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Abstract
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A The Stochastic Environment

In this Appendix, we provide a precise description of the stochastic environment. Let be given
a complete probability space (€2, F, P) over which is defined a Poisson process N = {N; };>0
of intensity A\. Denote by F~ = {FN};5¢ the filtration generated by N and augmented by
the P—null sets. This filtration satisfies the usual conditions (Dellacherie and Meyer (1978,
Chapter IV, Definition 48)). The process M = {M,;};>o defined by

Mt:Nt—)\t

for all t > 0 is an FV-martingale under P. For any F¥-predictable process A = {A;}s0
with values in {\, A + A\}, denote by Z% = {Z}},50 the unique solution to the stochastic

t A
Zﬁ:1+/ Zﬁ_(—s—1>dMs
0 A

for all ¢ > 0. By the exponential formula for Lebesgue—Stieltjes calculus (Brémaud (1981,
Appendix A4, Theorem T4)), one has

7zt =11 {1+<%—1)ANS] exp(/ot()\—/\s)ds>

s€(0,t]

differential equation

for all £ > 0, where AN, = N, — N, for all s € [0,t], with No- = 0 and J[, = 1 by
convention. From Brémaud (1981, Chapter VI, Theorem T2), Z* is a positive F¥-local
martingale under P. Moreover E[Z}] = 1 for all ¢ > 0. A standard extension argument
implies that there exists a unique probability measure P* over (Q, F) defined by the family
of Radon-Nikodym derivatives

@ — gh

dP |zn
for all ¢ > 0. It then follows from Brémaud (1981, Chapter VI, Theorem T3) that the process
M* defined by (11) is an F¥-martingale under P2,

B The Incentive Compatibility Constraint

Proof of Lemma 1. Since U,(T',A) is integrable by (8), one can define a positive F~-
martingale U (T, A) under P* by choosing for each ¢t > 0 a random variable U;(T", A) in the
equivalence class of the conditional expectation in (10). Moreover, since the filtration FV

satisfies the usual conditions, one can for each ¢ > 0 choose U;(I', A) in such a way that the
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martingale U(I', A) is right-continuous with left-hand limits (Dellacherie and Meyer (1982,
Chapter VI, Theorem 4)). The predictable representation (12) then follows directly from
Brémaud (1981, Chapter III, Theorems T9 and T17). [

Proof of Proposition 1. Let U, denote the agent’s lifetime expected payoff, given the
information available at date ¢, when she acts according to A’ = {A}}+>0 until date ¢ and

then reverts to A = {A;}i>0:

tANT™
U; = / e "(dLs + 1ia,—aran XsBds) + e " Wi(T, A). (B.1)
0

Following Sannikov (2008, Proposition 2), the proof now proceeds as follows. First, one
shows that if U’ = {U/};5¢ is an FV¥-submartingale under P"" that is not a martingale, then

A is suboptimal for the agent. Indeed, in that case there exists some ¢ > 0 such that
U-(T.A) = Uy < BV [U]),

where Uy~ (I, A) and U] correspond to unconditional expected payoffs at date 0. By (B.1),
the agent is then strictly better off acting according to A’ until date ¢ and then reverting to
A. The claim follows. Next, one shows that if U’ is a FN-supermartingale under P’ then

A is at least as good as A’ for the agent. From (10) and (B.1), one has

tAT
Uf{ = Ut(F,A) —|—/ 6_ps<1{A/S:/\+A)\} — 1{As:>\+A)\})XsB dS (B2)
0

for all t > 0. Hence, since U(I', A) as given by (12) is right-continuous with left-hand limits,
so is U'. Moreover, since U’ is positive, it has a last element. Hence, by the optional sampling

theorem (Dellacherie and Meyer (1982, Chapter VI, Theorem 10)),
U~ > EN[U!) = Uy- (T, ),

where again Uy~ (I', A’) is an unconditional expected payoff at date 0. Since U/ = Uy-(I', A)
by (B.1), the claim follows. Now, for each ¢ > 0,

tAT
Ut/ = Ut(F,A) +/ e_ps(l{Ag:M_A)\} — 1{A5:>\+A)\})XSB ds

0
tAT tAT

= Up(T', A) —/ e P Hy(T, A) dM;} +/ e (Liar=atary — Lia,=arany) X B ds
0 0
tAT , tAT

= Up(T',A) — / e P H (T, N) dM? — / e P H, (T, A)(A, — A,) ds
0 0

tAT
+ / e P (Liar=rtary — Lia,=rpany) X B ds
0
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tAT
= Up(T, A) — / e P H (I, A)dMY
0

tAT
+ / e AN Lia=arany — Lia=avany) [Xob — H(T, A)] ds,
0

where the first equality follows from (B.2), the second from (12), the third from (11), and
the fourth from a straightforward computation. Since H(I',A) is F¥-predictable and M*

is an FN-martingale under P*', the drift of U’ has the same sign as

(Tiaz=rrany = Lia=arany) [Xeb — Hy (T, A)]

for all t € [0,7). If (14) holds for the effort process A, then this drift remains negative for
all t € [0,7) and all choices of A} € {\, A + AA}. This implies that for any effort process
N, U’ is an FN-supermartingale under P, and thus that A is at least as good as A’ for
the agent. If (14) does not hold for the effort process A, then choose A’ such that for each
t €[0,7), Ay = X if and only if H;(T',A) > X;b. The drift of U’ is then everywhere positive,
and strictly positive over a set of PY strictly positive measure. As a result of this, U’ is
an FN-submartingale under P» that is not a martingale, and thus A is suboptimal for the

agent. This concludes the proof. ]

