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History of mathematics as a possible means in order !
to foster this Change of Culture!
!

!•  between various groups of individuals "
! !(mathematicians, math educators, teachers)!

!
!•  within classrooms!
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History of mathematics nowadays 
 

as an increasing requirement of the school 
mathematics curriculum  (vg, in relation to culture) 
  hence new needs for teacher preparation 

 

Issue:  How to provide support to teachers so to help 
them use history in school mathematics?!

!

Is the “teacher education system” willing / able to 
offer such support to teachers?!

!

My comments are based on my experience as a 
mathematician involved in teacher education!

!

within a math department!
!
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History of mathematics in the teaching of mathematics !
and in teacher education! A long tradition!!

“[…]  history of mathematics nowadays constitutes a  
discipline of undeniable importance,  
[…]  its benefit—from the directly mathematical viewpoint  
as well as from the pedagogical one—becomes ever  
more evident,  
[…]  it is, therefore, indispensable to accord it the proper 
position within public instruction.” 

Resolution recommending the !
introduction of historical components in education!

Third International Congress of Mathematicians "
Heidelberg (1904)!
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I- !Introductory remarks   (done) !
!

II- !History of mathematics and the school 
mathematics curriculum!

!

III- !Resources to support the teaching of history of 
mathematics to prospective teachers!

!

IV- !Examples of topics in the history of mathematics "
suitable for prospective teachers!

!

V- !Concluding remarks!
! ! !!

PLAN OF THE TALK!
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II-  History of mathematics and the school !
      mathematics curriculum!
Robust tendency:  introduction in the school curricula of !
components explicitly related to matters of culture and !
history of mathematics!
!
Examples from Québec —  new ingredients of the !
school curriculum in mathematics!
!

! !even at the primary level!!
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(2001)!



8!
(2001)!
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(2005)!
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11!(2005)!
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Ministère de l’Éducation, !
du Loisir et du Sport!
Québec!

(2001)!



13!
(2001)!
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With regard to the cultural preparation of 
prospective teachers: 
 
“To provide this training, we will not only have to 
determine a specific culture as an object, but also 
develop a particular relationship to culture among 
future teachers, a kind of shared awareness among 
teaching professionals.” 

Ministère de l’Éducation, du Loisir!
et du Sport – Québec !
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•  “every concept or piece of knowledge has a 
history which, when known by the students, can 
either anchor or block their understanding” 

 
•  “culture is presented as a kind of sensitivity that 

allows us to define a relationship with the world, 
with ourselves and with others” 

 
•  “this sensitivity must be present in all the courses 

of the teacher education program” 

Ministère de l’Éducation, du Loisir!
et du Sport – Québec !
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Teacher preparation in Québec in connection with 
history of mathematics 
 

•  primary school teacher education:   
no specific course devoted to culture / history matters 

 
•  secondary school teacher education:   

no uniformity among universities 
 

 in most Québec universities 
 one course on history of math (often specific to teachers) 
plus special attention in other math courses specific to 
teachers 
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I- !Introductory remarks   (done) !
!

II- !History of mathematics and the school 
mathematics curriculum!

!

III- !Resources to support the teaching of history of 
mathematics to prospective teachers!

!

IV- !Examples of topics in the history of mathematics "
suitable for prospective teachers!

!

V- !Concluding remarks!
! ! !!

PLAN OF THE TALK!



18!

III- !Resources to support the teaching !
of history of mathematics to !
prospective teachers!
1-)  One issue at stake: status of the field of history of !
mathematics within the university math department!

• !Level of acceptance by the math department of history of 
math as a “real” mathematical domain for which the 
department is responsible!

•  Level of support offered to those faculty members "
involved in the teaching of history of mathematics!
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2-)  A second issue: the place and role of history of !
mathematics in the mathematical preparation of teachers!
!

Importance of preparing teachers so that they are able to use!
history of math in their teaching!

