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Changing The Culture 2013

The annual Changing the Culture Conference, organized and sponsored by the Pacific Institute for the
Mathematical Sciences, brings together mathematicians, mathematics educators and school teachers from all
levels to work together towards narrowing the gap between mathematicians and teachers of mathematics, and
between those who do and enjoy mathematics and those who think they don't.

History of mathematics as a possible means in order
to foster this Change of Culture

* between various groups of individuals
(mathematicians, math educators, teachers)

e within classrooms
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History of mathematics nowadays

as an increasing requirement of the school
mathematics curriculum (vg, in relation to culture)
hence new needs for teacher preparation

Issue: How to provide support to teachers so to help
them use history in school mathematics?

Is the “teacher education system” willing / able to
offer such support to teachers?

My comments are based on my experience as a

mathematician involved in teacher education
e

within a math department

Hefidl UNIVERSITE

0
o & &
4 LAVAL
L)
Faculté des sciences et de génie




History of mathematics in the teaching of mathematics
and in teacher education A long tradition!

Third International Congress of Mathematicians
Heidelberg (1904)

“[...] history of mathematics nowadays constitutes a
discipline of undeniable importance,

[...] its benefit—from the directly mathematical viewpoint
as well as from the pedagogical one—becomes ever

more evident,

[...] itis, therefore, indispensable to accord it the proper

position within public instruction.”
]
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PLAN OF THE TALK

I- Introductory remarks (done)

II- History of mathematics and the school
mathematics curriculum

- Resources to support the teaching of history of
mathematics to prospective teachers

IV- Examples of topics in the history of mathematics
suitable for prospective teachers

V- Concluding remarks
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I1I- History of mathematics and the school
mathematics curriculum

Robust tendency: introduction in the school curricula of

components explicitly related to matters of culture and
history of mathematics

Examples from Québec — new ingredients of the
school curriculum in mathematics

even at the primary level!
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Queébec Education

Program

Approved Version

(2001)

Preschool Education )
Elementary Education Quebec ©




Cultural References

* Numbers

~ origin and creation of numbers
- development of systems for wiiting numbers

~ number systems (e.g. Arabic, Roman, Babyfonian, Mayan).
charactenistics, advantages and disadvantages

mass, size)

- social context (e.g. price, date telephone address age quandity:

* Operations

~ own or conventional computation processes: development,
limitations, advantages and disadvantages

- technology: development (e.g. sticks, strokes, abacus, calculator,
softvarel, limitations, advantages and disadvantages

~ symbols (origin, development, need, mathematicians
ivolved): 4, = >, <, =

~ symbols (origin, development, need, mathematicians
imvolved): o, +, »

— interdisaplinary or socia context (e.g. history, geography,
science and technology)

Geometric figures

- interdisaplinary or social context (e.g. architecture, maps, arts,
decosation)

- symbols (ongin, development, need, mathematicians
involved): £, 4, L

e P —r—

(2001)

* Measurement
~ systems of measurement (historical aspect) 0O 6 ©
— units of measure: development according to society’s neads

(e.g. agranian measurements, astronomy, standard measurement,

precision), nstruments (rudimentary approach for

measuring time, hourgkass, dock) 12}
— symbols {origin, development, need): m, dm, cm 113
- symbols {origin, development, need): m, dm, cm, mm 2]
- symbols {origin, development, need): km, m, dm, cm, mm
- symbols {origin, development, need): kg, g, L mL
- symbols {orign, development, need): h, min, s 0O 0
- symbols {origin, development, need): °C
- symbols {origin, development, need, mathematicians involved): (), %

In each cyde, students in a given class carry cut at least one individual or group project
or actraty related 1o cultural references,

®

202000

SymeoLs

« Calculator keys [keys:0 10 9, +, -, x, +, =, ON, OFF AC, C, CE
(all clear, dear, dear last entry)) (1)

+ Certain commonly used cakulator functions [memaries
(M+, M=, MR, MC), change of sign (+/-)]

* Numbers wiitten using digits

®

e
@ 000

« Wiiting decimals using a period as the deamal marker

« Bxponential notation I, W°

e L N1

« m,dm, cm o

Q02020200 © ©




(2005)

Quebec Education Program
Secondary School Education, Cycle One

Reach
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Mathematics




Cultural References

Mathematical knowdedge 5 undversal and used everyday % nterpret and
understand reality and 10 make dedsions. 1t enables individuals 1 participate
in many spheres of human endoaveur and to appreciate the contribution of
this subject. The histoeical evoluticn of mathematcs and the Inventen of
cortain instruments havo beon diractly or indirectly related 10 the needs of
differsnt sockdes,

Mathematics has & rich histoey, and many mathematcare, sciontists, anists
and philosophers have contributad o its advancement. In activities related
1o the histoey of mathematcs, students may notice that concepts and
processes are often attriteted to a particulsr mathematician despite the fact
that they emerged throwgh the efforts of a number of mathematicians, both
mon and wormen, fom differon oras (0.9 the Pythagoerosn theorem was
akaady kmown in Babylonian times). In studying the contribetion of women
o the devedopment of mathematics, students will kearn that a number of
wornen had difficulty achioning acceptance in the mathematics community."
By investigaing the orgin of certan woeds, students can make concepss
and processes moee meaningful and discover that researchers from many
nations centributed 10 he development of mathematics. An epistemological
dimension should therefore be incorpomted into laaming activities to provide
a window on the past, the present and the future.

Arithmetic and Algebra

Thv compoer apuns the cage door for arithmetic,

the daflman gives grometry its freadom.

Jean Cocteau

The dowslopment of mathematics has beon shaped by the influence and
contributions of diffarent cvizations and cultures. For example, the Indlans
and Arale hapad the development of mathematics in the Weswrn woeld
with regard 1o numeeation systems, algebra and trigonomety. By examining
these difiecent comtributions, students will be able 10 see and somewhan
bemer undeestand how the set of redl numbers was dwloped over time
This would involee examining questions sich as the revolutionary

i (2005)

significance of the Introduction of 2810, fie reluctance % accept negative
numbers and the crisis resulting from the incommensurability of V2.

Proportonal reasoning has consderable cumency in everyday life, and itis
usd in varous occupations redated to consuction, the ars, health, wurism,
adminisyation and other felds I addition, it has been studied by many
different mathematicars throughout history (e.9. Thales, Eudonus, the
Pythagorians, Euler) %0 axplain or represont phonomens that sko rdlaw 1o
e arts kg harmony in masic, aesthetics in architecture).

The problom of infinity has provided $ood for thought through the ages. A
decusson of the concept of Infinty will give students the opportunity to
visualize and reflect on the infinitely small or the infinitely large in sequences
or intervals, for oxample.

In studying algebea, students may eaplore its wiging by exanining the
general nukes developad by Arab mathemsaticians in their sfforts to solve
problems. For Instance, the work of ARKhawarizmi in the 9th century, which
dealt with the decimal numbar systam and the sobstion of first- and second-
degree equatons, contibuted to tha development of tha algebealc processes
used teday. The concept of function appeared around the 1700s. The idea
of functiceality gained currency in cur socisty out of a concem for insspeoting
reality, partiularly wath regard to the study of mosion and the calaulagen
of time. Students may discover connactions between He concept of funcien
and the fields of music, ballistics, nydgation, cartagraphy or astrenoeny.

The different typos of notation establichad by cortain mathomatidans make it
possble 1 manipdate axpressions more efidently In leaming maghematical
language, studints will discover that the standardzanion of symbolks wok place
ower many comurivs Dicphantos was one of the first 1o use symbels. It was
not untl the 156 century, howsveq that dad cated efforts were undirtoben »
aean symbols and standardize them, though not withaut difficulty. Frangais
Vidte made & major contribution in this sgard Today's studens cannot help

but notice the wadespeaad use of various types of symbols (2g acronyms, logos,
B shoet form of words, leners, numbes) and thair impact on everyday life.