C The Value Function

To simplify the exposition, we shall work in this appendix with the size-adjusted social value
function, v, rather than with the size-adjusted value function of the principal, f. These two

functions are related by v(w) = f(w) + w for all w > 0, so that (41) can be rewritten as:

( v(w) = Wy if w e [0, )],
ro(w) = p—AC — (p—r)w+ Lo(w) if w e (b,w'],
| (C.1)
(r="v(w) = p—=AC—vyc—(p—r)w+ Ly(w) if we (', wr],
( v(w) = v(w?) if we (w?,00),
where £ and £, are linear first-order delay differential operators defined by
Lu(w) = (pw + Ab)u'(w) — Au(w) — u(w — b)] (C.2)
and
Lyu(w) = Lu(w) — ywu'(w) (C.3)
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for all w > b and any continuous function u of class C*(R,\{b}). We assume that

1= AC > (p— r)b<2 n g) (C.4)

throughout this appendix.

C.1 The No Investment Case

As a preliminary, we deal with the case in which investment is not feasible, that is v = 0.
For each 3 > 0, consider the delay differential equation
vg(w) = Pfw if w € [0, ],

(C.5)
rvg(w) = p—AC — (p—r)w + Log(w) if w € (b, 00).

Given the initial condition over the interval [0,b], which is fixed by the slope parameter
B, (C.5) reduces to a sequence of initial value problems over the intervals (kb, (k + 1)b],
k € N\ {0}, that satisfy the assumptions of the Cauchy—Lipschitz theorem. This ensures that
there exists a unique continuous solution vz to (C.5), which can be recursively constructed.

One can check from (C.4) and (C.5) that vg is not differentiable at b:

(p—r)b—u—ir)\C’+ﬁr—|—>\<5:v%_(b)' (C.6)

/ b —
Vs (0) (0 + \)b PR

Since vg is continuous, however, it follows from (C.5) that it is of class C'(R\ {b}). As
a result, one can differentiate (C.5) over R\ {b,2b}, which in turn implies that vg is of
class C%(R,\ {b,2b}). By iterating this procedure, one can easily verify that vg is of class
CHRN{b, ..., kb}) for all k € N\{0}.

For each 8 > 0, it is convenient to decompose vg as follows:

where the auxiliary functions u; and us are the continuous solutions to the delay differential

equations
uy(w) =0 if w € [0, 5],
rug(w) = p— AC — (p—r)w + Luy(w) if w e (b, 00)
and
ug(w) = w if w € [0, b],
rug(w) = Lug(w) if w € (b, 0),
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respectively. Just as vg, u; and uy are of class CK(R,\{b,..., kb}) for all & € N\{0}. The

decomposition (C.7) allows us to strictly order the derivatives of the functions (vg)s>o-
Proposition C.1.1 If 8 > ' >0, then v > vj over R,\{b}.

Given the decomposition (C.7), Proposition C.1.1 is an immediate consequence of the

following result.
Lemma C.1.1 u}, > 0 over R\ {b}.

Proof. From (C.9), u), = 1 over the interval [0,b). Consider now the interval (b, 00). From

(C.9) again, it is easy to check that

A
;i = >0, (C.10)

uy, (b) =
Thus, since uy is of class C1(R,\{b}), one only needs to check that u} has no zero in (b, 00).
Arguing by contradiction, let @ > b be the first point at which u/, vanishes. Note that u}, > 0

over [0,w)\{b}. Then, using (C.9) yet again, one obtains that
—Aua () — ug(w — b)] — rug(w) = 0,

which is impossible since uy is strictly increasing and strictly positive over (0,w]. This

contradiction establishes the result. |

Proposition C.1.1 shows that the derivatives of the functions (vg)s>¢ are strictly ordered
by their slopes [ over [0,b). We now show that the subfamily of (vs)s>0 composed of those

functions whose derivatives have at least a zero in (b, 00) has a maximal element.

Proposition C.1.2 There exists a mazimum value By of B such that the equation vy = 0
has a solution over (b,00). The function vg, is increasing over R;.
u’1+(w)

“/2+('w)

is well defined since u5, > 0 over [b, 00) by Lemma C.1.1. In the first step of the proof, we

The proof of Proposition C.1.2 proceeds as follows. For each w € [b, 00), the ratio —

show that this ratio attains a maximum [y > 0 over [b,00). Using Proposition C.1.1 along

with the decomposition (C.7), we then obtain that
vy > v = uy + Bouhy > 0
B Bo 1 0%2 —

over (b, 00) for all 3 > 3. Hence, for any such 3, vj has no zero in (b, 00). By contrast, let
wp be the smallest point at which the function —Z}—* attains its maximum [y over [b, 00).
2+
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In the second step of the proof, we show that wp > b, so that vj is differentiable at wj, .