!
“I shall draw attention (…) to the historical 
development of the science, to the 
accomplishments of its great pioneers.  I 
hope, by discussions of this sort, to further, 
as I like to say, your general mathematical 
culture: alongside of knowledge of details, 
(…) there should be a grasp of subject-
matter and of historical relationship.” 

Felix Klein  (1849 – 1925) !



20!
   Klein’s double discontinuity!

Furinghetti, Educational Studies in Mathematics  (2007)!
Teacher education through the history of mathematics !
!

“(…) an education program for prospective teachers in 
which the history of mathematics was introduced not per se, 
but as a mediator of knowledge for teaching. The aim was 
to make the participants reflect on the meaning of 
mathematical objects through experiencing historical 
moments of their construction. It was intended that this 
reflection would promote an appropriation of meaning for 
teaching mathematical objects that counteracts the passive 
reproduction of the style of mathematics teaching the 
prospective teachers have experienced as students.”!
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Resources on the role of history of mathematics in the!
mathematical preparation of teachers!
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(1988)!

(1992)!

(1996)!

Working Groups on history at ICME’s!
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ICMI Study 10!
(Luminy, France, 1998)!
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•  Does history of mathematics have a role to play 
in mathematics education?      !

•  Why should history of math be integrated in 
mathematics education?!

Questions at the basis of the Study!

- !objections: lack of classroom time, resources, 
teacher’s expertise, robust assessment tradition!

- !claim: history of math as a means in the 
construction of math knowledge and offering a 
refreshed perspective on various math topics!

Yes!!

Use of original sources!
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I- !Introductory remarks   (done) !
!

II- !History of mathematics and the school mathematics 
curriculum!

!

III- !Resources to support the teaching of history of 
mathematics to prospective teachers!

!

IV- !Examples of topics in the history of mathematics "
suitable for prospective teachers!

!

V- !Concluding remarks!
! ! !!

PLAN OF THE TALK!

Discussion / Questions    (Act 1)!
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•  History of math as a means for “Changing the Culture”!
!
•  Place / role of history of math in math education!
!
•  Impact on the preparation of teachers  (pre- / in-service)!
!
•  Ministerial expectations:  situation in Québec  !
                      vs  BC / Canada!
!
•  … !
!

!

Discussion / Questions    (Act 1)!
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IV-!Examples of topics in the history of !
mathematics suitable for prospective teachers!

Choosing “good historical topics” for teachers:!
a non-trivial task…!
!

Some examples from my teaching to pre-service secondary 
school teachers!
!

I invite my students to stay alert to a triple perspective:!
!•  history of mathematics!
!•  didactics / pedagogy!
!•  epistemology  (part of “math culture”)!

The latter is especially crucial for!
“Changing the Culture”!
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My examples belong to the “classics” of the 
math literature 
Difficulties in the use of original sources!
!

It is far from trivial to find material accessible to teachers / 
students  (vg linguistic barriers, style of writing)!
!

Reading “old” texts can be time-consuming!
!

Need to find material useful in connection to the program / 
curriculum under consideration!
!

But this can be most rewarding !
     a refreshed perspective on given mathematical themes!
!
 !Use of original sources!
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Use of original sources!
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IV-a   Some steps in  
the company of Euclid!

Portrait by Justus of Ghent !
(Joos van Wassenhove)!

c. 1474 !
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IV-a   Some steps in  
the company of Euclid!
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Euclid’s original  
proof!

33!

The frontispiece of Adelard of Bath’s Latin 
translation of Euclid’s Elements, c. 1309–1316!



34!http://aleph0.clarku.edu/~djoyce/java/elements/elements.html!
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Euclid’s Book II:!
!

           “Geometric Algebra”!
                                      (H. Zeuthen)!

Possible challenge of reading 
the text!
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x(y1 + y2 + y3)

= xy1 + xy2 + xy3

distributivity  x / +!

x!

y1! y3!y2!
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Let !u = AD!
!v = DB = AK!

uv + u − v
2

"
#$

%
&'

2

=
u + v
2

"
#$

%
&'

2

basis for solution of quadratic equations!
by Mesopotamians!
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squares OF the 
sides!

