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Introduction

Characterisation of low-frequency variability (~ 10 days +) of

extratropical atmosphere important for
seasonal climate prediction
assessing role of atmosphere in climate change

deepening understanding of atmospheric dynamics

Standard characterisations of zonal-mean circulation variability:
zonal winds: zonal index, “‘jet shift”

geopotential: annular modes, “polar vortex shift”
Obtained as EOFs, often treated as interchangeable

Present study: how much of all of this can be understood from the

kinematics of a fluctuating jet (without invoking complex dynamics)?

adian Centre for Climate Modelling and Analysis.
a Centre canadien de la modélisation et de 'analyse climatique
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Empirical Orthogonal Functions (aka PCA)

® Covariance matrix of field u(z,t)

C(z,2') = E{u(z,t)u(z’,t)} — E{u(z,t)} E{u(a’, )}
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Empirical Orthogonal Functions (aka PCA)

® Covariance matrix of field u(z,t)

C(x,2") = E{u(z, t)u(z’,t)} — E{u(z, )} E{u(z',t)}

® EOFs: eigenfunctions of C'(x, x')

/C(az,x')E(j)(x’) dr — ,u(j)E(j)(J:)
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Covariance matrix of field u(x,t)

C(x,2") = E{u(z, t)u(z’,t)} — E{u(z, )} E{u(z',t)}

EOFs: eigenfunctions of C'(x, x')
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Empirical Orthogonal Functions (aka PCA)

Covariance matrix of field u(x,t)

C(x,2") = E{u(z, t)u(z’,t)} — E{u(z, )} E{u(z',t)}

EOFs: eigenfunctions of C'(x, x')
/C(x7$’)E(j)($’) dr — ,u(j)E(j)(a?)
Principal components: time series of projections

a9 (1) = / u(z, t)EY) (z) dz

EOFs orthogonal, PCs uncorrelated
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Observed EOFs: Zonal Index and Annular Mode

Zonal Mean Geopotential ®(¢,t)
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The Idealised Zonal Jet

@ Assume eddy-driven midlatitude jet described by

w(z,t) = Ut)F (5’7 ;z;(ﬂ)

U(t) =Up(1+1&(t))  jet strength
where x.(t) = hA(t) jet position
oc7l(t)=14+wvn(t)  jetwidth
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The Idealised Zonal Jet

Assume eddy-driven midlatitude jet described by

w(z,t) = Ut)F (f’f ;Z;(t)>

U(t) =Up(1+1&(t))  jet strength

where x.(t) = hA(t) jet position
oc7l(t)=14+wvn(t)  jetwidth

Observed: [ << 1, h << 1,v << 1

Strength, width correlated < momentum “conservation”

Geopotential related to zonal wind through geostrophy:

/ P u(e! 1) da’ + /x w ( / f(x’)u(x’)dx’) () dz

e (where second term imposes mass conservation)
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Basis Functions: Symmetric Jet

W Define normalised basis functions F};(x):

1 d
J
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Basis Functions: Symmetric Jet

W Define normalised basis functions F};(x):

1 d
J

W For F(x) localised jet with unique maximum:

Fy 1s a “monopole”, Fy a “dipole”, and F3 a “tripole”
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Basis Functions: Symmetric Jet

Define normalised basis functions F};():

1 &
J

For F(x) localised jet with unique maximum:

Fy 1s a “monopole”, Fy a “dipole”, and F3 a “tripole”
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Assume bounded jet on domain wide enough so that even/odd derivatives of

F'(x) orthogonal:
() orthog /Fj(x)Fk(x) dr=0 forj+kodd

7onal Jets. Dinole EOFs. and Annular Modes — p. 6/20



Basis Functions: Symmetric Jet
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For F(x) localised jet with unique maximum:

Fy 1s a “monopole”, Fy a “dipole”, and F3 a “tripole”
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Assume bounded jet on domain wide enough so that even/odd derivatives of

F'(x) orthogonal:
() orthog Fi(2)Fy(z)dz =0  forj + k odd
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Analytic computation of EOFs

@ Exploit “smallness” of fluctuations to transform EOF integral equation into
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Analytic computation of EOFs

@ Exploit “smallness” of fluctuations to transform EOF integral equation into
matrix equation

@ E.g.: fluctuations in position alone

o (2.1) = u(z, t) — E{u(z, 1)} = UgNyRAF, () + %NQUO(MVFQ(;U) g
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Analytic computation of EOFs

Exploit “smallness” of fluctuations to transform EOF integral equation into
matrix equation

E.g.: fluctuations in position alone
1
u (x,t) = u(z,t) —E{u(z,t)} = UgN1hAF; (z)+ §N2U0(h)\)2F2($) + ...

and so

U2
C(z,2') = UZh*NiF(z)F(z) + TONlNthS)\[Fl(CE)FQ(x/) + Fy(z)Fy (2')]

U2
—I—TONQZhél(KJ)\ -+ B)FQ(ZU)FQ(ZU/) + ...

