have

t t
v(S;,t)  v(S,0) /81/ S " (ov 0 1
B, Bo +,0 o\ B u+0/ gr T ) Bt du.
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whereL’ = ra 2 + 102222 3 > is thegeneratoof the diffusionprocesss;.

Evidently, V; = z/(St ) |s the capital of a self-financingstratay iff 3” + L% — rv = 0 (Black-Stoles
equation). It means shouldbe aharmonicfunctionfor the operatorL = Bt + L° — r. If g(x) hasapolynomial
growth thensuchasolutiondoesexist andv(z, t) hasthefollowing representation:

/ By, T — t,x)g(y)e T dy,
0

1 lnyfln.zf(rfé)
yov2mt eXpy— 202t :
Let us considerthe non-arbitrageprinciple for incompletemarkets Thereis a setM (S/B) of martingale
measuresnda contingentclaim fr suchthat cannot be replicatedby ary self-financingstratey. Considera
richer setof portfolios {(w,C) : 7 = (8, ), C is anincreasingproces$ calledportfolios (7) with consumption
().
For sucha portfolio (7, C') thecorrespondingapitalhasa form:

t t
thr,C X(;r’C S —1
_ Ld(2) = [ B lac,.
B, B +/7 B). / v
0 0

It is a supermartingalevith respectto ary P* € M (S/B). Accordingto the optional decomposition(see
Kramkov, 1996,Melnikov etal, 2001)ary positive supermartingaleanberepresenteih theabove form.

Considetthefollowing supermartingalégf—: = esssup E* [B;lfT|Ft] (Snellervelopg. Ohviously, E—T =

P*eM(S/B)
};—? and,thereforg,qu = _fT (a.s.).Letusdenoteby V; = X;T’C —thecapitalof ahedgingstratey (7, C). Since
V; is asupermartingalevith respecto ary P* € M (S/B) we have

Vi «( Vr « [ JT
— > > .S. .
B, E <BTF) E (BT>(as),fort>0

wheres(y, t,x) = is alog-normaldistribution densityfunction.

Therefore,the processV,* is the minimal onein the above classof capital processesind accordingto the
optionaldecompositiorthereexists a minimal hedee (7*, C*) suchthat V;* is its capitalprocess.Thus,in the
caseof incompletemarketsthe “natural” price of fr isequalto esssup FE* [BflfTIFt] B;. This approachis

P*eM(S/B)
calledsuperhedging
Below we shav thismethodologymplementedor quitearepresentatieincompletemarket, so-called B, S)—

market with stochasticvolatility (seeVolkov andKramkov, 1997,Melnikov etal, 2001):
dBt = Bt’f’ dt,

dSt = St(,u dt + Et dwt),

wherer is a non-ngative constant,YX? = o2 + (=1)M Ao?,0 < Ao? < o2, N, is a Poissonprocesswith
intensity A > 0. Accordingto the Kolmogorov-Ito formula:

S S §
d(g)t: <E>t2tdwt,
wheredw; = dw; + 4+ dt.

It is clearthata measureP € M (S/ B) iff the procesav* is a (local) martingalewith respecto P. Theset
M (S/B) # ) becausdy thevirtue of the Girsanw theorenthereexist atleasttwo martingalemeasureslefined
as

S+ ' r—=p _ (r—p)?
zi=ew) | <md“’“ 20? + Ac?) d“)
0
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and,thus,themarlketis incomplete.
Denote,omin = Vo2 — Ac? andoyax = Vo2 + Ao?. We canrepresents; in thefollowing way:

dzt = (O—max - Umin)(]{Et_:crmm} - I{Et_:amax}) dNt
andY;_ = omax. Let usrepresenthecapitalfft = 0(S;, t) of theminimal hedgey; = g—Z(St,t) as

v(x,t) = e*r(T*t)supEg(Sq(?_)t).