By construction,

v, (wh,) = uy (wh,) + Bouy(wh ) =0,

and vg, is increasing over Ry, and strictly so over [O,wgo]. We now provide a detailed

exposition of each step of the proof.

Step 1 Because u; and uy are of class C'(R,\ {b}), the function —Z,;’“ is continuous over
+

b, 00). Moreover, since uj, (b) > 0 by (C.10) and

i, (b) = = 2}’:;;; Y (C.11)

by (C.4) and (C.8), —Zi*gzi > (0. Hence, to show that the function —Zi’“ attains its maximum
+ +

over [b, 00), one only needs to check that it takes strictly negative values beyond some point.

Given Lemma C.1.1, this is an immediate consequence of the following result.
Lemma C.1.2 liminf, . u}(w) > 1.

Proof. Suppose first by way of contradiction that liminf, . uj(w) = —oo. Then there
exists an increasing divergent sequence (wy,),>1 in (2b, 00) such that lim,, ., v} (w,) = —oc
and w, = argminye(o.w,]{u(w)}. For each n > 1, one can find some w, € (w, — b, wy)

such that
(pw, + Nb)u) (wy,) = Nug(wy) — ui(w, — b)] + rug(w,) + (p — r)w, — p+ AC
= \ouf (W) + rug(wy,) + (p — 1)w, — e+ AC,

where the first equality follows from (C.8) and the second from the mean value theorem.

This can conveniently be rewritten as:

) = 2 ) = )| + ) + LS
Since u1(0) = 0, one has wu;(w,) > wyu)(w,) by construction of the sequence (wy,),>1.

Moreover, v} (w,) < 0 for n large enough. It then follows that for any such n,

(p = P)watth (w,) + 11 = AC
b ’

i (W) <

Therefore, since v} (w,) < 0,




so that the ratio % goes to oo as n goes to co. As uj(w,) < 0 for n large enough,
one obtains that eventually ) (w,) < u}(w,), which, since w,, < w,, contradicts the fact
that w, = argminyejow,j{u)(w)}. Thus liminf, . u}(w) > —oco. Assume without loss
of generality that liminf, .. u}(w) is a finite number . It remains to prove that [ > 1.
Consider an increasing divergent sequence (wy,),>1 in (2b, 00) such that lim,, . v} (w,) = [.
Then there exists a constant U such that w;(w,) > lw, + U for all n > 1. Constructing

Wy, € (w, — b,w,) as above and rearranging, it follows that

ol () — 1] — r(l — 1) > Ab[u) (W) — w)(wy)] + 17U — o+ AC

wn
for all n > 1. Letting n go to oo, one obtains that
Lo~
(p—7r)(l—1) > Ablimsup ul(wn)'
n—oo wn
If I < 1, this implies that limsup,,_, . v} (@0,) = —oo, which in turn contradicts the finiteness
of [ = liminf, . u)(w). Hence [ > 1, and the result follows. [

Step 2 A sufficient condition for wgo > b is that the right derivative at b of the function
—Z:l—+ be strictly positive. Differentiating (C.8) and (C.9) at the right of b leads to
2+

A=p+r)u (b)+p—r
(p+ )b

UI1/+ (b) =
and

(A= p+r)us, (b) — A
(p+ )b

Uy, (b) =
Combining these expressions with (C.10) and (C.11), one obtains that

(0 = r)us, (0) + M (b)

(0 )+ (B () = LD

A

= T [u—AC—(p—r)b(H%)},

which is strictly positive by (C.4). The result follows. By construction, one has’
wh, = inf {(vj,) "' (0)} > b. (C.12)

This concludes the proof of Proposition C.1.2.

1One can show along the lines of the proof of Lemma C.1.6 that v'ﬁo vanishes at wgo only, so that vg, is
actually strictly increasing over R . This refined statement is however not required for our purposes.
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In the remainder of this section, we study the concavity of the function vg,. The following

proposition summarizes our findings.
Proposition C.1.3 vg, is concave over [0,wy |, and strictly so over [b,w}, |.
The proof of Proposition C.1.3 proceeds through a sequence of lemmas.

Lemma C.1.3 v, (b) <0.

Proof. By (C.6) and (C.12), one has

, (p—r)b—p+AC r+ A
= _ 1

As a result of this,

p—AC —(p—r)b

C.14
o= 0w (C.14)
Now, differentiating (C.5) at the right of any w > b leads to
(pw + /\b)vgo-&-(w) = /\[U/ﬁ0+(w) - U,IBO—&-(w - b)] - (p - T)[Uifo—l-(w) - 1]'
Applying this formula at b and using (C.13) and (C.14), one then obtains that
(p+ A)bug, . (b) = Alug, , (b) = fo] — (p — )[4 (b) — 1]
A — —1r)b— AC — 2A
_ Qoo dnllp = b= pt AT o (= p)(r +2)) tp—r
(p+ )b p+ A
Allp = 7r)b— 4+ AC]
< S
which is strictly negative under (C.4). Hence the result. |

Lemma C.1.4 vj . is upper semicontinuous over [b, 00).