(where s, k) skewness and kurtosis of \)
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Analytic computation of EOFs

® Writing EOF as F,(x) = aFi(z) + BF>(x) gives matrix equation
(to O(h%)):

U N7h? STNIN2UZh? sy o o
LNy NoUZh3sy  INZUZRA(ky + 3) s 3
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If sy = 0, “dipole” F(x) and “tripole” F>(x) both eigenvectors
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Analytic computation of EOFs

Writing EOF as F,(x) = aFi(z) + BF>(x) gives matrix equation

(to O(h%)):
USNEh? STNIN2UZh? sy a |\ e
LN NoU2R3sy  LN2U2RY (s + 3 -
s NiN2Ugh?sy gNyUsh™(ka + 3) 5 G

If sy = 0, “dipole” F(x) and “tripole” F>(x) both eigenvectors
Dipole EOF dominant unless ) or /Ny very large

sy # 0 couples these basis functions in EOFs
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Zonal Wind: Fluctuations in Single Variables

W Strength Alone: only one nontrivial PCA mode
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@ Strength Alone: only one nontrivial PCA mode

EW(z) = Fy(x) monopole

U
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Zonal Wind: Fluctuations in Single Variables

@ Strength Alone: only one nontrivial PCA mode

EW(z) = Fy(x) monopole

U

W Position Alone: if A unskewed

EWV(z) = Fi(z) dipole
E@N(z) = Fy(z) tripole
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Zonal Wind: Fluctuations in Single Variables

Strength Alone: only one nontrivial PCA mode

EW(z) = Fy(x) monopole

U

Position Alone: if )\ unskewed

=
N
B
||

Fi(x) dipole
EP(z) = Fy(z) tripole
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Zonal Wind: Fluctuations in Single Variables

Strength Alone: only one nontrivial PCA mode

EW(z) = Fy(x) monopole

U

Position Alone: if )\ unskewed

D(x) = F(z) dipole

Uu

EP(z) = Fy(z) tripole

Uu

&

but skewness in A mixes dipole and tripole

Width Alone: leading EOF pattern
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Zonal Wind: Fluctuations in Single Variables

Strength Alone: only one nontrivial PCA mode

EW(z) = Fy(x) monopole

U

Position Alone: if )\ unskewed

D(x) = F(z) dipole

Uu

SN
O
|

Fs(x) tripole

Uu

but skewness in A mixes dipole and tripole

Width Alone: leading EOF pattern

EWN(z) = 2F (2)

u
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Zonal Wind: Strength & Position Fluctuations

™ For &, X independent & unskewed leading EOFs mix monopole, tripole:

E(l)(l’) = Fi(x) dipole
éHF o(x) + ﬁ§+)Fg(a:) mono/tripole hybrid
E®) (z) = ﬁ(()_)FO(:c) + Bé_)Fg(x) mono/tripole hybrid

=
c
B
|
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Zonal Wind: Strength & Position Fluctuations

For &, X\ independent & unskewed leading EOFs mix monopole, tripole:

EWN(z) = F(x) dipole
EX(z) = é+)F0 () + ﬁ§+)F2($) mono/tripole hybrid
E®) (z) = ﬁ(()_)Fo(aj) + ﬁé_)Fg(x) mono/tripole hybrid

Mixing of monopole, tripole occurs Fy(x), F(x) not orthogonal
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Zonal Wind: Strength & Position Fluctuations

For &, X\ independent & unskewed leading EOFs mix monopole, tripole:

EWN(z) = F(x) dipole
EX(z) = é+)F0 () + B§+)F2(:U) mono/tripole hybrid
E®) (z) = ﬁ(()_)Fo(aj) + ﬁé_)Fg(x) mono/tripole hybrid

Mixing of monopole, tripole occurs Fy(x), F(x) not orthogonal

Degree of mixing determined by quantities

(KJ)\ -+ 2)N22 h4
NP

o =

 Fp = / Fo(2)Fa(z) da
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Zonal Wind: Strength & Position Fluctuations