Here S(®) is a controlled diffusion processwhich is a strongsolution of the following stochasticdifferential
equation
dS( = 8L (r du + a, dw,,), S((]“) =,

wherethe“control” parametery = (o ):<7 takesvaluesin theset{omin; Omax }-
From the generaltheory of controlleddiffusion processe¢seeKrylov, 1977)it follows thaty € C?! and
satisfieghe Bellmannequation
v 1

+ L% + 2|826|A 2-0
- V—rv+ x| 5 |Ac”T =
ot 27 '9z2 ’

o(x, T) = g(z).

To solve this equationlet us apply a small parameterappoac denotingby V* (o2, Ac?) the capitalof the
minimal hedgein this stochastiovolatility modelandV* (o2, 0) the capitalin the correspondinddlack-Scholes-
Mertonmodel.We have

Ac? =V L yDAL2
(02,0)

)%
* 2 2 * 2
Vil a0%) 2 0+ (555 )

Thus,I7 canbewrittenin theform
7= 7O L 70A2

and,therefore the Bellmannequationis reducedo

~ ~ 1192v0 g2y
(0) MA~2 2 2 _
LVY + LV Ao® + 5 | 92 + 5s2 ‘| Ao 0
and R
~ ~ 1]02VO 1|92V
(0) MA~2, * < 2\2 _
LV + LV Ao + 5|52 5 | 92 Ac®)* =0,

whereL = 2 + L0 —r.
Takinginto accounthatV© is the capitalof theminimal hedgein the Black-Scholesnodelwe arrive to the

following equation

9217 (0)

952 Ac? =0

N 1
LV AG? + 3

(upto termsof the Ao? order).
Thereforetheinitial problemcanbe rewritten:

LV (2, 1) = h(z, u)

V) (2,T) =0,

927 (0

whereh(z,u) = —3 |55
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Applying the Kolmogoror-Ito formulawe getthe following upperboundaryof the non-arbitragepriceinter-

val:
T

119270
C*(0,A0?) = C(o) + sup EQ/— a(,)deu
s

QEM(S/B) 2

Ao?,

whereC/(o) is thecorrespondindair pricein the Black-Scholesnodelwith volatility o.

Thereare pricing methodsotherthanperfecthedging.We aregoing to mentiontwo of themmean-variance
andquantilehedgingapproaces Thefirstonesuggestso useastratgy 7* with theterminalcapital X7~ optimal
in termsof meanvariance(seeFolimer, Sondermann,1988nd Schweizer1996for details):

El(fr - X8 < B [(fr - X7

for ary stratgy 7 with its terminal capital X7.. The secondoneis basedon hedgingcontingentclaimswith a
probability ¢ < 1. Therearetwo problemsof quantilehedging: minimizing the initial capital of the minimal
hedgegiventhefixedprobabilitylevel ¢ andmaximizingq giventheinitial capitalvalue.

Now let usdiscussarelationshipbetweercompleteandincompletemarkets(seeMelnikov etal, 2000).

Let usconsidetthe difference

A = esssup EB;lfT — essinf EBElfT.

PeM(S/B) PeM(s/B)

We shallinterpretA asa naturalmeasureof incompletenessf the market (A = 0 for any completemarlket).
This is so-calledspread Let us considera few more characteristicselatedto completenessr incompleteness:
leasingand transactiorcosts It's typical to considersuchleasing!;.S; andtransactiord;|A~;|S; costswheresS;
is astockprice,l; andd; areleasingandtransactiorcostscoeficients

Involving new financialderivative securitiesmakesthe initial market “more complete”with smallerA,l and
J.

Abovewe have describedhelongtermhedgingandinvestmenmethods Financialmathematicalsosuggests
methodsapplicableto shortterm trading. Most shortterm trading systemsare basedon heuristic methodsof
technicalanalysis(seeGrarville, 1976). We aregoingto shav how methodsof stochastidinancialmathematics
canbeappliedfor trading.

