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Figure 2. A subset of Octa-4, Octa-8, and Truncated Octa-8.
Adapted from [6].

The group GL+(2, R) acts on the moduli space of genus-g translation surfaces.
If the GL+(2, R)-orbit of the surface is closed, we call the GL+(2, R)-orbit a Te-
ichmüller curve. The integral i

2

∫
X ω ∧ ω̄ represents the area of the translation

surface, area(ω), and the group SL(2, R) acts on the moduli space of genus-g unit
area translation surfaces via R-linear post-composition with charts.

Saddle connections and cylinders. A saddle connection on a translation surface is
a geodesic segment that connects two singular points (zeros of ω) with no singular
points in its interior. It is a closed saddle connection if it connects a singular
point to itself. We will be interested in counting saddle connections (organized
by length) and understanding the existence of closed saddle connections. Given a
saddle connection γ, its holonomy vector is given by

zγ =

∫

γ
ω,

and we denote the set of all holonomy vectors by Λω. This is a discrete subset of
C, and it varies equivariantly under the SL(2, R)-action, so for h ∈ SL(2, R),

hΛω = Λhω.

A closed geodesic η not passing through a singular point is part of a cylinder, and we
denote the set of holonomy vectors of cylinders as Λcyl

ω . Associated to each cylinder
is the area of the cylinder, a(η).

Translation covers. Let X be a Riemann surface and k be a positive integer. A
meromorphic k-differential on X is a section of the k-th power of the canonical
bundle q = f(z)(dz)k. In other words, integrating k

√
q yields transition functions

that are given by rotations by a multiple of 2π
k .

Our polyhedral surfaces (as polygons in R2 with edge identifications) are not
translation surfaces. Associated to a pair (Y,σ), where σ is a k-differential, is
the translation cover (also called spectral curve or unfolding), a translation surface
(X,ω) where X is a k-cover of Y branched at the zeros of σ. Geometrically, it
is constructed by taking k copies of (Y,σ), each rotated by 2π

k from the previous
copy, where an edge j of some copy of Y is identified to an edge j of some other
copy by translation. A key point in our work is precisely identifying these covers in
a variety of situations, and carefully computing the affine symmetry groups of the
resulting translation surfaces, using key ideas from Gutkin–Judge [5].
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surfaces we study also have rich automorphism groups and admit explicit descrip-
tions as algebraic curves, see Lee [6] for further details.

We are interested in the counting and geometry of special geodesic trajectories,
using ideas of Veech [9] and Gutkin–Judge [5] and others to compute explicit qua-
dratic asymptotics of the growth rate of the number of such trajectories of bounded
length. That these asymptotic constants (known as Siegel–Veech constants) can be
computed is by now well-known, but we believe it is of interest to compute them
explicitly in these cases, as these surfaces occur naturally in many different contexts.

1.1. Background.

Polyhedral surfaces. We denote a polyhedral surface by {p, q} (using Schläfli sym-
bols) if it is tiled by regular Euclidean p-gons and all vertices are q-valent. A
polyhedral surface is Platonic if there are two types of symmetries (an order-p
symmetry about the center of a polygonal face and an order-q symmetry about a
vertex) as isometries of the ambient space so that group generated by these two
symmetries acts transitively on the vertices, edges, and faces.

We say that a surface is intrinsically Platonic if the isometries of order-p and q
are intrinsic and not necessarily Euclidean. That is, we disregard the embedding
of the surface in Euclidean space and consider only the intrinsic metric on X. Lee’s
classification [6] includes classical examples found by Coxeter and Petrie [3] such
as Mucube {4, 6}, Muoctahedron {6, 4}, and Mutetrahedron {6, 6} (Figure 1), and
introduces examples that we call Octa-4 {3, 8}, Octa-8 {3, 12}, and Truncated Octa-
8 {4, 5} (Figure 2). The construction of these surfaces is described in Section 2.
We remark that the genus of the underlying surface is three for Coxeter–Petrie’s
examples and Octa-4; and four for Octa-8 and Truncated Octa-8.

Figure 1. A subset of Mucube, Muoctahedron, and Mutetrahe-
dron. Adapted from [6].

Translation surfaces. A translation surface is a collection of Euclidean polygons in
R2 with parallel sides identified by translation. Equivalently, it is given by a pair
(X,ω) where X is a compact Riemann surface and ω is a holomorphic 1-form (i.e.,
a section of the canonical bundle). In local coordinates, we can write ω = f(z)dz.
An order-k zero of ω corresponds to a point with cone angle 2π(k+1). We say that
(X,ω) lies in a stratum H1(k1, . . . , kn) where ki denotes the order of a zero of ω.
Then k1 + · · · + kn = 2g − 2 where g is the genus of X. Integrating ω away from its
zeros, we get an atlas of charts to C whose transition maps are translations.
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