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Introduction
Coagulation-fragmentation models with diffusion

evolution of a polymer/cluster density f(t,z,y) > 0

atf — a(y)Amf — Qcoag(fa f) - Qf’r*a,g(f)

time ¢t > 0, space z € (2 normalised with |2| =1

homogeneous Neumann V. f(t,z,y) - v(z) = 0 on 02

non-negative initial data fy(z,y)

size-dependet diffusion coefficients a(y)
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Introduction
Continuous and discreet models

discrete in size models y =i € N, f(y) = ¢;

71—

1 ©.@)
cong = 5 E i Cimj Cf — E i Ci Cj,

0. @)
Qfrag = E Bitj BitjiCivj — Bici
j=1

coagulation-fragmentation coefficients

a;; = a;; > 0, Bi; >0, (2,7 € N),
B1 :O, Bz ZO, (ZEN),

. v 1 . . .
Z:Z._lj@,g‘, (1€ N,i >2).
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Introduction
Continuous and discreet models

continuous in size model y € [0, )
Qeons (f. ) = / Fy— o) F)dy — 2/ () / () dy
0 0
Qprag(f) = 2 / F)dy — v F(y)

assume constant coagulation-fragmentation coefficients H

[Aizenman, Bak] '79
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Introduction
Overview

Questions:

existence of solutions (weak, strong)
conservation of mass or gelation
degenerate diffusion coefficients

large-time behaviour

© o o o o

fast-reaction limit
Main tools:
# duality arguments

#® entropy methods (detailed balance)
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Discrete coagulation-fragmentation models
Weak formulation, conservation of mass

test-sequence o;,

Z ©i Qcoal = % Z Z a; 5 Ci Cj (%‘+j — ¥i — Sﬁj)a
i=1

i=1 j=1
o0 00 1—1
Z Vi Qf'rag — Z Bici <902 — Zﬁi,j@j) .
i=1 i=2 =1

conservation of total mass or gelation

ot s = / S et ) di < / S i (z) da = [|°)|
=1 =1
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Discrete coagulation-fragmentation models
Existence of global weak solutions in L!

assumptions on coefficients

lim a—,’] = lim J,r] ﬁﬂ = 0, (for fixed 1 > 1),
j—+oo ] jmtoo 1]

Then, global weak solutions ¢; € C([0,T]; L*(Q)),i e N |

ZCI@JCZ’C]' c Ll([O,T] X Q),

j=1
sup/[ icz-t,:z:]darg/[ z’c?:z:]da:,
wp [ [ iaten|ar< [ [3 o

[Laurencot, Mischler] '02
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Discrete coagulation-fragmentation models
L? estimates via duality

Assume coefficients like above and p, = > .7, ic) € L*(Q)

Then, forall T > 0

sup,{d;}
2 < 1 T 2
1ol L2y < ( + infi{dz-}> 1 poll L2,

or for degenerate diffusion

/ ) [ @dmﬂ”imw]s4T,sup{dz-}||pouL2<m

i=1 tel

[Canizo, Desvillettes, F.] '09 preprints
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Discrete coagulation-fragmentation models
Proof of duality bounds

Denoting A(t,z) = 3%, id;c;, then ||Al| < sup;ey-{d;} and
Op — Ay(Ap) = 0.
Multiplying with the solution w of the dual problem:

— (Qyw + AN w) = HVA,
Vew - n(z)|sgq =0, w(T,-) =0

for any smooth function H := H(t,x) > 0 leads to

/OT/Q H(t,z)\/A(t,x) p(t, z) dedt = / w(0, ) p(0, z) dz.

Q
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Discrete coagulation-fragmentation models
Proof of duality bounds

Multiplying the dual problem by — A, w yields

// Azw) dxdt<//H2dxdt
T 2 T
//'8’5“" d:z:dt§4//H2dxdt.
0o Jo A 0 Ja
Hence,

w(0, ) < (/TJZ O] dt)2 < AT | All o, /T/ H2 davdt.
0 VA 0 Jo

and
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Discrete coagulation-fragmentation models
Proof of duality bounds

Recalling above

T
/ / H VA pdadt < |p(0, ) 22 1w(0, |2
0 )

< 2/T | Al @) | H | z2qorixey 1900, ) 2

for all (nonnegative smooth) functions H, we obtain by duality
that

VA pllza@ <2/ T | Al 1900, ) |2
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Discrete coagulation-fragmentation models
Absence of gelation

Assume a;; < (i +7)0(j/i) forall j >ie N

for a bounded function 6(z) — 0 as x — +oo.