(algebra)!
a2 + b2 = c2

squares ON the sides!
(geometry)!
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Euclid’s text is really 
accessible… and the proof, 
clear and beautiful!!!!

Proving the Pythagorean !
Theorem!
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Animated proof  –  Transforming  a2  and  b2  into  c2 !
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Proof by algebra!

(a + b)2 = a2 + b2 + 2ab

= c2 + 4 ⋅ ab
2



44!Visual proof!

One can “see” the squares on sides a and b !
“becoming” the square on the hypotenuse c!
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From Bhaskara… !
     (12th century)!

… to Ibn Qurra!
      (9th century)!

Behold!!
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From Bhaskara !
     (12th century)!

… to Ibn Qurra!
      (9th century)!
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•   Fibonacci,  De practica geometrie   (1223)     "
! ! !!

•   H.A. Naber – Dutch mathematics teacher  (1908)!

Playing with the three similar !
right-angled triangles!
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George Pólya!
(1887 – 1985)!
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George Pólya!
(1887 – 1985)!
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George Pólya!
(1887 – 1985)!
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Henry Perigal!
(1801-1898)!

A particularly neat visual proof!

This shows directly the two squares on the!
sides becoming the square on the hypotenuse!
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Henry Perigal!
(1801-1898)!

This shows directly the two squares on the!
sides becoming the square on the hypotenuse!

A particularly neat visual proof!
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A 3-4-5 triangle is right-angled!!

Proving the RECIPROCAL of !
the Pythagorean Theorem (I.47)!
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IV-a   Some steps in  
the company of  
Euclid!

Euclid!
Max Ernst!

1945!

Another context linking!
geometry and algebra!
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Kitab al-jabr wa’l-muqabala!

Roots and square equal a number.  For instance, a square !
and ten roots are equal to thirty-nine dirhems. That is to say: !
what must be the square which combined with ten of its roots !
will give a sum total of thirty-nine?!

x2 +10x = 39

IV-b   Some algebra in the  
company of al-Khwarizmi  

al-Khwarizmi   !
(c. 790 – c. 850)!
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The manner of solving this type of equation is to take one-half of !
the number of roots just mentioned, which in the present instance !
yields five.  This you multiply by itself; the product is twenty-five.  !
Add this to thirty-nine, giving sixty-four.  Now take the root of this, !
which is eight, and subtract from it half the number of roots, which !
is five.  The remainder is three, which is the root of the square. !
Nine therefore gives the square. !

x2 +10x = 39
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x! 10!

x! x!

Geometric justification!  (al-Khwarizmi)!

x2 +10x = 39
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x!

x!

5!

5!

39!

25!

 +  25!

x  +  5  =  8!

x2 +10x = 39

Geometric justification!  (al-Khwarizmi)!
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Note 1:  Similar techniques used in 
Mesopotamian ‘geometrical algebra’!
!

Old Babylonian Tablet BM 13901!
     (c. -1800)!

A compendium of 24 model!
solutions of problems in !
quadratic geometrical algebra!

Problem #1!
The sum of the area and the side of!
a square gives 3/4.!

s2 + s = 3
4



60!

x!

x!

10!

x!

x2 +10x = 39

Note 2:  Another geometric dissection proposed 
by al-Khwarizmi!
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(From a 1688 German translation !
of Heron’s Pneumatics)!

Heron of Alexandria !
(c. 10 – c. 75)!

Method of approximating the!
square root of a non-square number!

Triangle 7,8,9!

s(s − a)(s − b)(s − c)
Area of triangle a,b,c!

where ! s =
1
2
a + b + c( )

12 ⋅5 ⋅ 4 ⋅ 3 = 720

IV-c  Heron’s method for square roots!
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Heath, !
History of Greek Mathematics, vol. II!
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1+ 24
60

+
51
602

+
10
603

2 ≈ 1;24,51,10

???!