13, Sorme ewn had 10 pam Beemislont off g me 50 B woft woudd be geen cordidenion,
Sootie Cermain (8l Arccive-Augamse Le Blanc) 13 ore sch example.

» 61
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With regard to the cultural preparation of
prospective teachers:

“To provide this training, we will not only have to
determine a specific culture as an object, but also
develop a particular relationship to culture among
future teachers, a kind of shared awareness among
teaching professionals.”

-]
Ministére de I’Education, du Loisir
et du Sport — Québec
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« “‘every concept or piece of knowledge has a
history which, when known by the students, can
either anchor or block their understanding™

« “culture 1s presented as a kind of sensitivity that
allows us to define a relationship with the world,
with ourselves and with others”

* ‘“this sensitivity must be present in all the courses
of the teacher education program”

-]
Ministére de I’Education, du Loisir
et du Sport — Québec
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Teacher preparation in Québec in connection with
history of mathematics

o primary school teacher education:
no specific course devoted to culture / history matters

* secondary school teacher education:
no uniformity among universities

in most Québec universities

one course on history of math (often specific to teachers)
plus special attention in other math courses specific to

teachers
.
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PLAN OF THE TALK

I- Introductory remarks (done)

II- History of mathematics and the school
mathematics curriculum

III- Resources to support the teaching of history of
mathematics to prospective teachers

IV- Examples of topics in the history of mathematics
suitable for prospective teachers

V- Concluding remarks
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III- Resources to support the teaching
of history of mathematics to
prospective teachers

1-) One issue at stake: status of the field of history of
mathematics within the university math department

e Level of acceptance by the math department of history of
math as a “real” mathematical domain for which the
department 1s responsible

* Level of support offered to those faculty members

involved in the teaching of history of mathematics
e ]
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2-) A second issue: the place and role of history of
mathematics in the mathematical preparation of teachers

Importance of preparing teachers so that they are able to use
history of math in their teaching

ELEMENTARY
“I shall draw attention (...) to the historical MATHEMAIICS
development of the science, to the GEOMETRY

accomplishments of its great pioneers. |
hope, by discussions of this sort, to further,
as I like to say, your general mathematical
culture: alongside of knowledge of details,
(...) there should be a grasp of subject-

matter and of historical relationshig.”

Felix Klein (1849 — 1925)

19



Furinghetti, Educational Studies in Mathematics (2007)
Teacher education through the history of mathematics

“(...) an education program for prospective teachers in
which the history of mathematics was introduced not per se,
but as a mediator of knowledge for teaching. The aim was
to make the participants reflect on the meaning of
mathematical objects through experiencing historical
moments of their construction. It was intended that this
reflection would promote an appropriation of meaning for
teaching mathematical objects that counteracts the passive
reproduction of the style of mathematics teaching the

prospective teachers have experienced as students.”
I
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Resources on the role of history of mathematics in the

mathematical preparation of teachers
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The International Study Group

on the relations between
the HISTORY and PEDAGOGY of MATHEMATICS

(HPM Group)

An affiliate of the
International Commission on Mathematical Instruction (ICMV1)
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MAA Notes #51

< USING HISTORY
LEARN rrOM THE TO TEACH MATHEMATICS

MAST E RS /\n ]nlcrnationa[ Iz'rspcclivc

VITA '! 2
3" MATHEMATICA »

HISTORICAL RESTARCH AND
INTEGRATION WITH TEACHING

(1988)

(1996)

(1992)
-

Faculté des sciences et de génie 22

Working Groups on history at ICME’s



ICMI Study 10
(Luminy, France, 1998)

International Commission on
l l Mathematical Instruction

el UNIVERSITE
| |

Faculté des sciences et de génie 23




Questions at the basis of the Study

* Does history of mathematics have a role to play
in mathematics education?  Yes!

e Why should history of math be integrated in
mathematics education?

- objections: lack of classroom time, resources,
teacher’s expertise, robust assessment tradition

- claim: history of math as a means in the
construction of math knowledge and offering a

refreshed perspective on various math topics
o
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PLAN OF THE TALK

I- Introductory remarks (done)

II- History of mathematics and the school mathematics
curriculum

III- Resources to support the teaching of history of
mathematics to prospective teachers

IV- Examples of topics in the history of mathematics
suitable for prospective teachers

V- Concluding remarks

L)
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Discussion / Questions (Act1)

e History of math as a means for “Changing the Culture”
e Place / role of history of math in math education
* Impact on the preparation of teachers (pre- / in-service)

e Ministerial expectations: situation in Québec
vs BC / Canada

W8 UNIVERSITE
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IV- Examples of topics in the history of
mathematics suitable for prospective teachers

Choosing ‘‘good historical topics” for teachers:
a non-trivial task...

Some examples from my teaching to pre-service secondary
school teachers

I invite my students to stay alert to a triple perspective:
* history of mathematics
» didactics / pedagogy
e epistemology (part of “math culture”)

The latter is especially crucial for :
“Changing the Culture” 27
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My examples belong to the “classics” of the
math literature

Difficulties in the use of original sources

It 1s far from trivial to find material accessible to teachers /
students (vg linguistic barriers, style of writing)

Reading “old” texts can be time-consuming

Need to find material useful in connection to the program /
curriculum under consideration

But this can be most rewarding

a refreshed perspective on given mathematical themes
[
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De A. Theuet, Liure II. 48

EVCLIDE MARGARE AN
Chap. 24.

De A. Theuet, 'Liure II. 46
ARCHIMEDES PHILOSOPHE

'l"""*lg



IV-a Some steps in
the company of Euclid

Portrait by Justus of Ghent
(Joos van Wassenhove)
c. 1474




- The Book. A few years ago, we suggested to him to write up a first (and

IV-a Some steps in

the company of Euclid
Martin Aigner

Gunter M. Ziegler
Proofs from THE BOOK

Preface

Paul Erdés liked to talk about The Book, in which God maintains the perfect
proofs for mathematical theorems, following the dictum of G. H. Hardy that
there is no permanent place for ugly mathematics. Erdés also said that you
need not believe in God but, as a mathematician, you should believe in

very modest) approximation to The Book. He was enthusiastic about the
idea and, characteristically, went to work immediately, filling page after
page with his suggestions. Our book was supposed to appear in March
1998 as a present to Erdés™ 85th birthday. With Paul’s unfortunate death
in the summer of 1996, he is not listed as a co-author. Instead this book is
dedicated to his memory.

Paul Erdds



Martin Aigner

Gunter M. Ziegler
- 0001

Six proofs Chapter 1
of the infinity of primes .

It is only natural that we start these notes with probably the oldest Book _
Proof, usually attributed to Euclid (Elements IX, 20). It shows that the -
sequence of primes does not end.

B Euclid’s Proof. For any finite set {p;..... pr} of primes, consider
the number n = pyps---p,- + 1. This n has a prime divisor p. But p is
not one of the p;: otherwise p would be a divisor of n and of the product
p1p2 - - - pr. and thus also of the difference n — py1p2---p, = 1, which is
impossible. So a finite set {py,. .., pr } cannot be the collection of all prime
numbers. O



BOOK IX [1x. 19, 20

412

August adopts Theon’s form of the proof. Heiberg does not feel able to
do this, in view of the superiority of the authority for the text as given above
(P); he therefore retains the latter without any attempt to emend it.

ProrosiTION 20.

Prime numbers ave move than any assigned multitude of

prime numbers.



Fuclid’s Elements

BooK IX
Proposition 20

Prime numbers are more than any assigned multitude of prime numbers.
Let A, B, and C be the assigned prime numbers.

I say that there are more prime numbers than A, B, and C.