Proof. As vg, is of class C*(R,\{b,2b}), one only needs to check that v} , (2b) > vfj _(2b).
Differentiating (C.5) both at the left and at the right of any w > b and using the fact that
vg, is of class CT(R,\{b}) leads to

(pw 4 Ab)[vg,, (w) — vy, (w)] = Afvg,_(w —b) — v (w —D)].

Applying this formula at 2b and using (C.6) yields the result. |



It follows from Lemma C.1.4 that the set {w > b|vj (w) > 0} is closed. Denote by
wg, its smallest element. By Lemma C.1.3, wg, > b and v , < 0 over [b,wf, ). Thus vg,
is strictly concave over [b,wf |. Moreover, vg, is linear over [0,b] and vy, , (b) < vj _(b) by
(C.6). Thus vg, is concave over [0, wf |. To complete the proof of Proposition C.1.3, we now

show that wgo coincides with wf . We shall need the following result.
Lemma C.1.5 wg, > 2b.

Proof. Suppose by way of contradiction that wj, < 2b. Then, as wj, > b and vg, is of class
C*(R4\{b,2b}), vfs (w§,) = 0 and v < 0 over (b, w§,). There are three cases to consider.
Case 1 Suppose first that A < p —r. Since wj — b < b and vj (wf,) = 0, differentiating
(C.5) at wp, yields
)\[/U/ﬁo(wgo) - /60] - (p - T)[U/ﬁo(wg()) - ]‘] = 0
Using the fact that A < p — r and that U/ﬁo > 0 over (b, 00), one obtains that

g — (A—p—l—r)v’ﬁ;\(wgo)—l—p—r < p;?“‘

By (C.14), it follows that

p=AC—(p=mb _p—r
(r+A)b - A

which contradicts (C.4).

Case 2 Suppose next that A > 2p — r. Differentiating (C.5) twice over (b,2b) and using
the fact that vg, is linear over (0,b) yields

(pw + Ab)ug, (w) = Alvg, (w) — v, (w — )] — (2p — r)ug, (w) = (A = 2p + 1)vg, (w)

for all w € (b, 2b). Since A > 2p —r and vy, < 0 over (b, w§,), this implies that vj < 0 over

this interval, and hence vj (wf,) < v, (b). This leads to a contradiction since vy (w§,) =0

and vj . (b) < 0 by Lemma C.1.3.

Case 3 Suppose finally that p — r < A < 2p — r. Differentiating (C.5) twice as in Case
"

2 shows that vj and vy have opposite signs over (b,2b). It follows that vy > 0 and hence
vg, > g (b) over (b,w§ ]. Since A —2p +r < 0, one obtains that

(A =2p+r)vg (w) _ (A=2p+r)vg . ()
pw + \b pw + \b

vgg (w) =



for all w € (b, wf,). One then has

c Who (A = 2p + 1) (w) Wi X\ —2p 471
’Ugo(wﬁo) = 'Ug(ﬁ_(b) —|—\/b ow + b 0 dw < (1 +\/b m dw Ug0+(b).

Since vj (w§,) = 0 and v, (b) < 0 by Lemma C.1.3, one obtains a contradiction if

Wi A — 2
1+/ 0—p—i_rdw>0.
b pw + Ab

To see that this actually holds whenever w§ € (b,2b), observe that

[ L N
—— dw ——dw < ——.
y  pw+ A p  PpW -+ Ab p+ A

Since p —r < A < 2p — r, this implies that

Wi N — 2 2\ —
1+/ PA=2ptr L 2A—ptr
b pw + \b p+A

and the result follows. |
Proposition C.1.3 is then an immediate consequence of the following result.
P _ ,,C
Lemma C.1.6 wj = wg, .

Proof. Since vg, is increasing and vy (wgo) = 0 by Proposition C.1.2, one must have
V3, +(wgo) > 0, and thus wgo > w§, . It remains therefore to prove that wgo < w§, . One first
shows that vj > 0 over an interval (w§ ,wf, + ¢) for some ¢ > 0. Whenever w§ = 2b and
v, (20) > 0, this is immediate since vg, is of class C*(R}\{b,20}). In all the other cases,
vg, 1 (ws,) = 0. Differentiating (C.5) twice at the right of w§, then yields

"

(pwgo—i_/\b)UﬁoJr(wEo) = )\[Ugo+(wgo>_vgo+(wgo_b)]_(Qp_r>vgo+(wgo) = _)\UgoJr(wgo_b) > 0’

where the strict inequality follows from the fact that wi, —b € [b,w§ ) by Lemma C.1.5, and

"
Bo+

an interval (w§ ,w§ + €) for some € > 0, as claimed. Suppose by way of contradiction that

that vj , < 0 over [b,w§,). Since v , (wj ) = 0 and v , (w§ ) > 0, one has vy > 0 over