Then, a superlinear moment is bounded on bounded time
intervals, i.e. for a test-sequence {; };>1 with lim; ., ¥; — oo:

=1
As a consequence, the mass is conserved

/ p(t,x) dr = / ,00(56) dx forallt > 0.
Q Q

H

[Canizo, Desvillettes, F.] '09 preprints
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Discrete coagulation-fragmentation models
Specialised proof for absence of gelation

In particular a; ; = v/ijand B; =0, Y ." i logic;(0,2) de. < 00
Then, (using log(1 + z) < C' /1)

d @)
E/Q;ilogicidx

N . Jy i

:/ZZ\/ZQC]- (z 10g(1—|——,)—|—310g(1—|——,)> dx
R t J
i=1 j
§2/ZZZ’]’Q@deﬁQ/p(t,m)de.
Q“ 0

1=1 j=1
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Discrete coagulation-fragmentation models
Specialised proof for absence of gelation

In particular a; ; = v/ijand B; =0, Y ." i logic;(0,2) de. < 00
As a consequence, we have forall T" > 0

/Zz logic;(T,x)dx g/ Zz logic;(0,x)dr
=0 =0

T
+2/ /,O(t,x)2 dxdt,
0 JO

and the propagation of the moment [ > °° i logi¢;(-, z)dx en-

sures the conservation of the mass.
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Discrete coagulation-fragmentation models
Degenerate Diffusion: Absence of gelation

Assume
di 2 OZ._W, a;. j S C (Z'Oz ]ﬁ + ZB joz)’

witha+8+v<1,a,6€10,1),v€0,1],
Then, the mass Is conserved

/ p(t,x)dr = / po(x)dx forallt > 0.
0 0
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Discrete coagulation-fragmentation models
Existence theory

via duality we have uniform L?-bound of approximating
systems independent of a; ;

the assumption lim;_,; “;’j = 0 Is needed for the limit of

— _ME:
coag ¢ ]10"5]]'

as ¢ converges to c¢; weak-x in L>®(Qr),
we need > 77 a; ¢’ — D77 aijcj strongly in L'(Qr)

dxdt < 2 sup
7=Jo

Ll ptsup [|ed =il i gary
J<Jo

a” Cj)
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Discrete coagulation-fragmentation models
Existence theory

existence of generalised quadratic models

oo

1
Oic; — d; Ayc; = 5 E Ak Ci C| — E a; k Ci Ck

k+1=1 k=1

Ty Z Z bklckclﬁzkl_zb@kczck

k =1 i<max{k,l}
global L!-existence in 1D provided

b
hm——() lim bi—() hmsup{lzl

[—00 l [—o00 l [—oo L

,}:0 kicN

H

[Canizo, Desvillettes, F.] '09 preprints
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Continuous coagulation-fragmentation models
[Aizenman, Bak]' 79 inhomogeneous

Continuous in size density f(¢,z,y) with y € [0, 00)
at o Aa: — y — d — 2
f=aly) f/of(y ') f(y)dy" —2f(y /f
v2 [ s ay -y )

homogeneous Neumann, non-negative initial density fo(x,y)

diffusion may degenerate at most linearly for large sizes

Qs
1+

a(y) < a*(6), Yy € [5,671], 0 < <a(y), Yy € |0, 0).
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[Aizenman, Bak]’79 inhomogeneous
Macroscopic densities

amount of monomers N, number density M
V= [ sy v= [ s
conservation of the total mass
N — A, ( | vawisw) dy’) ~0

M — A, ( /O ") 1) dy’) — N M
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[Aizenman, Bak]’79 inhomogeneous
Entropy (free energy functional)

Entropy
fﬂﬂ@wﬁjé (flnf—f) dy,

Entropy dissipation

o [ -

Du(f)

—Du(f
// |Vf\2 dy dz
L[ (o



[Aizenman, Bak]’79 inhomogeneous
Inequality by [Aizenman, Bak]' 79

[ s - swsan ( jf((;’;é))) dydy' >

H(f|fyw ) +2(M = VN)?
Entropy dissipation

// IVdeydw

+MHf\ffN)+2(M VN)?