A
Take the least number DE measured by A, B, and C. Add the unit DF to DE. B
Then EF is either prime or not. G
First, let it be prime. Then the prime numbers A, B, C, and EF have been E L
found which are more than A, B, and C.
Next, let EF not be prime. Therefore it is measured by some prime number. Let it be measured by the prime number G. VIL31

I say that G is not the same with any of the numbers A, B, and C.
If possible, let it be so.

Now A, B, and C measure DE, therefore G also measures DE. But it also measures EF. Therefore G, being a number,
measures the remainder, the unit DF, which is absurd.

Therefore G is not the same with any one of the numbers A, B, and C. And by hypothesis it is prime. Therefore the prime
numbers A, B, C, and G have been found which are more than the assigned multitude of A, B, and C.

Therefore, prime numbers are more than any assigned multitude of prime numbers.

http://aleph0.clarku.edu/~djoyce/java/elements/elements.html QED.



Six proofs Chapter 1
of the infinity of primes

Martin Aigner

It is only natural that we start these notes with probably the oldest Book G U nter M g Zieg I er

Proof, usually attributed to Euclid (Elements IX, 20). It shows that the
sequence of primes does not end.

MW Euclid’s Proof. For any finite set {p;..... pr} of primes, consider P ro Ofs fr om T H E B O O K
the number n=pip2---pr+ 1 This n has a prime divisor 2 But p is

B Second Proof. Let us first look at the Fermat numbers F,, = 22" +1 for F1 s é
n=0.1.2..... We will show that any two Fermat numbers are relatively . _ |7
prime: hence there must be infinitely many primes. To this end, we verify Fa = 957
the recursion n—1 F, = 65537
[[Fx = Fa-2 (n21), Fs = 6416700417

The first few Fermat numbers
from which our assertion follows immediately. Indeed, if mn is a divisor of,
say, Fr and F,, (k < n), then m divides 2, and hence m = 1 or 2. But
m = 2 is impossible since all Fermat numbers are odd.

To prove the recursion we use induction on 7. For n = 1 we have Fy = 3
and F| — 2 = 3. With induction we now conclude

ﬁF" = (ﬁFk)Fn = (Fn—2)F, =
k=0 k=0

=(22n _1)(22n+1) ==A —1 = Fpy1 — 2. O



Fuclid’s ‘Elements

BooK II
Proposition 4

If a straight line is cut at random, then the square on the whole
equals the sum of the squares on the segments plus twice the
rectangle contained by the segments.

A C B

H K

Euclid’s Book II:

“Geometric Algebra”

(H. Zeuthen)
e

Possible challenge of reading D \E
the text F




Fuclid’s Elements

BooK 11
Proposition 1

If there are two straight lines, and one of them is cut into any
number of segments whatever, then the rectangle contained by the

two straight lines equals the sum of the rectangles contained by the
uncut straight line and each of the segments.

A
X(y, +Y, +Y3) S
Y, Vs
=Xy, + Xy, + Xy,
]
distributivity X/ + e



BooK II
Proposition 5

If a straight line is cut into equal and unequal segments, then the
rectangle contained by the unequal segments of the whole together

with the square on the straight line between the points of section
equals the square on the half.

C

A

©— 0

Aol UNIVERSITE

basis for solution of quadratic equations
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Fuclid’s Elements

Book I
Proposition 47

In right-angled triangles the square on the side opposite the right angle
equals the sum of the squares on the sides containing the right angle.

e " squares OF the
a =L .
e sides
b - (algebra)
a’+b’ =c’

squares ON the sides
(geometry)




Fuclid’s Elements

Book I
Proposition 47

In right-angled triangles the square on the side opposite the right angle
equals the sum of the squares on the sides containing the right angle.

A
. . 9\ /’/ \\\\.\
Euclid’s text is really &

: A4/ K
accessible... and the proof, Ty
clear and beautiful!!! Y- -4
Proving the Pythagorean
Theorem g







Animated proof — Transforming &’ and b’ into c?

B e I |

N o o o b - - - -4

R kT |

W o - e e - -

N o g = p o - -

N, o o e b e - e - e - e d

s - - — - - - -



Proof by algebra
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Sy 1 L7

One can “see” the squares on sides a and b
“becoming” the square on the hypotenuse c

Aokl UNIVERSITE

Visual proof A et m




From Bhaskara...
(12th century)

Behold!

... to Ibn Qurra
(9th century)
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From Bhaskara ... to Ibn Qurra
(12th century) (9th century)




* Fibonacci, De practica geometrie (1223)

« H.A. Naber — Dutch mathematics teacher (1908)

I
Playing with the three similar

right-angled triangles
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G. Polya

MATHEMATICS
AND
PLAGISIBEE
REASONING

VOLUME |
INDUCTION AND ANALOGY
IN MATHEMATICS

George Polya '-‘-'.-rf: ; ,
(1887 — 1985)




G. Polya

MATHEMATICS
AND
PLAGISIBEE
REASONING

VOLUME I
INDUCTION AND ANALOGY
IN MATHEMATICS

George Polya & ,

(1887 — 1985)




George Pélya
(1887 — 198)5)




A particularly neat visual proof

Henry Perigal
(1801-1898)

Aol UNIVERSITE

This shows directly the two squares on the
sides becoming the square on the hypotenuse
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A particularly neat visual proof

Henry Perigal
(1801-1898)

This shows directly the two squares on the
sides becoming the square on the hypotenuse
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FEuclid’s Elements
Book 1
Proposition 48
If in a triangle the square on one of the sides equals the sum of the squares

on the remaining two sides of the triangle, then the angle contained by the
remaining two sides of the triangle is right.

But the square on DC equals the sum of the squares on DA and AC, for the @
angle DAC is right, and the square on BC equals the sum of the squares on BA

and AC, for this is the hypothesis, therefore the square on DC equals the square
on BC, so that the side DC also equals BC. S

A 3-4-5 triangle is right-angled!

Proving the RECIPROCAL of
the Pythagorean Theorem (I1.47) b

b
=




IV-a Some steps in
the company of
Euclid

Euclid
Max Ernst
1945 |
)}
Another context linking
geometry and algebra




IV-b Some algebra in the
company of al-Khwarizmi

al-Khwarizmi
(c. 790 — c. 850)

Kitab al-jabr wa’l-muqabala

Roots and square equal a number. For instance, a square

and ten roots are equal to thirty-nine dirhems. That is to say:

what must be the square which combined with ten of 1ts roots

will give a sum total of thirty-nine?
[

S8l UNIVERSITE
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The manner of solving this type of equation is to take one-half of
the number of roots just mentioned, which in the present instance
yields five. This you multiply by itself; the product is twenty-five.
Add this to thirty-nine, giving sixty-four. Now take the root of this,
which is eight, and subtract from it half the number of roots, which
is five. The remainder 1s three, which is the root of the square.
Nine therefore gives the square.

2 + ba

C

W8 UNIVERSITE
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x> +10x = 39
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Geometric justification! (al-Khwarizmi)

X 10

x> +10x = 39

Aol UNIVERSITE
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Geometric justification! (al-Khwarizmi)

X S

39 + 25

x+5=38

S8l UNIVERSITE
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Note 1: Similar techniques used in
Mesopotamian ‘geometrical algebra’

Old Babylonian Tablet BM 13901
(c.-1800)

A compendium of 24 model
solutions of problems in
quadratic geometrical algebra

Problem #1

The sum of the area and the side of
a square gives 3/4.