Let usconsidera modelof thefinancialmarketthatstartstrendingatthe momentt = 6. It canberepresented
astheobsenedprocesof thefollowing form (seeShiryaer, 2000):

Xt = T(t*9)+ +O'Bt,

d _ O'dBt, t<0,
"l rdt+o0dB, t>0,

Let usalsoassumehatf takesvaluesin [0, co) andhasthefollowing distribution:

wherer € [0, 1], and
P(O>1t60>0)=e ™,

where\ > 0 is aknown constant.
Denote,
T = P(0 < t| FX),

whereFX = o(X,,s < t).
We aregoingto considetthe problemof determiningthe stoppingtime 7* optimalin thefollowing sensefor
ary givenc > 0, find

B(e,m) = irTlf{Pﬂ(T <O)+cE (=0t} =P(r* <0)+cE(T"-0)*.
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Accordingto the generaktheorydevelopedfor solvingthewell-known “quickestdetection”problemthe opti-
mal stoppingtime canbe calculatedasfollows:

Denote, .
Y
G(y) = log - -,
(v) T ¥
7‘2 7‘2
A=)—,C=c¢/—.
/202’0 6/202
Let usalsodefine B, astheroot of the equation:
B,
c / —AlG(B)—Gw)]__ W -
y(1—y)

0
Thenthetime 7* canbecalculatedas
7% =7%(By) = inf{t : 7y > B,}
is optimalforany 0 < 7 < 1and
B(e,m) = Pr(7* < 0) + cEx (7" — 0)T.

Here we have rigorously statedand solved the problemof detectingtrendsin financial markets which is
probablythe mostchallengingandimportantproblemof technicalanalysis.Thus,rigorousquantitatve methods
of financialmathematicsrereplacingold qualitative heuristicmethodsof classicakechnicalanalysis.
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Chapter 7
Resistvity Well Logging

Participants: Yongji Tan (Mentor), Maria Inez C. Goncahes,Jef P. Grossmanying Han, GeraldH.W. Lim,
ZhengMeng,BenjaminW.L. Ong.

PROBLEM STATEMENT : In petroleumindustryresistvity well-loggingis oneimportantmethodto detectthe
resistivity of the formation. This methodcanbe describedasfollows. After a well hasbeendrilled, oneputsa
log-toolinto thewell. Thelog-toolis aninsulationrod whoselateralsurfaceis coveredby metalaselectrodes.
While it works, someof the electrodeslischage currentsof fixedintensityinto the formationthenthe potentials
in someotherelectrodemremeasuredRaisingthelog-tool alongthewell-boreonegetsthe potentialdistribution
on the electrodef variouspositions. By this informationoneinferstheresistvity of the geologicalformation.
Combiningthis informationwith the porosityof the formationobtainedby someotherwell-loggingtechniques,
onecancalculatethe oil storage.
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7.1 Intr oduction

In petroleumexploration,resistivity well-loggingis performedn orderto estimateoil saturatiorevelsin porous
media.Themethodemploys alog tool consistingof 3 dischagingand20 measuringelectrodeswhichis lowered
into a drilled well. Currentis suppliedby the dischaging electrodedo generatea static electricfield, andthe
resultingelectricpotentialis sampledat the measuringelectrodes. The goalis to infer the conductvity of the

=y w="

r.odtuu’ft rock
reqion layer
(rod 400() N\
Fous
fow muth zndstone
il + d
.- . *..ls*.ﬂ,-* ::Tdt 14
:
log
rock
=+vel ﬁ lla'{tf
e well ;

Figure7.1: domainidealization

Figure7.2:log tool

domain;this is achievedthroughaniterative scheme.Therearetwo methodso solve the forward problem(i.e.,
find the potentialgiven conductvities andboundaryconditions):imposingthe total boundaryflux conditionand
re-expressingheproblemin termsof classicalPDEs.
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7.2 Mathematical Model

7.2.1 Problem Formulation
Given
1. ThegoverningLaplaceequationof the electricpotentialu
V- (k(Z)Vu(Z)) =0 (7.1)
2. Thecurrentatthedischaging electrodes,

/ / ka—tf,ds = I; (known constant), (7.2)
a, Of

whereA; standdor thesurfaceof thei-th electrodeand; is the currentdischagedby it.
3. Theelectricpotentialsatthe measuringlectrodes,
uj, j=1,...,J (7.3)
wherelJis the numberof measuringelectrodes.