0+
wp > wh . Then vy (w§ ) > 0 by (C.12), so that vj cannot be positive everywhere over
(w§,, wh,)- Let @ = inf {w > w§ [vh (w) < 0} € (w§,wp,). One has vg > 0 over (w§, W)
and vj (w) = 0 since vg, is of class C*(Ry\{b,2b}) and @ > w§, > 2b by Lemma C.1.5.
n

One now shows that 1w — b > w§, . Note that one must have v , (@) < 0, because v would

otherwise be strictly positive over an interval (w,w + n) for some 1 > 0. Differentiating
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(C.5) twice at the right of @ then yields
0> (pw + Ab)vy () = Nuvg, (0) — v, (0 — b)] — (2p — r)vy, (W) = =g , (0 — D),

and thus v , (0 —b) > 0. Now, vj , < 0 over (b,wg, ). Since w > 2b and thus @ — b > b, it
follows that @ — b > wg , as claimed. Because vj > 0 over (w§ ,w), this implies that vg, is

convex over [w — b, w]. Then, since
0 = (i + ABJu/l () = Al (@) — vl (@ — )] — (p — ) [oly (@) — 1]
by differentiating (C.5) at w, one obtains that v (w) > 1. One then has
P + Abvg (10) < (pw + Ab)vj, ()
= Mg, (W) — vg, (W0 — b)] + rvg, (W) + (p — r)w — pu+ AC (C.15)
< Abvj, (W) + v, (W) + (p — 1) — p+ AC,

where the first inequality reflects the fact that vj (@) > 1, while the second follows from

(C.5) and the third from the convexity of vg, over [ — b, w]. As a result of (C.15), one has

~ -\C —\C
Uy (’LU) > B r £ r

. Since wj > @ and vg, is increasing, one must have vg, (wp, ) > as well.

However, writing (C.5) at wj, yields

0 = (pul, -+ Ab)h, () = Moy (wh,) — v (1, — B)] + oy (wly) + (0 = P)uly, — i+ AC,

which, since vg, is increasing, implies that vg, (wgo) < & _r’\c, a contradiction. The result

follows. [ |

C.2 The Investment Case

Proof of Proposition 2. Suppose now that investment is feasible, that is v > 0. Our goal

is to construct a solution to (C.1) that satisfies the following three requirements:

(i) The first-order condition for investment holds at the investment threshold w’:
w' = inf {w > blv(w) — wv (w) > c}. (C.16)
(ii) The first-order condition for transfers holds at the payment threshold w?”:
v'(wP) = 0. (C.17)

(iii) The solution is maximal among the solutions to (C.1) for which there exist thresholds

w' and w? that satisfy (C.16) and (C.17).

We shall proceed as in Section C.1. For each 3 > [y, consider the delay differential equation

11



v (w) = fw if w e [0,0],
rug,(w) = p—AC — (p— r)w + Log,(w) if w e (b, wh], (C.18)
(r = Mvps(w) = = AC —ye = (p—r)w + Lyvg,(w) if w € (wh, 00),
where the operators £ and L, are defined by (C.2) and (C.3) and the threshold wj satisfies
wh = inf {w > b|vg,(w) —wvy,,, (w) > c}. (C.19)

It should be noted that one may have wf}j = b, in which case the intermediary region (b, w’ﬁ]

is empty. We assume that
¢ = vg,(wp,) > c (C.20)

throughout this section. As we will see in Appendix D, (C.20) is a necessary and sufficient
condition for investment to ever be strictly profitable. The existence of a solution to (C.18)—

(C.19) is guaranteed by the following result.

Lemma C.2.1 For each 3 > 3y, there exists a unique continuous solution vg. to (C.18)
with wy given by (C.19). Moreover, vg, is of class C'(Ry\{b}), wj € [b,wp ), and wj is

decreasing and continuous with respect to (3.

Proof. The proof consists of three steps.

Step 1 One first shows that if 5 > ' > [y, then

vg(w) — wug, (w) > v (w) — W, (w)

for all w > b. Since
vg(w) — wug(w) = uy(w) —wu, (w) + Bluz(w) — wuy, (w)]

by (C.7), one must prove that us(w) — wuj, (w) > 0 for all w > b. This holds at b since,
by (C.9) and (C.10), ua(b) — bus, (b) = % > 0. The claim then follows if u5, < 0 over
[b,00). Proceeding as for vj , in the proof of Lemma C.1.4, it is easy to check that uy, is
upper semicontinuous. Therefore, the set {w > b|ujy, (w) > 0} is closed. Suppose by way of
contradiction that this set is nonempty, and denote by w its smallest element. Observe that
(A—prtr)uy, (b)—

sy A as shown in Step 2 of the proof of Proposition C.1.1
and w5, (b) < 1 = u)y_(b) by (C.10), which implies that uj, (b) < 0. As a result, uy, <0

w > b, since uy, (b) =
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over [b,w), and in particular uy(w) < uh, (@ — b). Differentiating (C.9) at the right of w,

one therefore obtains that

(r = pug(w) = (pi + Ab)ug, (W) — Auy(®) =y (@ —b)] > 0

which, since r < p, contradicts the fact that uj(w) > 0 by Lemma C.1.1. The claim follows.

Note that us is concave over R, and strictly so over [b, 00).