Note 2: Another geometric dissection proposed

by al-Khwarizmi
X i 1.0 i

x> +10x = 39

Aol UNIVERSITE

b
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method for square roots

%2 Method of approximating the

IV-¢c Heron’s
BT I
square root of a non-square number

aaaaa &
A

g,

...
N W
* 32

Area of triangle a,b,c
\/s(s —a)(s-b)(s-rc)

1
where s=—
2
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(a+b+c)

SRR e | Triangle 7,89
Heron of Alexandria
(c. 10 —c. 75) J12-5-4-3 =720

S8l UNIVERSITE
5 LAVAL
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(From a 1688 German translation
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of Heron’s Pneumatics)



‘Since’, says Heron,! ‘720 has not its side rational, we can
obtain its side within a very small difference as follows. Since
the next succeeding square number is 729, which has 27 for
its side, divide 720 by 27. This gives 262. Add 27 to this,
making 53%, and take half of this or 262 1. The side of 720
will therefore be very nearly 261 1. In fact, if we multiply
263 3 by itself, the product is 720-%. so that the difference (in
the square) is 4.

‘If we desire to make the difference still smaller than &, we -
shall take 72045 instead of 729 [or rather we should take
263 5 instead of 27], and by proceeding in the same way we
shall find that the resulting difference is much less than 4

In other words, if we have a non-square number 4, and 2
is the nearest square number toit, so that A = «2 +b, then we
have, as the first approximation to /4.

=
P | = N,
0‘1—2(“+ « : (1)
for a second approximation we tale

5 A
a, = §(a1+ ~)s (2)
o 1%
and so on.

_ Heath,
' Metrica. i. 8, pp. 18. 22-20. 5.

History of Greek Mathematics, vol. I1



Square roots in Mesopotamia

J2 =1:24.51,10

24 51 10

I+ —+—+—
60 60° 60

Remarkably good approximation
— still used almost 2000 years

later by Claudius Ptolemae (c.

YBC 7289 e 30 100 — ¢.178) 1n computing his
e ]:24,5], 10 tableof chords
(c.—1800) o 4500 30 299
e
(color photographs: H UNIVERSITE

B
o & &
4 LAVAL
Faculté des sciences et de génie

Bill Casselman’s website, UBC, Vancouver) 63



Heron’s Method Successive approximations to Jk

J2 =7

(1 =: ]

a; = 3(1+2) = 3 = 13 = 1280

a3 = 3(3+7%) =8 = 15 =3 1595

ay = 3 (B+mm) = 5 = 153 ~ 1;24,51,10

L+ 10 1906
60 G0 apr
-]

1/ k\ Was this known to

1 = El\an +a—)

Aokl UNIVERSITE

: 2o LAVAL
Mesopotamians??? — wwswewsses 64
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Approximating Jk using default value a

Let ¢ be such that a+c=\/z andset k=a° +b

: Va’ +b=a+—

2a

formula found in
Mesopotamian texts —
and throughout the ages

A method ‘“for which there
b = area of gnomon b= 2ac +X 1s some textual evidence”

C~— in Mesopotamian math
a Katz, A History of Mathematics

Aol UNIVERSITE
S04 LAVAL

Faculté des sciences et de génie 6 5

Possible | plausible geometrical
justification!




Approximating Jk using default value a

Let ¢ be such that a+c=\/z andset k=a° +b

- Va’ +b~a+—

2a

formula found in
Mesopotamian texts —
and throughout the ages

A method “for which there

b = area of gnomon = 2ac +X 1S some textual evidence”

C = b in Mesopotamian math
a Katz, A History of Mathematics
o . > b
Approximation using excess value a a -b=a-—

2a 66



Approximation a' to a + ¢ = Jk

, b k—-a* a +k 1 k
a'=a+— =a+ =
2a 2a 2a 2 a

(Heron!!!)

With a drop of anachronism... o AVAL

Faculté des sciences et de génie 67




Approximation a' to a + ¢ = Jk
b k—az_a2+k 1( k)

a'=a+— =a+
2a 2a 2a 2

(Heron!!!)

Note: We do not know what is the reasoning that lead Heron
to his formula. Folklore???

In most countries, the Heron method did not become part
of the school culture — why?
o
Quadratic convergence
(Newton-Raphson)

S8l UNIVERSITE
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Another method for the extraction of square roots

Nine Chapters on the Mathematical Art
Chinese “Classic” from the Han Dynasty (-206 — 220)

Liu Hui
(c. 200 —c. 280)

“Commentaries” (263)

A B N
H
Blue -
area [|Red ) :
shi Coen Yellow area 200= 100 [.x‘]
55225
Yellow area rlC D ,
Yellow mﬁl\ G Redarea E| 30=101[y,
(portrait by Jiang Zhaohe K "M Blue area L T e

1904 — 1986)
FiG. 4.7. The geometric meaning of the Rule for Extracting the Square Root.



Theon of Alexandria

Commentaries on Ptolemae’s Almagest (370)

A H K A
pymo
Z
5 czH A
AXTE
B "

S8l UNIVERSITE
S04 LAVAL
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S B2 25
1 92
L 29
23 25
23 25
0
200
-2()()
b-10

b.

" 430 x 30 = (400 +30)x 30
= (2-200 + 30) x 30
=12(200 x 30)|+ 30°

Aol UNIVERSITE
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IV-d Using original texts from Archimedes

> oy . . o L = o

On the measurement of
the circle

Proposition 1:

Any circle is equivalent to the
right triangle with one of the
sides of the right angle equal to
the radius and the other to the
circumference of the circle.

c




Proof by exhaustion and 1

double “reductio ad absurdum” €3¢ 14> 5” C

Inscribe regular polygons getting closer to the circle

. . . 1
Consider an inscribed polygon such that A-A4, , <A- 5rC
1
Thus A >=rC P
u inscr = 2 r O

But A = la < er

inscr 2 p 2 H

1
Case 2: A< ErC A
]

Text is not really
difficult

1
A=—rC
2




How did Archimedes identify that specific relationship for
the area of the circle??? We do not know!

o A “limit” process???

1 1
— > —I’C
¥ 2

area of n-gon
j1 —> 00

* An infinitesimal vision???

el UNIVERSITE
i LAVAL
— 5 r‘ Faculté des sciences et de génie 7 4




An infinitesimal vision

Johannes Kepler
(1571—1630)

NOVA

STEREOMETRIA

DOLIORVM VINARIORVM, INPRI-
mis Auftriaci, figura omnium
:tptlfs:m.r:
usus IN EO VIRGZAE CUBL
cx compendiofiflimus & pla-

nciingul.u'ls.

Acceflic

STEREOMETR1Z ARCHIME-
dex Supplcmcntum.

Authore

ToanneKepplero, Imp. Caef Matthix .

cjulg fidd. Ordd. Auftrix fupra Anafum
Mathematico,




An infinitesimal vision

Schema I 1.

“The circumference of the circle BG
has as many parts as points, think of an
infinity; let any be considered as the
basis of a certain 1sosceles triangle with
equal legs AB, so that there 1s an
infinite number of triangles inside the
area of the circle, all meeting in the
centre A by the vertices.”

Aol UNIVERSITE
s LAVAL

Faculté des sciences et de génie 76



- Schema I 1.

An infinitesimal vision

Aokl UNIVERSITE
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o g o

— —— ’/‘

- Faculté des sciences et de génie 7 7




- Schema I 1.

An infinitesimal vision | 1\%
| 3 > ‘; o L= h. i ‘,“_c-;< < :

=—rC A=rx—
2



On the measurement of the circle

Proposition 3:

The perimeter of any circle is
equal to the triple of the
diameter, augmented by less than
the seventh part, but by more
than ten seventy-first parts, of
the diameter.

