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Topics

Approach to steady motion of a plate
in a free-molecular (collisionless or Knudsen) gas

A, Tsuji, & Cavallaro, Phys, Rev. E (09)

Approach to equilibrium of a free-molecular gas
Tsuji & A (work in progress)

Numerical study



Time-independent case

parameter

Free-molecular gas

Boltzmann
equation

Highly rarefied gas
Effect of collisions:  NeglectedMolecular

velocity

Mean free path



Initial-value problem (Infinite domain)

Initial condition:

Solution:

(Steady) boundary-value
problem

Single convex body

given

from BC

BC :

Solved!



General boundary

BC

Integral equation for

Diffuse reflection:
Maxwell type:

Integral equation for
Exact solution ! Sone, J. Mec. Theor. Appl. (84,85)

General situation, effect of boundary temperature
Y. Sone, Molecular Gas Dynamics: Theory, Techniques, and Applications

(Birkhäuser, 2007)



[          : omitted ]

Conventional boundary condition

Specular reflection

Diffuse reflection

No net mass flux across the boundary



Maxwell type

Accommodation coefficient

Cercignani-Lampis model

Cercignani, Lampis (72)



Statics: Effect of boundary temperature

Sone, J Mec. Theor. Appl. (84, 85)

Maxwell-type (diffuse-specular) condition

Closed or open domain, boundary at rest
arbitrary shape and arrangement

Arbitrary distribution of boundary temperature,
accommodation coefficient

Path of a specularly reflected molecule

Exact
Solution !



Exact solution



Initial and boundary-value problem

A disk accelerated by a constant external force
in a free-molecular gas  (no force on gas molecules)

The manner of approach ??

Approach to steady motion of a plate



If                           ,  then

Equation of motion of the disk :

Exponential approach (usual case)

Free-molecular gas ???



Gas:

EQ:

IC:

BC: Specular or Diffuse
reflection on body surface

Body:
EQ:

IC:

Free-molecular gas



Approach to        

BC: specular reflection

Condition:                            small
Caprino, Marchioro, & Pulvirenti, Commun. Math. Phys. (06)
Caprino, Cavallaro, & Marchioro, M3AS (07)
Cavallaro, Rend. Mat. (07)

Mathematical study



Approach to        

BC: specular reflection

Condition:                            small

Caprino, Marchioro, & Pulvirenti, Commun. Math. Phys. (06)
Caprino, Cavallaro, & Marchioro, M3AS (07)
Cavallaro, Rend. Mat. (07)

BC: diffuse reflection

A, Cavallaro, Marchioro, & Pulvirenti, M2NA (08)

Cause of non-exponential (power-law) decay

Effect of recollision



Steady motion

Acceleration

recollision

incident
molecules

incident
molecules

• If we neglect recollision, we obtain exponential approach.
• Diffuse reflection :    more chances of recollision

(more slow molecules)



1D

recollision

Illustration

(trajectory)



(Rough) sketch of proof Specular, 3D
Caprino, Marchioro, & Pulvirenti (06)

EQ:
IC:

Drag without recollision
Correction (recollision on right face)
Correction (recollision on left face)

EQ:

Assumption:



Drag without recollision
Correction (recollision on right face)
Correction (recollision on left face)

(trajectory)



given function

known

trajectory sol. of B eq. corrections

Modified problem [ for             ]

Map from            to :



I.
Differentiable
Bouded derivative

(i)  Increasing in

(ii)

enjoys the same properties !!!

II.
equibounded
equicontinuous

Limiting function
solves the original problem



III. any solution of the original problem

Improvement

Cavallaro, Caprino,
& Marchioro (07)

Same properties as



Numerical study A, Tsuji, & Cavallaro, Phys. Rev. E (09)

Arbitrary
Diffuse reflection (more difficult mathematically)

Plate without thickness

Finite-difference method



Diffuse reflection

(Macro variables)



1D

Numerical results

Dimensionless variables Specified
suitably





Overshoot !

Overshoot is proven in
Cavallaro, Caprino, & Marchioro (07)

Specular





Overshoot (physical explanation)



2D





3D



Square plate



Approach to        

BC: specular reflection

Condition:                            small

Caprino, Marchioro, & Pulvirenti, Commun. Math. Phys. (06)
Caprino, Cavallaro, & Marchioro, M3AS (07)
Cavallaro, Rend. Mat. (07)

BC: diffuse reflection

A, Cavallaro, Marchioro, & Pulvirenti, M2NA (08)

Numerical evidence



Approach to equilibrium of a free-molecular gas

gas gas

Boltzmann equation (with collisions)

Trend to equilibrium

Grad, Cercignani, Illner, Arkeryd, Bobylev, Toscani, …
Villani, Mouhot, Desvillettes, Wennberg, Carlen, …
Guo



• Specularly (or backwardly) reflecting boundary
• Periodic box

Diffuse reflection

Desvillettes & Villani, Invent. Math. (04)

Villani (07?), Guo (09?)



gas gas

Free-molecular gas

Slow approach is expected.

guess

(Diffuse reflection)

Arkeryd & Nouri, Mh. Math. (97)



1D box

gas
EQ:

IC:

BC:

Formal solution

Slab



Integral equation for



Symmetric initial condition:

Renewal
equation

Numerical result
(preliminary)

Macroscopic quantities









Other points



2D box Cylinder

Circular cylinder, Cylindrical symmetry

Modified Bessel functions









Other points



3D box

Sphere, Spherical symmetry









Numerical evidence (preliminary)

1D
2D: Circular cylinder
3D: Sphere

Symmetric initial data+