We wish to find the conductvity k(Z). Unfortunatelythe problemasposeds impossibleto solve.

7.2.2 Simplification

We discretizeour domaininto several sub-rgions,andassumehatk is piece-wiseconstanin eachsub-region.
A naturaldiscretizationallows for a top rock layer, a bottomrock layer, an oil-saturatedsandstondayer, a mud
filled well boreanda contaminatedegion within the saturatedayer (seefigure 7.1). We notethatalthoughthis
discretizationmay appearsomavhat simplistic, it neverthelesgepresentshe essentialgeophysicafeaturesin
areasonablavay. One canalwaysrefinethe discretizationto P subdomaingrovided P < J (the numberof
measuringelectrodes)In addition,we caninfer thefollowing physicalboundaryconditions.

7.2.3 Physical Boundary Conditions
. Ontherubberinsulatingsurface,% =0
)
e Onthemeasuringlectrodes

I=0 — // s = 1-0
M; a’rl
. ou
or equialently, — = 0.

on

e Forfarfields,u ~ 0, sinceu — 0 asdistance— oo

e By symmetry% = 0 onthecylindrical axis.
n

7.2.4 Interface Conditions

To obey thelaws of physicswe require

e Continuityof electricpotentialu|_ = u ;.
- 0 0
e Continuityof current,k —1_{ = k+—g
on|_ on n

acrossll interfaces.
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V- (k)T u) =0 (Laplace &)

Figure7.3: NumericalDomain

7.2.5 ThelnverseProblem

This inverseproblem cannotbe solved in a straightforvard manner We adoptan iterative approachthat en-
forces(7.2.3)by minimizing

J
e=> |u'(z) — 1y , (7.4)
=1

sothattheiterative solutionatthe measuringelectrodesy’(z; ), convergeto @;. Theoutline of theiterative algo-
rithm is asfollows:

Algorithm:
1. Guessninitial setof conductvities, k% = [k, ki, ki, ki 1], andkj , fori = 0.
2. Solve (7.1)for u* excludingcondition(7.3).
3. Calculatee using(7.4)

4. If € < €, wheree is a userdefinedtolerancethe k' is acceptedptherwiseijt is modifiedto kit! = f(k?)
by a simplex searchalgorithmin Matlah

5. Returnto step2, usingE"“, andrepeatsteps2 to 4 until theconditione < € is satisfied.
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7.3 Variational Principle and Finite Element Method

7.3.1 Formulation

Theresistvity well-loggingproblemcanbere-expressedby incorporating(7.2) (thetotal flux boundarycondition)
in avariationalformulation. This is equivalentto finding the minimum of the enegy functional:

L
J(v) :%///kav|2dq:dydz—2hv
=1

whereL is thenumberof dischagingelectrodesindtheminimumis takenover vy = {v = v(%)|v € H*(Q),v|r,

0,v|py = const.(i=1,...,L)},i.e.,wewishtofind u € V; suchthatJ(u) = Lnél\% J(v).

An equialentformulationusingthevariationalprincipleis to find u € Vj suchthat

ris (75)

L
/ // kVu- Vodrdydz = L@y, Y0 € V. (7.6)
J IR i=1

7.3.2 Implementation

Usingthefinite elementmethod the naturalboundaryconditionsareautomaticallysatisfied.Neverthelesssome
specialtreatmentof the total flux boundaryconditionis required. Without loss of generality we simplify our
problemasfollows:

e We considerthe 50m x 50m crosssection{24 split into two sub-rgionswith piecavise constaniconduc-
tivities k; andks.

e Reduceproblemto onedischaging electrodeandeightmeasuringlectrodes.

J(u) simplifiesto

L
1 1
J(u) == // ki|Vol2drdz — —ulr,. (7.7)
(=33 ] [, bIvePards - sl

We cannow form the stiffnessmatrix and treat the equi-valuedboundaryvalue condition explicitly. We use
lineartriangularelementdasedn the perpendiculanetwork. The meshis densemnearthedischagingelectrode
becauseheelectricpotentialchangesapidly there..
In our numericalexperiment,we set] = 1 onthe dischaging electrodesetk = (k1,ks) = (5,0.05) andwe
computedhe potentialu over 4. Thesolutionis plottedon the following page.