3&xd<C<3£xd

71 70

W8 UNIVERSITE

Painting by Domenico This proof'is g5 iAVAL
Fetti (1620) a bit difficult! TS




The Method

It was known that Archimedes had written a text on a
certain “discovery method”, but its content was

unknown and there was no trace of it.
Heiberg (1906)

Investigation of problems of
mathematics by means of
mechanics (statics)

Aol UNIVERSITE
S04 LAVAL

Faculté des sciences et de génie 80




81

il SRt S R i kA
7 & .,. .“Su.. 3 én.w;fm. mLm.w.ﬂW. %nbv e,
s e
N T e , : _m.wwvm mid Horgyee IO
| dwfw.aﬁmnﬁ_mc B M £ pner 1“”1.&32 iy m“ :
v 3 g i B p o 3 S e papiod gyt e
5 !Vh@.ﬂ.#if?q.ﬁ /AP ww. &,és.ﬂi.«ix ~ 5 5SS g
ﬁ:@a:&w S5 ayaiinar heaiw 0 F102F
1u.-..ﬂmo R sl £ et i ©.Q 2o {no'ciem‘owkﬂs..‘ &n.l. S @, TR
:; asw.t,rwo A1 wnaﬂws.vrlarw&!‘fﬁmu&?\ e
Y U b TR
A%%&m@#ﬁisﬂ? ﬂ L g zm_qﬂ!a{il.m\ -
R . R e el ks
o 3 el g Bt L (et £ L £ 36 et e ih
54:8:&?:9‘::95 ranﬁmx?_. IR s

o J.r%cn.iq&ﬂ.b}Ndﬁ. . L0 ’r!an:b&.\» :r:rn‘

Tk
-
- o
o'
A o
—-—
w <
-
el o
23
“vl
“M
ek
¥
3

www.archimedespalimpsest.org




THE METHOD OF ARCHIMEDES TREATING
OF MECHANICAL PROBLEMS—
TO ERATOSTHENES

“Archimedes to Eratosthenes greeting.

I sent you on a former occasion some of the theorems
discovered by me, merely writing out the enunciations and
inviting you to discover the proofs, which at the moment
I did not give. The enunciations of the theorems which I
sent were as follows.

1. If in a right prism with a parallelogrammic base a
cylinder be inscribed which has its bases in the opposite
parallelograms®, and its sides [ie. four generators] on the
remaining planes (faces) of the prism, and if through the
centre of the circle which is the base of the cylinder and
(through) one side of the square in the plane opposite to
it a plane be drawn, the plane so drawn will cut off from
the cylinder a segment which is bounded by two planes
and the surface of the cylinder, one of the two planes being
the plane which has been drawn and the other the plane
in which the base of the cylinder is, and the surface being
that which is between the said planes; and the segment cut
off from the cylinder is one sixth part of the whole prism.

2. If in a cube a cylinder be inscribed which has its
bases in the opposite parallelograms+ and touches with its
surface the remaining four planes (faces), and if there also
be inscribed in the same cube another cylinder which has
its bases in other parallelograms and touches with its surface
the remaining four planes (faces), then the figure bounded
by the surfaces of the cylinders, which is within both cylinders,
is two-thirds of the whole cube.

Now these theorems differ in character from those commu-
nicated before; for we compared the figures then in question,

* The parallelograms are apparently squares. 1 i.e. squares.

THE METHOD 13

conoids and spheroids and segments of them, in respect of size,
with figures of cones and cylinders: but none of those figures
have yet been found to be equal to a solid figure bounded by
planes; whereas each of the present figures bounded by two
planes and surfaces of cylinders is found to be equal to one of
the solid figures which are bounded by planes. The proofs then
of these theorems I have written in this book and now send

to you. Seeing moreover in you, as I say, an earnest student,
a man of considerable eminence in philosophy, and an admirer
[of mathematical inquiry], I thought fit to write out for you
and explain in detail in the same book the peculiarity of a
certain method, by which it will be possible for you to get
a start to enable you to investigate some of the problems in
mathematics by means of mechanics. This procedure is, I am
persuaded, no less useful even for the proof of the theorems
themselves ; for certain things first became clear to me by a
mechanical method, although they had to be demonstrated by
geometry afterwards because their investigation by the said
method did not furnish an actual demonstration. But it is of
course easier, when we have previously acquired, by the method,
some knowledge of the questions, to supply the proof than
it is to find it without any previous knowledge. This is a

reason why, in the case of the theorems the proof of which
Eudoxus was the first to discover, namely that the cone is
a third part of the cylinder, and the pyramid of the prism,
having the same base and equal height, we should give no
small share of the credit to Democritus who was the first
to make the assertion with regard to the said figure* though
he did not prove it. I am myself in the position of having
first made the discovery of the theorem now to be published
[by the method indicated], and I deem it necessary to expound
the method partly because I have already spoken of itt and
I do not want to be thought to have uttered vain words, but

* mepl Tob elpnuévov oxduatos, in the singular. Possibly Archimedes may
have thought of the case of the pyramid as being the more fundamental and as
really involving that of the cone. Or perhaps *figure” may be intended for
““type of figure.”

+ Cf. Preface to Quadrature of Parabola.




“Archimedes to Eratosthenes greeting. (...)

Seeing moreover 1n you (...) a man of considerable eminence
in philosophy, and an admirer [of mathematical enquiry], I
thought fit to write out for you and explain in detail (...) the
peculiarity of a certain method, by which it will be possible
for you to get a start to enable you to investigate some of the
problems 1n mathematics by means of mechanics. (...)
[Clertain things first became clear to me by a mechanical
method, although they had to be demonstrated by geometry
afterwards because their investigation by the said method did
not furnish an actual demonstration. But it 1s of course easier,
when we have acquired, by the method, some knowledge of
the questions, to supply the proof than it 1s to find it without

any previous knowledge.”
- __________0__00000__]
| UNIVERSITE

Archimedes, prefatory part of R et
The Method Facult de scionces ot do géo 23




14 ARCHIMEDES

equally because I am persuaded that it will be of no little
service to mathematics; for I apprehend that some, either of
my contemporaries or of my successors, will, by means of the
method when once established, be able to discover other
theorems in addition, which have not yet occurred to me.
First then I will set out the very first theorem which
became known to me by means of mechanics, namely that

Any segment of a section of a right-angled cone (i.e.a parabola)
1s four-thirds of the triangle which has the same base and equal
height,
and after this I will give each of the other theorems investi-
gated by the same method. Then, at the end of the book,
I will give the geometrical [proofs of the propositions]...

[I premise the following propositions which I shall use
in the course of the work.]

1. If from [one magnitude another magnitude be sub-
tracted which has not the same centre of gravity, the centre
of gravity of the remainder is found by] producing [the
straight line joining the centres of gravity of the whole
magnitude and of the subtracted part in the direction of
the centre of gravity of the whole] and cutting off from it
a length which has to the distance between the said centres
of gravity the ratio which the weight of the subtracted
magnitude has to the weight of the remainder.

[On the Equilibriwm of Planes, 1. 8]

2. If the centres of gravity of any number of magnitudes
whatever be on the same straight line, the centre of gravity
of the magnitude made up of all of them will be on the same

straight line. [Cf. Ibid. 1. 5]
3. The centre of gravity of any straight line is the point
of bisection of the straight line. [Cf. Tbid. 1. 4]

4. The centre of gravity of any triangle is the point in
which the straight lines drawn from the angular points of
the triangle to the middle points of the (opposite) sides cut
one another. [Lbed. 1. 13, 14]

5. The centre of gravity of any parallelogram is the point
in which the diagonals meet. [Zbid. 1. 10]

THE METHOD 15

6. The centre of gravity of a circle is the point which is
also the centre [of the circle].

7. The centre of gravity of any cylinder is the point of
bisection of the axis.

8. The centre of gravity of any cone is [the point which
divides its axis so that] the portion [adjacent to the vertex is]
triple [of the portion adjacent to the base].

[All these propositions have already been] proved*. [Besides
these I require also the following proposition, which is easily
proved :

If in two series of magnitudes those of the first series are,
in order, proportional to those of the second series and further]
the magnitudes [of the first series], either all or some of them,
are in any ratio whatever [to those of a third series], and if the
magnitudes of the second series are in the same ratio to the
corresponding magnitudes [of a fourth series], then the sum
of the magnitudes of the first series has to the sum of the
selected magnitudes of the third series the same ratio which
the sum of the magnitudes of the second series has to the
sum of the (correspondingly) selected magnitudes of the fourth
series. [On Conoids and Spheroids, Prop. 1.]”

