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Geometrical law
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If V = speed along the normal n at point x at time t
V =F(t,x,n,S,...)

where S = curvature tensor of the interface at x

Represent the inner region ; and the interface I'; = 09; as follows
Me={xeR":u(t,x) =0} & Q.= {xecRN:u(t,x)>0}.

Exhibit an equation satisfied by u
Solve the PDE

Check the invariance principle

Osher-Sethian, Evans-Spruck, Chen-Giga-Goto
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Motion by mean curvature

A simple example of geometric motion
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The phasefield approach
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The phasefield approach
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Integro-PDEs in applications and literature
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The fractional Laplacian:
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a typical example of (monotone) singular
integral operator

(-8)"u(x) = =€, [ (st 2) = uto ) e

with o € (0,2)

This operator differentiates « times the function u
Well defined for u € C?
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a typical example of (monotone) singular
integral operator

(—2)?u(x) = -C, / <u(x +2z) — u(x) — Du(x) - le(z)> ’Z|sz+“

with o € (0,2)
This operator differentiates « times the function u
Well defined for u € C?

The singularity at 0 is compensated

The singularity is assumed to be of order less than 2
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Definition (Fractional mean curvature)
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(Caftfarelli-Souganidis, Cl)

Ka[x,T] = &
@
Kalx,u] = %

V4
/ . r|Z|T+a'n(X+Z) O'(dZ)
Z:x+z€e
z Vu
/z:u(x+z):0 ‘z’N-i-_oz . _|V” (x + z)o(dz)

Geometrical version

v(iz:x+zeQ

)—v(z:x+z¢ Q

where v(dz) = C,|z|~N=*dz with a € (0,1)

Level-set formulation

v(z:u(x+2z)>0
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(Caftfarelli-Souganidis, Cl)

Ka[x,T] = &/ A n(x + z) o(dz)

aQ x+zel |Z|N+a

2C, z Vu
Rabeu] = o /z:u(x+z)=0 ‘z’T-i-a : W_U(X +2)oldz)

Geometrical version

v(z:x+z€Q,n(x) z<0)—v(z:x+z¢ Q,n(x) z>0)
where v(dz) = C,|z|"N~%dz with a € (0,1)
Level-set formulation

v(z:u(x+2z)>0,Vu(x)-z<0)
—v(z:u(x+2z)<0,Vu(x)-z>0)
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Can be defined for general singular measure
“convex” part / “concave’ part

On the geometric version, one can see that this operator is elliptic

R = V*th—V*ng

V*th—V*(l—th)
= 2w xlg, + (—v(R"))

(&)} c1

— Dislocation dynamics

If v is singular, then well defined only for regular curves

In which sense is this mean curvature fractional?
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Fractional MC of a line and a circle

For lines:

For a circle of radius R >:
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Why is it necessary that the curve be regular?

Fractional mean curvature of a parabola in dimension 2
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In which sense is this curvature “fractional”?
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In which sense is this curvature “fractional”?

Proposition (Da Lio, Forcadel, Monneau (JEMS'05))
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In which sense is this curvature “fractional”?

Proposition (Da Lio, Forcadel, Monneau (JEMS'05))

Proposition (Cl (IFB'09))
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A question
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An example: Dislocation dynamics

0dG : 10™-7 m (1000 atomes)

0OdG : 10"-9 (10 atomes)
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Example of a geometric law

Linear elasticity

The resulting eikonal equation
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The level-set equation
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The level-set equation

Geometric equation
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Viscosity solution for the level-set equation

Super-solution
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Technical difficulty: to get stability

Main difficulties to overcome

Discontinuous stability (Barles-CI'08, CI'09)
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Consider v(dz) = |z|N=dz

Consider ug € W1 There then exists a unique bounded continuous
viscosity solution of (-MCM).

If ug, vo € WL satisfy
{UOZO}:{V():O} and {UO >0}={V0>0}
then the corresponding solutions u and v satisfy

{u(t,) =0} = {v(t,) =0} and {u(t,)>0}={v(t,-)> 0}
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Anomalous diffusion-reaction equations
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Conclusion
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