[Aizenman, Bak]’79 inhomogeneous
Local and global equilibria

Intermediate equilibria with the very moments N and M? = N

L
fuwn =€ V&'

the global equilibrium

Y

fOO p— e_m

® is constant in z satisfying M2 = N

» preserves the initial mass N, = [~ N(z) dx
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[Aizenman, Bak]’79 inhomogeneous
relative entropy, additivity

relative entropy
H(flg) =H(f)— H(g)
additivity
H(f|foo) = H(fIfynn) + H(fyn nl )

fyw.y @nd f. do not need to have the same L;—norm, but
nevertheless

/QH(mefoo)dx2<\//QNdx/Q\/Ndx> >
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[Aizenman, Bak]’79 inhomogeneous
Existence results

[Am, AW] global existence and uniqueness of classical
solutions (1D, not [Aizenman, Bak])

[LM] global existence of weak solutions satisfying the entropy
dissipation inequality

[ty e+ [ Datgends < [ B

Diffusivity a(y) € L>*([1/R, R]) forall R > 0
Without rate: Equilibrium states attract all global weak
solutions
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[Aizenman, Bak]’79 inhomogeneous
Theorems

Nonnegative initial data (1 + y + In fo) fo € L'((0,1) x (0, 00))
with positive initial mass fol No(z)dxr = Ny, > 00n Q2 = (0,1).
As above at most linearily degenerate diffusion.

Then, forg <2andt >0

C(n )8
Hf(taa) _fOO”Li,y < Cﬁe (Int) 3

and

oo i 3
[0 1) = Fol)lie dy < g™,
0
forallz > ¢, > 0.
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Entropy Entropy Dissipation Estimate
needs | M||pe, || M| Leer1y, My >0

Step 1) Additivity

[ HGls dr= [ Himalfde 2 (VN - VR)
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Entropy Entropy Dissipation Estimate
needs | M||pe, || M| Leer1y, My >0

Step 2) "Reacting" Moments N and M

[ HGls = [ il fde 2 (VN - VR)

— ) _
VN - VN < i 1M = VN2 + | M = M3, |
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Entropy Entropy Dissipation Estimate
needs | M||pe, || M| Leer1y, My >0

Step 2) "Reacting" Moments N and M > M, >0

1 1
[ < [ [ MHG ) i+ 20 m\%%]

4
+ —IIM M]|72

<0/// (f" — ff) 1n<;;/>dydy’dx

+— M — M]3 2
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Entropy Entropy Dissipation Estimate
needs | M||pe, || M| Leer1y, My >0

Step 3) Diffusion For a cut-off size A > 0, denote

Mu(t,x) = fo (t,z,y)dy and M§(t,x) == [, f(t,z,y)dy
=712 Vi ¢ T2
HM—MHL%:/(MA—MA+MA—M§1) dz
Q
- 2
4
<2HMA—MAHL2—I— > (/ f(y)dy) dx

A?p
2
C(P, a A”M”Loo// \Vf| dydx

+ @HMHLE;OM%

for any p > 1.
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Entropy Entropy Dissipation Estimate
needs | M||pe, || M| Leer1y, My >0

Entropy Entropy Dissipation Estimate

Let f := f(x, y) > (0 be measurable with moments
0< M, < Mz fo (z,y)dy < ||M||re,
0 < Ny foo y f(z,y)dydz, [, [~y f(z,y) dedy < My,

Then, forall A>1andp>1

M,
A”MHLOO /H f|fOO dZE— A2p+17 ('1)

with a constant C' = C (M., N, a., P(£2)) depending only on

Di(f) =

M., N, a., and the Poincaré constant P((2).
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A-priori Estimates
(L' N L*) + L* bounds in 1D

Lemma
[M(E, )|l < Moo + ma(t).

Proof: f(t,x,y) — f(t,Z,y) =2 [0 VF(t.&v) 0/ f(t,&, y) dE

/oo‘ftxy /ftxyda:
[// fmyddy] [// I(‘?:c\/?(t,af,y)\Qdévdy%

M(t,z) < /1 M(t, %) dZ + a; "2 (MG + Noo)'2 D(f ()12,
0

dy




A-priori Estimates
Lower [, M(t,z)dx bound

Lemma: |, M(t,z) dz > M,

%/OlM(t,x)dazz/OlNO(a:)dx—(mooerl(t)) /OlM(t,:I;)dx

ldea:

/ M t QE d,f >/ MO dwe f()(moo+m1(0'))d0'

/ No(z) dz / [ (moctma (@) do 7,

— U1 —m t 1_€_moot
> || Mol gy + ——— [ Noll,

oo
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A-priori Estimates
Moments M,(f)(t) := folfooo yP f dy dx

Lemma: Forp > 1and fora.a. t > ¢, > 0

My(f)(t) < (2% O = M;

p

for C' = C(t., fy) depending only on the initial datum and ¢,..
ldea: fragmentation produces moments

d p—1

FMD) < (2 =2) M) e + ma(t)] =2 My (£)(2)

interpolation —%Mpﬂ(f) < S5 N — e My(f)

use Duhamel’s formula, ftt mo ds < L9/t — t., Vallée-Poussin
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A-priori Estimates
Lower bound M (t,z) > M, >0