Step 2 One next shows that, for each 3 > 5y, vg(w) — wvj, (w) is a strictly increasing
function of w over [b,w? ]. To this end, one only needs to check that v}, < 0 over [b,w? ).
Bo B+ Bo

For each 3 > [, it follows from (C.7) and Step 1 that

oo n o
Uy = Uiy + Bugy <ufy + Pouyy = g,

which is strictly negative over [b, wgo) as shown in the proof of Proposition C.1.3. This

implies the claim.
Step 3 There are now two cases to consider.

Case 1 First, fix some 3 > f3y, and suppose that vs(b) — bvj, (b) < c. From Step 1, this

is the case whenever

5 c—uy(b) +bu, (D)
b<b==rm= bu’2+(Jlr7)

(C.21)

From Step 1 again, vs(w) — wvy, (w) > vg,(w) — wvj , (w) for all w € [b,wy ]. Hence, by
(C.12) and (C.20),

Ug(U}ZO) wﬁovﬁ(wﬂ ) > vgo(wﬁ ) — wgov’ﬁo(wgo) = vgo(wgo) > c.

Since vg(w) —wuvp, (w) is continuous and strictly increasing with respect to w over [b, wy, | by
Step 2, there exists a unique wj € (b, w}, ) such that vs(wh) — whvj(wh) = c. It follows from
Step 1 that, as long as vg(b) — bvj, (b) < ¢, wj is strictly decreasing and continuous with
respect to 3. One can then construct vg., by setting it equal to vg over [0, w’ﬁ] and extending
it to (wj,00) as stipulated in (C.18). Using the fact that vs.(wh) — whvy, (wh) = c,
it is easy to check from (C.18) that v (wj) = v}, (wh) = vj(wj). This, along with
(C.18), implies that vg, is of class C*(R;\{b}). One can further show that vg, is of class
CHFRALD, ..., kb, w, ..., wh + (k — 2)b}) for all k € N\{0,1}. To conclude, one must verify
that wj satisfies (C.19). A sufficient condition for this is that v, (wj) < 0. Differentiating
(C.5) and (C.18) at the right of w} and using the fact that v, = v over [b,wp] yields

[(p = V)wh + ABJvG 4 (wh) = Alvh(wp) — vy (wly — b)] = (p = 7)[vh(wh) — 1]
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= (Pw,zé + )\b)vng(wé)

which implies that vf;_, (wj) < 0 since wj € (b,w} ) and, as shown in Step 2, vj, < 0 over

[b, w}, ) whenever 3 > f.

Case 2 Next, fix some 3 > [y, and suppose that § > 3 with /3 given by (C.21), so that

v(b) — buj, (b) > c. Define vg, as the continuous solution to the delay differential equation

vg(w) = Pw if w € [0,0],
(C.22)
(r =Y)vgy(w) = p—AC —yc— (p—r)w+ Lyvg,(w) if w € (b, 00),

reflecting that the intermediary region (b, wlﬁ] is empty. To show that this is consistent with
(C.19), one must verify that wg = b for all § > max {0, B} In analogy with (C.7), for each

6> B, it is convenient to decompose vg ., as follows:
Vg = Uty + BUzy, (C.23)

where u; 5 and us ., are the continuous solutions to the delay differential equations

u4(w) =0 if w € [0, b],
(C.24)
(r—yury(w) = p—AC —~yc— (p—r)w+ Lyug ,(w) if w e (b,00)

and

ug (W) = w if w € [0, 5],
(C.25)
(r —y)ugy(w) = Liug,(w) if w e (b, 00),

respectively. Proceeding as in Step 1, one can show that u’2’77 + < 0over [b,00), which implies

that if 3 > ' > 3, then

V(W) — woy. (W) > vy, (w) —wug, (W)

for all w > b. As vy_(b) = vs(b) = Bb and v’@%(b) = %Jr(b), which follows from (C.5)

and (C.22) along with the fact that v(b) — bvng(b) = ¢, one has vy_(b) — bv'B v+<b) =c If
By > 3, one immediately obtains that V(b)) — bvg ., (b) > c for all B > By, which implies
that wj = b, as claimed. If 3 > By, one must in addition check that vg 7+(b) < 0. Arguing

as in Case 1 yields
(b =7+ N (8) = (p+ A, )
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4

which implies that v%  (b) < 0 since, as shown in Step 2, v < 0 over [b,w} ) whenever

X B+ B+
B > By. The result follows. u

As for the functions (vg)g>0, a key result is that one can strictly order the derivatives of

the functions (vg.)g>s,-
Proposition C.2.1 If 3 > ' > [, then vy > v over Ry\{b}.

Proof. If 3 > 8 > 3, with (3 given by (C.21), the proof proceeds along the lines of that
of Proposition C.1.1, replacing the decomposition (C.7) into the auxiliary functions (C.8)
and (C.9) by the decomposition (C.23) into the auxiliary functions (C.24) and (C.25), and
showing similarly to Lemma C.1.1 that uy_, > 0 over R\ {b}. From now on, suppose
instead that B > (6> (3. By Case 1 of Step 3 of the proof of Lemma C.2.1, wfé, > wg > b.
It immediately follows from (C.18) and Proposition C.1.1 that v} > v}, over [0, wj]\{b}.