For &, X\ independent & unskewed leading EOFs mix monopole, tripole:

EWN(z) = F(x) dipole
EX(z) = é+)F0 () + B§+)Fz(x) mono/tripole hybrid
E®) (z) = ﬁ(()_)FO(:L‘) + ﬁé_)Fg(x) mono/tripole hybrid

Mixing of monopole, tripole occurs Fy(x), F(x) not orthogonal
Degree of mixing determined by quantities

(/43)\ + 2)N22 h*

) =
INZ P

, F02 = /Fo(x)FQ(LC) dx
Leading PC time series couple position & strength fluctuations:

N o V() ~ (Uy+E)AE) + h.ot.
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Zonal Wind: Strength & Position Fluctuations

™ For Gaussian jet with h = 0.3, [ = 0.185

skew(A) =0 skew(A) = 0.75
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Zonal Wind: Strength & Position Fluctuations

For Gaussian jet with A = 0.3, [ = 0.185

skew(A) =0 skew(A) = 0.75

Skewness in A = EOFs asymmetric around jet axis; dipole still dominates

even for strong skewness

Canadian Centre for Climate Modelling and Analysis
Centre canadien de la modélisation et de ['analyse climatique
CCmaC

7 UVic,

70onal Jets. Dinole EOFs. and Annular Modes —p. 11/20



Zonal Wind: Strength & Position Fluctuations

™ Correlation of &, A couples dipole with other basis functions in EOFs
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Zonal Wind: Strength & Position Fluctuations

™ Correlation of &, A couples dipole with other basis functions in EOFs

™ For perfect correlation £ = A, leading EOF mixes monopole and dipole:

1

B = e

(—eFo(z) + Fi(x))
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Zonal Wind: Strength & Position Fluctuations

™ Correlation of &, A couples dipole with other basis functions in EOFs

™ For perfect correlation £ = A, leading EOF mixes monopole and dipole:

1

B = e

(—eFo(z) + Fi(x))

where

Nyl

= Nih
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Zonal Wind: Strength & Position Fluctuations

Correlation of &, A couples dipole with other basis functions in EOFs

For perfect correlation £ = A, leading EOF mixes monopole and dipole:

1

B = e

(—eFp(x) + Fi(x))

where
Nyl

~ Nk

For € very small (large) dipole (monopole) dominates

€

70onal Jets. Dinole EOFs. and Annular Modes — p. 12/20



Zonal Wind: Strength & Position Fluctuations

Correlation of &, A couples dipole with other basis functions in EOFs

For perfect correlation £ = A, leading EOF mixes monopole and dipole:

1

B = e

(—eFo(z) + Fi(x))

where
Nyl

~ Nk

For € very small (large) dipole (monopole) dominates

€

For position, strength fluctuations of comparable width, coupling will be

strong
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Zonal Wind: General Case

® Dipole structure F (x) will be EOF if
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Zonal Wind: General Case

Dipole structure Fi(x) will be EOF if
¥ fluctuations in A not strongly skewed
W position fluctuations not correlated with strength or width
W position fluctuations stronger than width
That these fairly general facts are characteristic of the tropospheric

jet in models & observations = explanation for dipole as generic

feature of zonal wind EOFs
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Zonal Wind: General Case

Dipole structure Fi(x) will be EOF if
fluctuations in A not strongly skewed
position fluctuations not correlated with strength or width
position fluctuations stronger than width

That these fairly general facts are characteristic of the tropospheric

jet in models & observations = explanation for dipole as generic

feature of zonal wind EOFs

While dipole arises because of position fluctuations, the associated

EOF mode bundles together variability in all jet degrees of freedom
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EOFs of Dynamically Related Fields

" Geopotential related to zonal wind through linear transformation

O(x,t) = — / " (e 1) da’ + / ( / f(m’)u(x’)da:’) u(z) dz

1
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EOFs of Dynamically Related Fields

" Geopotential related to zonal wind through linear transformation

/ FaYula! 1) do’ + / ( / f(x’)u(x’)da:’) i(x) da

“ Dynamically related but distinct fields will not generally have same EOFs
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EOFs of Dynamically Related Fields

Geopotential related to zonal wind through linear transformation

/ FaYula! 1) do’ + / ( / f(m’)u(x’)d:r;’) i(x) da

Dynamically related but distinct fields will not generally have same EOFs

Consider y = Lx; covariances related by

Cyy = LCyp L"
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EOFs of Dynamically Related Fields