Proposition 1.

Let ABC be a segment of a parabola bounded by the
straight line AC and the parabola ABC, and let D be the
middle point of AC. Draw the straight line DBE parallel
to the axis of the parabola and join AB, BC.

Then shall the segment ABC be 4 of the triangle ABC.

From A draw AKF parallel to DE, and let the tangent
to the parabola at ' meet DBE in £ and AKF in F. Produce
CUB to meet AF in K, and again produce OK to H, making
KH equal to CK.

* The problem of finding the centre of gravity of a cone is not solved in
any extant work of Archimedes. It may hove been solved either in a separate
treatise, such as the mepl {vydr, which is lost, or perbaps in a larger mechanical
work of which the extant books On the Equilibrium of Planes formed only a part.




16 ARCHIMEDES

Consider CH as the bar of a balance, K being its middle
point,
" Let MO be any straight line parallel to ED, and let it meet
CF, CK, AC in M, N, O and the curve in P.

Now, since CE is a tangent to the parabola and CD the
semi-ordinate,

EB=BD;
“ for this is proved in the Elements [of Conics]®."
Since FA, MO are parallel to ED, it follows that
FK = KA, MN=NO.
Now, by the property of the parabola, “ proved in a lemma,”
MO:0P=CA: A0 [Cf Quadrature of Parabola, Prop. 5]
=CK: KN [Euel. vi. 2)
=HK:KN.

T
H
G

Take a straight line 7'G_equal to OP, and place it with its
at H, so that TH = HG ; then, since N is the
centre of gravity of the straight line MO,
and MO :TG=HK : KN,
* e the works on comics by Aristasus and Euwelid. CL the similar
expression in On Comoids and Spheroids, Prop. 3, and Quadrature of Parabola,
Prop. 3.
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it follows that TG atv H and MO at N will be in equilibrium
about K. [On the Equilibrivm of Planes, 1. 6, 7]

Similarly, for all other straight lines parallel to DE and
meeting the are of the parabola, (1) the portion intercepted
between FC, AC with its middle point on KC and (2) a
length equal to the intercept between the curve and AC
placed with its centre of gravity at /f will be in equilibrium
about K.

Thercfore K is the centre of gravity of the whole svstem
consisting (1) of all the straight lines as MO intercepted between
FC, AC and placed as they actually are in the figure and (2) of
all the straight lines placed at H equal to the stmaight lines
as PO intercepted between the curve and AC.

And, since the triangle CFA is made up of all the parallel
lines like MO,

and the segment CBA is made up of all the stmight lines like

PO within the curve,

it follows that the triangle, placed where it is in the figure, is

in equilibrium about K with the segment CBA placed with its

centre of gravity at H.

Divide KC at W so that CK = 3K W ;

then W is the centre of gravity of the triangle ACF; * for this

is proved in the books on equilibrium ” (év rois icoppomixois).
[CS. On the Equilibrivm of Planes 1. 15)

Therefore A ACF : (segment ABC)= HK : KW

=3:1L
Therefore segment ABC = }jAACF.
But AACF =4AABC.
Therefore segment A BC = i A ABC,




“Now the fact here stated 1s not actually
demonstrated by the argument used; but that
argument has given a sort of indication that the
conclusion 1s true. Seeing then that the theorem
1S not demonstrated, but at the same time
suspecting that the conclusion is true, we shall
have recourse to the geometrical demonstration
which I myself discovered and have already
published.”

Archimedes, The Method B e
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Theorems being investigated
VS
theorems being proved

Use of means sufficient to suggest the truth of theorems,
although not furnishing scientific proofs of them

(Heath, Introd. to The Method, p.7)

An act (a “social act”) taking place 1n a given cultural
and scientific framework — an argument accepted as
valid by a group of people

Aol UNIVERSITE

)
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What is a proof?
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C'est pa centomes que se comptent /e,

théoréme de . Pythagore. Or la quintessen

maniére @
preuves reflétent-elles bien une felle visio

D’un point de
vue purement géomeé.
trique, & relation de Pythagore,
&+ ¥ = &, expeime par essence méme I3
transformation de deux carrés donnés en un
troisibéme carré dont l'aire est la somme des
aires des deux autres. Autrement dit, partant
de deux carrés de cOté respectif o et b,
on obtiendra un carré daire o + &
en prenant pour son cdté Mhypoténuse
¢ du trangle rectangle dont les
cathetes (cest-a-dire les cotés de
I'angle droit) sont o et b Une telle addi-
tion d'aires pourrait méme se faire 4 Ia
régle et au compas — des outils fort prisés
notamment des mathématiciens grecs de
'Antiquaté.

N existe de trés nombreuses preuves du théo-
réme de Pythagore — un livie' paru en 1927
en répertoriait méme plus de 350 variantes.
Une foultitude de preuves sont par ailleurs
sccessibles sur I3 Todle, souvent en version
animée’. On peut se demander jusqu'a quel
point certaines dentre elies nous permettent
de baen « voir » les carrés of et & se combiner
Fun 3 Tautre de manitre 3 devenir le carré
construit sur [hypoténuse.

1. 9&%5 Looma, The
mwbmoml&mdd

2 Anndonmdu varr
www.math. mw-mﬂmlmmw
pythagoess hinl o www cut-theknot org/
pythagor

Accromath vol. 5 (Eté-Aut. 2010)
ca

www.accromath

théoréme est de faire la somme des {nrcst;qdcux carrés donnés, de

cm\gn troisiéme ca/ré Dans quelle mesure certaines

(2
J18:

démonstrations du

de ce célébrissime

1 Corrément additive?

Un plongeon
dans un grand carré

L'unc des démonstrations les plus usuclies du
théoréme de Pythagore, sans doute en rai-
son de son caractére nettement éémentaire,
repose sut la double figure surante.

'l &

Partant des deux segments o et b on
construit ke carré de obté o + b, que l'on
disséque ensuite de deux maniéres. Dans la
version de gauche, les cotés opposés de ce
carré sont partagés de fagon identique en
segments g et b, puss on trace des perpen-
diculaires aux points de rencontre de ces
segments; 3 |3 droite, les segments o et b
sont disposés de manetre cycique autour
du carré, et leurs intersections sont relites
consécutivement par des obiques. Il est
assez simple de veérifier que les angles des
fiqures jaunes sont tous droits, de sorte que
parmi les morceaux résultant du découpage
des grands carrés se retrouvent trots carrés, de
odte respectif g, bet ¢ sccompagnés de part et
d'autre de quatre triangles rectangles c-b-¢.

i

S. a la sauce pythagorici 1 B d R. Hodg: .
a b

b

a

Agtbriquement parlant, les carrés de gauche
et de droite sinterprétent respectivement

= b
o 467 4200 ot éu%

o il suit l'égalité du théortme de Pythacy

Une dissection du carré

sur I'hypoténuse

On doit au mathémabicien indien Bhaskara*
(1114.1185) Fobservation que la fiqure
suivante renferme en elle-méme s justifi-

Cest donc en « plongeant » dans une figure
plus grande les trois carrés en cause que la
démarche qui précdde étsblit 13 relation
de Pythagore. Le principe fondamental
sous-jacent 3 ce premier raisonnement
est smplement I3 régle de simplification :
lorsque p e r-ga l,onaalofsp—qh
noter que 3 valicité de Fégalité & + &7 = &
devient des lors certes claire, mais on ne voit
pas forcément baen pour autant comment
les carrés o et b7 peuvent « se marier » pour
devenir &,
La justification précédente se transpose fort
agréablement en une vision dynamaque,
comme lillustre la figure en haut de la page’.
Dans cette preuve animée, on « sent » micux
les deux carrés sur les cathétes se transformer
en carré sur Ihypoténuse, quoique cels se
fasse par le bigis d'une série de figures un
brin étranges.
3. mbﬁ:’:‘:‘&;&b « Prowves sans
wol. 3, kwr-printemps 2008 ;p 14-17.