The remainder of the proof consists of two steps.
Step 1 Consider first the interval [wj, wj,]. Since v, is of class C'' (R, \{b}), one has

Vs (Wh) = Up(wp) > v (wp) = v (wp),
where the inequality follows from Proposition C.1.1. Therefore, since vg, — vg, is of class
C'(R;\ {b}), one only needs to check that v — vj_ has no zero in (wj, wj]. Arguing
by contradiction, let w > w}} be the first point at which UZM — v/’g,’,y vanishes. Note that
v, > v over [0,w)\{b}. Then, writing (C.18) for vs, and vg,, at w and rearranging
yields

(r = Nvpa (@) — vy (0)] = Y[vg, (W) — Wvg,, (W) — ¢]
(C.26)
— Mg (W) — v, (W — ) — Vg (W) + v, (W — b)].

Now, since w < wg,,
Vg (W) — W, (0) < c.
Moreover, since v > vy, over [0,0)\{b},

V5,7 (W0) = Vg (W — ) > Vg (W) — vy (W — b).
Substituting these two inequalities into (C.26), one obtains that vs, (@) < v, (@), which
is impossible since vs,(0) = v5,(0) = 0 and vj_ > vj, over [0,w)\{b}. This contradiction

establishes that vjy_ > vj,  over [wj, wj].
Step 2 Consider next the interval [wf,,o0). By Step 1, vj_(wh) > v’ﬁw(wg,), and thus
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one only needs to check that vj_, — vj, has no zero in [w},, 00). Arguing by contradiction,
let w > w%/ be the first point at which v — vj, vanishes. Observe that vj > vj, over

[0,w)\{b}. Then, writing (C.18) for vg., and vg, at @ and rearranging yields

(r = M)V (W) = vy (W)] = =Afop(©) = v, (0 = b) = v (D) + Vg5 (W = D)].

As in Step 1, one obtains that vs,(@w) < vg. (W), which is impossible. This contradiction

establishes that vj; > v}, over [w},,00). The result follows. |

Proposition C.2.1 shows that the derivatives of the functions (vs,)g>g, are strictly ordered
by their slopes (5 over [0,b). As in the no investment case of Section C.1, we now show that
the subfamily of (vg.)g>g, composed of those functions whose derivatives have at least a

zero in (b, 00) has a maximal element.

Proposition C.2.2 There exists a mazimum value (3, of 3 such that the equation v =0

has a solution over (b,00). The function vg . is increasing over Ry and 3, > (.

The proof of Proposition C.2.2 proceeds as follows. We first show that the set of 5 >
such that vj;_, (b) > 0 and v} , has at least a zero in (b, 00) is a nonempty interval. Next, we
show that this interval is bounded. Then, we show that it is closed, so that it contains its
upper bound 3,. Finally, we show that the function vg, , is increasing over R, and that I is
not reduced to a point, so that in particular 3, > 5. We now provide a detailed exposition

of each step of the proof.
Step 1 Let I = {8 > fy|vj,,(b) > 0and (vj,)~"(0) # 0}. One has the following result.
Lemma C.2.2 [ is a nonempty interval.

Proof. That I is an interval is an immediate consequence of Proposition C.2.1. It remains

to show that [ is nonempty. There are three cases to consider.

Case 1 Suppose first that Gy < B, with B given by (C.21), which corresponds to Case
1 of Step 3 of the proof of Lemma C.2.1. One shows that in this case §; € I. One has
wh, € (b,wh) and vg, , = vg, over [0,w} ] so clearly vjy . (b) > 0. Moreover, since vg, , is
of class C' (R \{b}), v, ,(wh,) = v}, (wh,). Finally,

U/go,’H- (wzo) _ pw%o + Ab

: : > 1,

which implies that v ., (wh ) < vj,, (wh) since wj € (b,wp, ) and vj . < 0 over [b,wh)

as shown in the proof of Proposition C.1.3. It follows that v/’BM < Ulﬁo over an interval
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(wh,, wh, +¢€) for some & > 0. One now shows that actually vj < vj, over (wh ,wh ].
Since vj _ (wh,) = v, (wh,), one only needs to check that vj . — v, does not have a zero
in (w},o, wy |. Arguing by contradiction, let @ > wgo be the first point at which vj  — vj
vanishes. Observe that vj, < v} over [0,%)\{b}, this inequality being strict over (wj,,w).
Then, writing (C.5) and (C.18) for vg, and vg,, at W and rearranging yields

(r = 1) [V (@) — v, (D)] = Y[vg, (W) — WV, (W) — ]
(C.27)

— Al (W) = Vg5 (W0 = b) — v (D) + v (0 — )].
Now, since w € (wj,, wh, | and vj . < 0 over [wh , wh ),
Vg, (W) — W, (1) > c.