Remarkably good approximation 
— still used almost 2000 years 
later by Claudius Ptolemae (c.
100 – c.178) in computing his 
table of chords!

Square roots in Mesopotamia!

(color photographs: !
Bill Casselman’s website, UBC, Vancouver)!

•  30!
•  1 ; 24 , 51 , 10!
•  42 ; 25 , 35!

 YBC 7289!
!

(c. – 1800)!
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k

an+1 =
1
2
an +

k
an

!

"#
$

%&

2 = ?

Heron’s Method         Successive approximations to!

Was this known to!
Mesopotamians???!
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Approximating  ! k using default value a  !

Let c be such that ! a + c = k and set! k = a2 + b

c!

b = area of gnomon! = 2ac + c2

c ≈ b
2a

a2 + b ≈ a + b
2a

formula found in !
Mesopotamian texts — !
and throughout the ages!

A method “for which there !
is some textual evidence” !
in Mesopotamian math!
Katz, A History of Mathematics!

Possible / plausible geometrical !
justification!!
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Approximating  ! k using default value a  !

Let c be such that ! a + c = k and set! k = a2 + b

c!

b = area of gnomon! = 2ac + c2

c ≈ b
2a

a2 + b ≈ a + b
2a

formula found in !
Mesopotamian texts — !
and throughout the ages!

A method “for which there !
is some textual evidence” !
in Mesopotamian math!
Katz, A History of Mathematics!

a2 − b ≈ a − b
2a

Approximation using excess value a!
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(Heron!!!)!

Approximation! a ' to   !a + c = k

With a drop of anachronism…!

a ' = a+ b
2a

=
a2 + k
2a

= a+ k − a
2

2a
=
1
2
a+ k

a
!

"
#

$

%
&
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(Heron!!!)!

Approximation! a ' to   !a + c = k

Note: We do not know what is the reasoning that lead Heron!
           to his formula.! Folklore???!

In most countries, the Heron method did not become part !
of the school culture – why?!

Quadratic convergence   !
! !(Newton-Raphson)!

a ' = a+ b
2a

=
a2 + k
2a

= a+ k − a
2

2a
=
1
2
a+ k

a
!

"
#

$

%
&
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Liu Hui!
(c. 200 – c. 280)!

(portrait by Jiang Zhaohe !
1904 – 1986)!

“Commentaries”  (263)!

Chinese “Classic” from the Han Dynasty    (-206  –  220)    !
Nine Chapters on the Mathematical Art!
Another method for the extraction of square roots !
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Theon of Alexandria!
!
Commentaries on Ptolemae’s Almagest    (370)!



71!

= (2 ⋅200 + 30) × 30
= 2(200 × 30) + 302

b = 3!

= (400+30)×30430 × 30

55225 = ?
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Proposition 1:!
Any circle is equivalent to the 
right triangle with one of the 
sides of the right angle equal to 
the radius and the other to the 
circumference of the circle. !

On the measurement of !
the circle!

€ 

A =
1
2
rC

IV-d  Using original texts from Archimedes!

(-287 – -212) 
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Proof by exhaustion and !
double “reductio ad absurdum”!

€ 

A =
1
2
rC

A > 1
2
rC

Consider an inscribed polygon such that!

Case 1: !

A− Ainscr < A−
1
2
rC

Inscribe regular polygons getting closer to the circle!

Thus! Ainscr >
1
2
rC

But  !Ainscr =
1
2
ap < 1

2
rC

A < 1
2
rCCase 2: !

Text is not really!
difficult!
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•  An infinitesimal vision???!

How did Archimedes identify that specific relationship for !
the area of the circle??? !

€ 

A =
1
2
rC

•  A “limit” process???!
1
2
ap

1
2
rC

area of n-gon!