cation du th de Pythagore. « Voyez! »
se contentait-il de dire, Il ne sentait méme
pas le besoin d'ajouter que le caré de odté ¢
étant partagé en quatre triangles rectangles
0-b-c plus, au centre, un petit carré de cbté
b - ¢, on 3 donc, algébriquement parlant,

d =lb-a)? u["—;] =o'+t

Cette version de I3 preuve ne montre pas
explicitement les carrés de cotés aet b - leur
présence est en quelque sorte suggérée par
le carré daire

(b-0f = o + & - 20b
GQui, en se combinant avec les quatre triangles,
vient recouvrir be carré d'aire &

4. A?sﬂh:&unduru currdm
« Bhaskacs I .n'-
W 00 pas

ndond:nwndos‘h:hr- qur 8 vicu
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Extraire une racine carrée,

c'est évidemment faire de I'arithmétique.
D'ailleurs, Descartes (1596-1650)

en parlait comme de

la cinquiéme opération arithmétique.
Mais I'extraction de racine carrée,

tout arithmétique qu'elle soit,

peut aussi se voir sous un jour
géométrique a la fois simple et parlant.

Bornard R.

Uni - De tout temps, on 3 cu besoin d'extraire

des racines carrées. Un tel probleme, il va
presque de soi, est géometrique dans a nature
méme : extraire une racine camée revient
tout bonnement, comme cette appellation le
suggére d'ailleurs, 3 trouver le coté d'un carré
daire donnée. Mais les méthodes dévelop-
pées au fil des 3ges pour calculer des racines
carrées ont souvent eu pour effet dinsister
Une méthode | sur les manipulations arithmétiques, camou-
connue mille | flant amsi les aspects glométriques. £ pour-
ans avent tant il va_btzwowa retirer de la recherche
y dune racine carrée... « dans un carmé »!
PYthogore! | prerons e cas des Mesopotamiens de
TAntiquité. lls utifssient diverses tech-
niques pour calouler des racines carrbes.
Par exemple, ils avaient 3 leur disposition de
nombreuses tablettes d'argde répertoriant
des nombres élevés au carré, ains que des
tablettes de racines carrées | en parcourant
de telles tablettes, is pouvaient se faire une
bonne idée de la valeur de diverses racines
carrées.
Mais Fune des méthodes d'extraction de
racine carrée waisemblablement utilisée par
les Mésopotamiens était de nature géome-
trique. Méme s ofle n'a pu etre observée
comme telle dans des documents datant de
cette époque, lapproche suivante est, aux
dires des experts, tout 3 fait dans lespat des

MEsop nnes.

q

Extraction

d’'une racine

dans un
carre

Suppasons, pour illustrer k3 démarche, que
fon vewilie calculer V7.
Géométriquement par-
lant, cette extraction
de rxcine revient 3
rechercher le cdté d'un
carré dzure 7 I
On peut procéder en ©
tracant dabord dams

ce carré un «grand » carré de cOté connu.
(La recherche d'une long =
pour le cdté d'un tel carré est en l'occurrence
bien sir banale, mais dans be cas d'un « gros »

nombre tel V777777,
onpoura-&mmrrtln -
Mésopotamiens, utiliser 2
une table de nombres |
devis au care) g, |
comme P Tt ¥>7,
on peut prendre 2
comme longueur du oité du carmé inclus
dans celui de départ. On obtient sinsi un
carré de coté 2 (et donc d'sire 4) contenu dans
be carré d'aire 7. Mais 2 constitue une approxi-
mation plutét grossiére de 7. Comment faire
pour améhorer |3 stuztion?

Regardons la région en forme de « L » iverst
fvers I3 gauche) entourant le camré de cdté
2. Appelant c la largeur d'une patte de ce
«L» [c'est-d-dire en posant caV7=2),0n
remarque que cette région peut étre parta-
gée en trois morceaux - deux rectangles de
cités 2 et ¢ plus un petit carré de coté ¢ On
adonc:2(2d + -7-4-3
Afin de simplifier |3 discussion, on peut
«oublier » le carmé de cité ¢ — aprés tout
ce carre semble « petit » lorsgu'on le com-
pare aux autres morceaux formant le came
d'ave 7. On obtient 2ins lapproximation :
2(29) = 3, c'est-3-dire ¢ = 3[4 Une meilleure
valeur approchée de V7 est donc donnée
par:2+3j4-11/4
Peut-étre 'approximation <7 = 11/4 suffit-
dle quant 3 I3 précision désrée. Mas s tel
n'est pas le cas, on peut poursuivre le calcul, 3
partir cette fois de la valeur que nous venons
tout juste d'obtenir — qui est certes plus prés
de v/'7 que la valeur initiale 2. Cependant,

m _,9,

(3 7%
de sorte que le carré de cOté 11/4 ne peut pas
#re inclus dans ke carré daire 7. 1 faut donc
adapter le rasonnement précédent
Pour trouver une meilleure estimation, il faut
soustraire de 11/4 le coté d de ks nouvelle
région en « L » inversé. O, comme on le voit
sur 3 figure ci-contre,

(3 refde-e

fen prenant les dewx rectangles de cités 11/4
et d, on se trouve & compter deux fois le carré
de coté d). Negligeant @7, on obtient :

On trouve alors d ~ 988 et la nouvelle
estimation de V7 est :

Extraction d'une racine dans un carrré | Bernard R. Hodgeon « Uriverita Lavad
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Dans son étude
explicite entre,

i 2 déjo det presentee
Archiméde introduit

tonférence C d'un cercle en
son diametre d

Bﬂdd‘ <31d.
n 7

Nous nous i ii & la toute p
proposition du traité.? ol fauteur relie d'une
maniére fort originale Faire du cercle 3 son
périmdtre. L'énoncé de ce résultat se lit
comme suit :

Tout cercle équivaut au triangle rectangle dans
lequel ['un des cotés de I'sngle droit est égal au
rayon du cercle, et |2 base (c'est-3-dire [autre

Y€, Archiméde me
a clrconférence Si ce résultat peut nous

friques fines permettant

accent surun lien

n‘ayant évdemment pas cours 3 repoque
hellénistique -, la proposition 1 peut se lire
comme st Etant donné un cercle de rayon
ret de circonférence C, son aire Aest doanée
par la formule
A-%:c.
Réécrivant cette dernigre sous la forme
C d C

A-nt—-—x

on peut ussi pmphnmmmmmh'n
du cercle comme étant celle dun rectangle
dont les cdtés sont respectivement le demi-

diametre et le demi-pénimétre du cercle.
C
! i S ———
0 1]

5 Cambhudumﬁw!n&:'n:

R S

Regard archimedien sur le corcle | MarieFrance Dallaire ot Bernard R. Hodgson + Univeesiné Lival

nows qui sommes habitués &
jours au cercle en termes de
27 ou A= le résultat
as trop étonnant @ une
algtbrique suffit en
de ces deux égalités
dre que tel n'¢ait
s lequel évoluait le
t donc intéressant
sur la preuve quiil

iméde
qui aiment 4 l'sccasion
eausx, appellent foi de
it suivant: étant donné
tités (disons, Xet Y), slors de trois
choses [une : soit qu'elles soient égales, soit
que hne soit plus grande que I'autre, ou
Tinverse. En symboles,
X=YouX>YouXeY.