Geopotential related to zonal wind through linear transformation

/ FaYula! 1) do’ + / ( / f(m’)u(x’)d:r;’) i(x) da

Dynamically related but distinct fields will not generally have same EOFs

Consider y = Lx; covariances related by
Cyy = LCyp L"

EOF decomposition of x C.. =UNUT
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EOFs of Dynamically Related Fields

Geopotential related to zonal wind through linear transformation

/ FaYula! 1) do’ + / ( / f(m’)u(x’)d:x;’) i(x) da

Dynamically related but distinct fields will not generally have same EOFs

Consider y = Lx; covariances related by
Cyy = LCyp L"

EOF decomposition of x C.. =UNUT

Cyy = (LU)A(LU)T

and EOFs of y only EOFs of x if rows of LU/ orthogonal
aacc—iﬁii‘ilfféﬁi'f§Z"§’1222'§.§a‘1?§n‘"Z?S!?;?\"ai’y‘ﬁiumm (WhiCh they Won,t be in general)
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Geopotential EOFs

W Can expand u'(x,t) = u(x,t) — (u(x)) over EOF basis:

o(,0) = o (EY (@)
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Geopotential EOFs

W Can expand u'(x,t) = u(x,t) — (u(x)) over EOF basis:

o(,0) = o (EY (@)

= J T To T
Vit = =3 al0) ([ fEP @ - [ [ B ) di'ds
j=1 L1 L1 L1
J
= =) 7l ()G (2)
j=1
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Geopotential EOFs

W Can expand u'(x,t) = u(x,t) — (u(x)) over EOF basis:

W' (z,t) =) af (EY (z)

= J T To x
Vit = =3 al0) ([ fEP @ - [ [ B ) di'ds
j=1 L1 1 1
J
= Y0P (060 @)
j=1
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Geopotential EOFs

Can expand u/(z,t) = u(x,t) — (u(x)) over EOF basis:

W' (z,t) =) af (EY (z)

= J T To x
Vit = =3 al0) ([ fEP @ - [ [ B ) di'ds
j=1 L1 1 1
J
= Y0P (060 @)
j=1

Functions G;(x) not generally orthogonal = not generally EOFs

Mass conservation constraint influences non-orthogonality
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Geopotential EOFs: Strength, Position, & Width

Gaussian jet, neglecting sphericity of Earth (u(z) = f(z) = 1)

-0.2 | | |
20 30 40 50 60 70 80
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latitude ( S)

o

latitude ( S)
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Geopotential: Strength & Position Fluctuations (Flat)

- O (2,1) ~ ()G (z) + oD (#)Ga()

70onal Jets. Dinole EOFs. and Annular Modes —p. 17/20



Geopotential: Strength & Position Fluctuations (Flat)

- O (2,1) ~ ()G (z) + oD (#)Ga()

F,(0) F,(0)

20 40 60 80 20 40 60 80
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Geopotential: Strength & Position Fluctuations (Flat)

- O (2,1) ~ ()G (z) + oD (#)Ga()

F,(0) F,(0)

20 40 60 80 20 40 60 80

¢ ¢
W G1(x), Go(x) non-orthogonal:
7= G1(x)Ga(x)dxr = —0.1
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Geopotential: Strength & Position Fluctuations (Flat)

- O (2,1) ~ ()G (z) + oD (#)Ga()
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Geopotential: Strength & Position Fluctuations (Flat)

D' (x,t) ~ oV ()G (z) + a'? (t)Ga(x)

F,(0) F,(0)

20 40 60 80 20 40 60 80

¢ ¢
G1(x), G2(x) non-orthogonal:

7= / G1(x)Ga(x)dxr = —0.1
= EY(z) = —0.58G () + 0.81G2(x)

Leading EOF of ®(x,t) mixes EOFs of u(z,t)

e (Decause of mass conservation)
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Geopotential: Strength & Position Fluctuations

Annular mode structure requires both strength and position fluctuations and

mixes leading two EOFs of zonal wind
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Geopotential: Strength, Position, & Width (Sphere)
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Conclusions
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model of jet kinematics, but
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Conclusions

Zonal index and annular mode structures well-simulated by simple

model of jet kinematics, but
individual EOF modes not individual jet degrees of freedom
individual EOF modes of dynamically-related fields will not

generally coincide

Dipole jet EOF generic feature if position fluctuations are strong,
symmetric, and uncorrelated with other degrees of freedom
Analysis describes Earth’s tropospheric jets, but what about
middle atmosphere?
ocean jets?

other planets?
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