Obsenrethatthe potentialu decreasegapidly from thetool to thefar field boundariesAlso notethe effect of
currentcontinuityatr ~ 2

7.3.3 InverseProblem

Supposewe take eight potentialson the log tool (from the abose computationjpsmeasurediata. Givenanother
two resistvities k£ andk9 asinitial values,canwe recover k = (5,0.05)? Yes! Our final solutioncorvergesto
ourgivendata. Thedeviation e is o(10~12), andwe recover k = [5.00003424142100, 0.04999434491546).

7.3.4 Stability

Wetestedhestability of ourmethodby introducing0.5%randomerrornoiseinto our measuredata.We find that
the conductiities now corvergeto &’ = [3.35348, 0.03354] with e = o(10~1?). Thisindicatesthatour methodis
not stable,andthat someregularizationof the parametersr someaddedweightsis requiredin our future work,
e.g.,replacing(7.4) by

8
- mi ki(u — @;)? 7.8
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Figure7.4: mesh

7.4 ClassicalMethod

7.4.1 Formulation

We canalsoreformulateour boundaryconditionsto a more familiar form: Dirichlet and Neumannboundary
conditions namely

ou
replace./ /3 kl% =1I; by u|F§ =1 (7.9)
In fact,throughlinearity of (7.1),if we justsolvethe PDEin section7.2with (7.2) replacedby

u‘Fg =1, u|r"§ =0,(j # k).

Our solutionis thenalinearcombination
L
u = Z ﬁj’dj
J=1

We canthensolve for 3; by solving a linear systemof equations. For example,the casewith 3 dischaging

electrodesesultsin
0 0 0
/ ik “ / / o 2 / / b 92 = (7.10)

Lo ] one o

0 0 0
/ 51/€1 UI / ﬂzlﬂ UQ / ﬂ3/€1 ;3 =13
1'*3

7.4.2 Implementation

We useda finite elementpackage(FEMLAB) to solve the problemposedin section7.2.2. Only 4 regionsare
visible in thefollowing plot becausehe computationvasdoneto scale.

¢ thedepthof thewell is 100m
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10 15 20 25 30 35 40 45

Figure7.5: ElectricPotentialwith k1 = 5, k2 = 0.05

theelectricfield affectsa radiusof approximately50 metersradially,

thedrill hasa 10 cmradiusresultingin a mudregionwith a 10cmradius

thetool hasalengthof 8 meters

thesingledischaging electrodehasa heightof 0.5 meters.
e thecontaminatedegionis approximatelyl meterwide

Whenl = 0.645andk = [kq, ko, ks, ka1, kaz] = [10,1,1,0.5,0.01],

Noticethatthe samefeaturesarepresenin the morecomple< subdomairstructure—thesontinuity of current
providesajumpin 9%.

A moredetailedplot of themeshis shawvn in figure 7.4.

7.4.3 InverseProblem

As in section7.3, the searchdirection for k& was computedusing fminseach, a routine found in the Matlab
optimizationtoolbox. We had problemscorverging to the correctsolutionfor the 5 parametenproblem,E =
[k1, k2, k3, ka1, ka2]. It appearedhat therewerelocal minimumsin this problem. The problemdid corverge
howeverwhenky, ko & k3 waskeptfixed,andE = [k41, k2] wasoptimized.

Finding a good optimizationroutine is of coursethe key to this problem. Due to time constraints,only
fminseach wasattemptedfminseach took someundesirablesteps:the conductiities becamenegative, which is
notphysicallypossiblein this problem.Giventime, onecould probablycodea moresuitableoptimizationroutine
whichinvolvestrustregionsandappropriateconstraints.
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Electric Potential
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7.5 Conclusions

Giventhe time restrictionsof a modelling camp,we were quite pleasedwith the resultsthat we obtained. We
think thatour formulationof the problemcorrectlymodelsthe problempresentedandour finite elementsolvers
correctlysolvedthe Laplaceequatiorwith boundaryconditions.
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