Four montrer qu'on a bel et bien Xet Yégaux,
il sufft donc d'éliminer les deux autres
possbilités. Cette observation est au corur
de la démarche peoposée par Archimide
Largument se fait ainsi en deux étapes : il
sagt d'un double raisonnement par l'obsurde.
Afin de smplifier la notation, nous remplagons
Texpression rQ2 par A,, I'sire du triangle
mentionné dans I'énonce de |3 proposition 1.
Il nous faut donc prouver que A= Ap

Dans un premier temps, nous supposons
wu contraire que A > A, et montrons que ce
soénario ne tient pas la route, Comme
différence A - A, est positive, il est pessible
d'inscrire conséoutivement dans le cercle
d'sbord un carré, puis un octogone régulier,
ensuite un 18-gone, .., jusqu's ce qu'on arrive
& un certain polygone régulier inscrit dont
Taire differe de celle du cercle d'une quantité
moindre que lexcedent de Asur A,

Si on désigne par A, l3ire de ce dernier poly-
gone insent, on a done
A-A<A-A,
cdest-a-dire A >A,
Mais F'aire de tout polygone régulier peut
sexprimer comme étant le demi-produit
de son spothéme o par son périmétre p. Or
clairement, dans le cas du polygone inscrit
en cause, lapotheme est inférieur au rayon
du cerdle, tandis que ke périmitre, comme
celui de tout polygone inscrit dans le cercle,
st certainement plus petit que b circonfé-
rence du cercle. Bref, on 3
1 1
Amsap<iCnk,
ce qui went sopposer 3 [linégalité
A, > Ay éaablie précédemment Cette contra-
diction nous améne 3 rejeter Ihypothése
voulant que A> A,
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141592 653 |

Regard arc}limédien surle cerclx ‘
1a quetqg du|fangux

r 4 |

La constante 22/7 a longtemps été utilisée afin d'exprimer la circonférence
du cercle en fonction de son diamétre. Connue de tous les écoliers
jusqu'a des temps trés récents, c’est dans un court traité di a I'un des
mathématiciens les plus importants de I’Antiquité que cette remarquable
approximation de it a été introduite, sa justification faisant intervenir
tant des arguments géométriques élémentaires
que de fascinantes prouesses numériques.

On doit 3u Gree Archiméde! (~287.~212) et 3
son appétt msatizble des mathématiques une
douzaine de traités qui constituent autant de
de b W nath q
de Mntiquité. Plusieurs de ces ges se pré.

Une circonférence

bien encadrée

La trosiéme proposition du traité De o mesure
du celde renferme Fune des phus céiébres

sentent sous des titres résolument évocateurs,
tels que De o sphére et du cyfindre, Des spiroles,
lo quodrature de lo parobole cu encore Lo
méthode relative oux théorémes mécaniques,
pour n'en nommer que Queiques-uns.

Dans son opuscule intitulé De o mesure du
cercle, Archimide expose tros propositons
dépeignant le cercle de manitre auss astucieuse
que jolie.? Nous sboedors ii |3 demitre de ces
propositions, dans laquelle le Syracussin coince
I3 crconférence du cercle entre deux bornes
remarquablement fines. L'argumentation que
déploe Aechimade afin de justifier ce résultat,
bien que passabiement dense, permet de golter
la saveur des mathématiques de Mépoque. Nous
suvons de prés dans ce texte B démarche
archimédienne.

1. On trouvena doux toxtes consacrés 8 Arche

PP du nombre x - le fameux 227,
toupurs dintérét supurdhui en racon de 9
grande simplicté et susceptible méme d'étre
utlsé en pratique, quand le nivesu de peéci-
10N visé n'est pas trop dleve. Cette valewr a été
abondameent utilsée au fil des 3ges, notam.
ment par Héron d'Alexandrie, au premier sitcle
de notre ére, ou encore par a-Khwaremi, plus
Je mille 3ns aprés Archiméde.

3. Gao dans R Rashod, akKhwarams :
commurcamant da Nalgibre. p. 204
s Abort Blandhard 20077

La quéte du 22/7 | Marie-France Dallaire ot B.

De Git, Acchimide introduit dans cette tromsdme
proposition deux bomes pour la circonférence
d'un cercle en termes de son diamétre, bomes
qui, # comvent de le souligner, font non
sedement montre dune précsion indgalée
dans un tel contexte historique, mas sont
égaement les phus sncennes dont b justification
nous soit parvenue. En déprt de son caractére
un ben wiliot, i convient sans doute de
samtter 3 la fagon méme dont F'éminent
Qéometre grec éncace son résultat :

le pénmeétre de tout
cercle vaut Je triple du
damétre augmenté de
moins de la septieme

partie, mais de plus des
dux somxante et onnémes
parties du diamétre.

On aura reconnu dans la peemitre partie de
cet énoncé le 227 3u coeur du présent texte.
Erant donné un cercle de circonférence Cet de
damitre d, le résultat dArchimide peut donc
s'écrire, en notation moderne ©

Jﬂxd<C<J£xd
7 70

(On 3 utiis¢ o deux fractions de meme
numérateur 3fin de mieux faire ressortic a
finesse de nt obterws par Aechiméde)
Habtués comme nous le sommes aupourdhui
de penser 3 x via une représentation déaimale
tede 23,1416 (voire 3,1415926535, valeur que
nous révtle immédiatement I3 plus ¢iémen-
taire des cakulatrices), les deux approximations
obtenues par Archimide peuvent, 3 premidre
vue, ne nous sembler que modérément percu
tantes. |l affit pourtant de se rappeler le cadre
dans lequel évoluait Archimede, et en particulier
ke systéme de rumération peu performant
utilisé en Gréce antique, pour appeécier toute
B force de son résultst, et comprendre les
provesses numériques qud doit déployer pour
Tobtersr.

Uargument dArchimide est Farchétype des
méthodes glométngues visant 3 obtenis x avec
une précision de plus en plus fine. Il repose,

d R. Hodgs

dans un premier temps, sur Ndée dappraomer
le cercle donné par des polygones réguliers bien
choisss (Orconsorits ou inscrits, selon 3 partie de
L3 double inégalité précidente sous discussion).
A cette fin, Archiméde démarre avec un hex-
qone réqulier, quiil remplace successivemnent,
on cffectuant les bissections  appropnides,
par des polygones réguliers de 12, 24, 43, et
enfin 96 cdtés, A ce stade, il 3 atteint Je niveau
de précision souhaité, tout en demeurant dans
un cadre numénque qui ne rend pas les calculs
inabordables.

La base géométrique de
I'encadrement archimédien

Voyons comment Archiméde obtient
alxd
7

Atitre de borne supérieure pour la circonférence.
Considérons un cercle de centre O et de diamétre
TR, ainsi que ka tangente au cercle en A fcou
pant donc perpendiculawement le damitre)
Plagons un point B sur cette tangente de telle
sorte que Fangle BOA corresponde 3u tiers de
Tangle droit, c'est-a-dire 307

Soulignors dés maintenant que les odtés du
triangle rectangle BAD sont dans des rapgorts
fort sinqubers. En effet, comme ce triangle peut
tre vu comme un « demi- tniangle équitatéral »,

ona
m(B0) _ o m(FD) _
m(A3) m(AB)

Cette dermidre valeur numénique jouers un
rdle-cié un peu plus lon. En raison de e

V3.
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PLAN OF THE TALK

I- Introductory remarks (done)

II- History of mathematics and the school
mathematics curriculum

- Resources to support the teaching of history of
mathematics to prospective teachers

IV- Examples of topics in the history of mathematics
suitable for prospective teachers

V- Concluding remarks
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V- Concluding remarks

Mathematics as a domain with a long and rich history, still
on-going, and with a significant impact on today’s society.

Such a large vision 1s essential for “Changing the Culture”
that 1s being carried 1n the classroom.

History can help reaching these goals!

Teachers need to be introduced to the potentialities (and
limits!) of the use of history of math in education

Part of the mission incumbent upon the university

mathematics departments
o
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