€ 

n→∞

We do not know!!
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An infinitesimal vision!

Johannes Kepler!
(1571—1630)!

€ 

A =
1
2
rC
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“The circumference of the circle BG 
has as many parts as points, think of an 
infinity; let any be considered as the 
basis of a certain isosceles triangle with 
equal legs AB, so that there is an 
infinite number of triangles inside the 
area of the circle, all meeting in the 
centre A by the vertices.” 

€ 

A =
1
2
rC

An infinitesimal vision!
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€ 

A =
1
2
rC

An infinitesimal vision!



78!A = r× C
2

€ 

A =
1
2
rC

An infinitesimal vision!
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Proposition 3:!
The perimeter of any circle is 
equal to the triple of the 
diameter, augmented by less than 
the seventh part, but by more 
than ten seventy-first parts, of 
the diameter. !

On the measurement of the circle!

Painting by Domenico !
Fetti    (1620) !

310
71
× d <C < 310

70
× d

This proof is !
a bit difficult!!
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Investigation of problems of !
mathematics by means of !
mechanics   (statics)!

It was known that Archimedes had written a text on a 
certain “discovery method”,  but its content was 
unknown and there was no trace of it.!

Heiberg  (1906)!

The Method!



81!www.archimedespalimpsest.org
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“Archimedes to Eratosthenes greeting.  (…) 
Seeing moreover in you (…) a man of considerable eminence 
in philosophy, and an admirer [of mathematical enquiry], I 
thought fit to write out for you and explain in detail (…) the 
peculiarity of a certain method, by which it will be possible 
for you to get a start to enable you to investigate some of the 
problems in mathematics by means of mechanics. (…) 
[C]ertain things first became clear to me by a mechanical 
method, although they had to be demonstrated by geometry 
afterwards because their investigation by the said method did 
not furnish an actual demonstration.  But it is of course easier, 
when we have acquired, by the method, some knowledge of 
the questions, to supply the proof than it is to find it without 
any previous knowledge.” !

Archimedes, prefatory part of 
The Method 
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“Now the fact here stated is not actually 
demonstrated by the argument used; but that 
argument has given a sort of indication that the 
conclusion is true.  Seeing then that the theorem 
is not demonstrated, but at the same time 
suspecting that the conclusion is true, we shall 
have recourse to the geometrical demonstration 
which I myself discovered and have already 
published.”!

Archimedes, The Method 
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Theorems being investigated!
vs!

theorems being proved!

An act (a “social act”) taking place in a given cultural!
and scientific framework  —  an argument accepted as!
valid by a group  of people !
!

Use of means sufficient to suggest the truth of theorems, !
although not furnishing scientific proofs of them !

! ! ! ! !(Heath, Introd. to The Method, p. 7)!

What is a proof?!
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Accromath vol. 5 (Été-Aut. 2010)!
          www.accromath.ca!
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Accromath vol. 1 (Été-Aut. 2006)!
          www.accromath.ca!



90!
Accromath vol. 8 (Hiv-Print. 2013)!
          www.accromath.ca!



91!
Accromath vol. 7 (Été-Aut. 2012)!
          www.accromath.ca!
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I- !Introductory remarks   (done) !
!

II- !History of mathematics and the school 
mathematics curriculum!

!

III- !Resources to support the teaching of history of 
mathematics to prospective teachers!

!

IV- !Examples of topics in the history of mathematics "
suitable for prospective teachers!

!

V- !Concluding remarks!
! ! !!

PLAN OF THE TALK!



93!

V-  Concluding remarks!
Mathematics as a domain with a long and rich history, still  
on-going, and with a significant impact on today’s society.   
 

Such a large vision is essential for “Changing the Culture”  
that is being carried in the classroom.  

History can help reaching these goals!!
Teachers need to be introduced to the potentialities (and !
limits!) of the use of history of math in education 
 

Part of the mission incumbent upon the university  
mathematics departments 

Discussion / Questions    (Act 2)!