Lemma: Let ¢t, > 0 be given. Then, there is a strictly positive
constant M, (depending on t,, a, and a*(6))

M(t,x) > M.,.
ldea: linear lower bound for lost terms

Ocf —aly) Ouuf = g1 —y f — 1Mt )| f

where ¢; IS honnegative, then

(8; + a(y) Oys) ( F el 1M ()l ds> .

where g, IS honnegative.
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A-priori Estimates
Lower bounds M(t,z) > M, and N(t,z) > N,

Fourier series and Poisson’s formula for 0,h —ad,,h = G € L'
with homogeneous Neumann boundaries on (0, 1)

1 1~ > 1 (2k—|—:c—z)2
h(t,r) = ——= h(0 T4t d
(t.2) Qﬁ/1<,z>2me z
_ (2k+x— z)2

1 t 1 B
_|_ G 4a (t—s) dzds
Qﬁ/o /_1 Z \/a t—s)

h and G "mirrored" around 0
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A-priori Estimates
Lower bounds M(t,z) > M, and N(t,z) > N,

1
flty+t,x,y) > C / f(ty,z,y) e Bt@mm)v gz,
0

Moment bound folfooo y: [tz y) dy doe < M

1/5
Mty +t,z) > C e~ (2bt / f(t1,z,y) dydz

1

> O e ttan)s (MO*—5NOO—K5—/H(f)da:/an).

Choosing § and K, we get that M (t; +t,x) > M,.
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Proof of Theorem
Algebraic rate for all p > 1

Algebraic rate for all p > 1

We have forany A > 1

d | c 1 [ C, 25"
& | HG dr € s [ H(f ) e+

where || M ||z (t) < Mmoo + ma(t).
balance r.h.s. by choosing A = A(t) > 2 as

i < 0—1/2 Cy fo f‘foo)dx
A= | M| g 25" |

Thus, Gronwall yields algebraic rate for all p > 1.
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Proof of Theorem
Algebraic rate for all p > 1

Faster than polyniminal rate

Then, by summing w.r.t. p € N

/ H(f(O|for) dz < L{t — C),

where (forall 1 < a < 2)

1 2
—1 - E , _ E , q ,—2q°In2—qlIn(qCho)
E = (Croq)e 2% e ;

¢>1, even ¢>1, even
> C(a) el 0]

for all ¢ large enough and 1 < o < 2.
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Fast-Reaction limit
formal

08" = ()" = = Quoag I 1) + Qprag (1)

Y

formal limit: ¢ — e Va0

@NO — Axn(NO) =0

where
n(N) = / aly)ye 77 dy
0

0<a,N<n(N)<a*N, 0<a, <n'(N)<a
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Fast-Reaction limit
Entropy, entropy dissipation

—5%/9H(fe)dx ZLMEH(fs\fMS,Ns)dx
+2/Q((M€) — V/Ne)2 dx

Thus
/ /MEH(fE\fijg)dajdtgeC
0 JQ

Assumption M® > M,

Y
€

| — e

Ly, < €C(M.)
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Fast-Reaction limit
Expansion

Looking for ff € L7 (L, ((1+y)dy))

fo=e v 4
Vofi-v(x)y=0and 6§ >0
Then

O, N — An(N°) = aﬁﬁx/ a(y)yfidy =’ N,g°
0

where ¢° € L7 with V,¢* - v(z) =0
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Fast-Reaction limit
Compactness

Let g° € L7, with V,¢° - v(x) = 0. Take initial data N;, € L2.
Then, the solutions of the nonlinear diffusion equation

ON® — Nyn(N°) =N, g°

VmNs . V(:C)|ag =0

converge in L; , to the solution N of
N — A,n(N)=0

VH;N . V(Qf)‘aQ =0
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Fast-Reaction limit
Compactness : proof

Duality argument : w > 0, w(T) =0, Vw - v(x)|sn = 0

n(N¢) —n(N)

t W Ne N w
Holds that || A,w||z2j0,mx0) < C||H || 22(0,11x0)
Then
|fo fQ N) Hdzdt| < 50”9 HL2 HAmw”LQ([O,T]xQ)

Since H > 0 € Cg°([0,T] x Q) is arbitrary

INS = Nl < C|lgfl s, < Cef
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Non-local evolution equations

THANK YOUI!
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