Moreover, since vy . < vj over [0,w)\{b},

Vo (W) = Vo (W0 = ) < 0 (W) — gy (0 — b),

Substituting these two inequalities into (C.27), one obtains that vg, (@) > vg, (@), which
is impossible since vg, ,(wj ) = vg,(wh ) and vj < vj, over (wj ,w). This contradiction
establishes that vj < v, over (wj ,wh |. As vy (wh ) = 0 and vg, , is of class C*(R\{b})
and has a strictly positive derivative at wéﬁ, this implies that v’ﬁm has at least a zero in

(wh,, wh,). Thus By € I, as claimed.

Case 2 Suppose next that 5y > B, so that wgo = b, which corresponds to Case 2 of Step
3 of the proof of Lemma C.2.1, and that v _,(b) > 0. One shows that in this case also
Bo € I. Writing (C.5) and (C.18) for vg, and vg, , at the right of b and rearranging yields

(P =7+ X)b[vs,+ (0) = Vo 14 (0)] = Y[v3, (b) = bujg, (b) — €,

which is positive if Gy > B, and strictly positive if gy > B Whenever (5, = B, one has
Vo4 (b) = v, ., (b) but vg , (b) > v, (D) since v, (b) < 0 by Lemma C.1.3 and

Ugo—i-(b) p—7+A

Hence, in any case, vj . < v, over an interval (b,b+ ¢) for some £ > 0. One can then show
as in Case 1 that actually vj . < v over (b,wj]. As vj (wh) = 0 and vg,, is of class
C'(R4\{b}) and has a strictly positive right derivative at b, this implies that v} _ has at

least a zero in (b, wgo). Thus Sy € I, as claimed.
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Case 3 Suppose finally that Gy > 8, so that wéo = b, and that v _, (b) <0, that is, by
(C.22), and in analogy with (C.6):

(p—7)b—p+AC+c +60r—7+)\ <

0.
(p—7+A)D p—y+A"

Vo (0) =
Define then 3 > (3, as the unique solution to the equation v’% " L(b) =0,

ﬁu_M—AC—VO—@—TM
0 (r—=~+A)b

Arguing by contradiction, suppose that vj_ > 0 over (b,00) for all 3 > ;. Given the
decomposition (C.23), which is valid for all 5 > B, it follows by taking limits as § decreases
to [} that Ulﬁéﬁ > 0 over (b,0). Yet, differentiating (C.22) at the right of b and using the

fact that vj, . (b) = 0 along with (C.14) leads to

077"‘(

Allp = 7r)b— 4+ AC]
(r+A)b

which is strictly negative under (C.4). Since %6:7 . (b) =0, this implies that U/ﬁéﬁ 4 <0inan

(P =7+ Mg, (b)) ==ABg+p—r<=Ab+p—1<

+p_T,

interval (b, b+ ¢) for some £ > 0, a contradiction. It follows that there exists some 3] > (3
such that ’Ulﬁgﬂ has at least a zero in (b, 00). Since U’ngr(b) > v’%’%(b) =0as [ > G, it
follows that 3] € I. Note that, unlike in Cases 1 and 2, this argument establishes that I has

a nonempty interior since any 3 € (3}, 4;) also belongs to I. The result follows. |
Step 2 The following result shows that the interval I is bounded.
Lemma C.2.3 For (3 large enough, the equation U’@7 = 0 has no solution over (b, 00).

Proof. Consider the functions u; ., and u,, defined by (C.24) and (C.25). As observed in
the proof of Proposition C.2.1, it is easy to check along the lines of the proof of Lemma
C.1.1 that uy ., > 0 over Ry\{b}. Similarly, it is easy to check along the lines of the proof
of Lemma C.1.2 that limsup,,_,, uj(w) > 1. Combining these observations with the fact
that the function —Z:l‘—“ is continuous over [b, 00) as u;, and ug, are of class C'(Ry\{b}),

27+
one obtains that

sup { - M} < 00. (C.28)

welb,00) u,2,7+ (w)
Defining /3 as in (C.21), the decomposition (C.23) then implies that whenever
. uf . (w
B>max{ﬁ, sup {—}L()}},
we[b,00) Ug vt (U})
v, has no zero in (b, 00). The result follows. |
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Remark The supremum in (C.28) is actually a maximum. As shown in Lemma C.2.7, the
conditions (C.4) and (C.20) imply that g — AC' — ye > (p — r)b, so that by (C.24)
(p—1)b—p+ AC + e

! = _ 2
L (b) < (C.29)
Since by (C.25)
r—y+A
'U//27,y+(b) = m > 0, (C30)

(b . /N . ) )
u}’”““( ) > 0. As the function ——* is continuous and takes strictly negative
U3 4 (0) U2,y+

values beyond some point, it must therefore attain its maximum over [b, 00).

it follows that —

Step 3 Denote by 3, the upper bound of the interval I, which is finite by Lemma C.2.3.
We now show that 3, € I. For each § € I, let wj; = inf{(vj_)~"(0)} > b. Observe that
since v, (b) > 0 whenever 8 € I, for any such 3 the function v, remains strictly positive
over the interval (b,w}_ ). As the derivatives of the functions (vs,)ses are strictly ordered
by their slopes ( over [0, b), it follows that wgﬁ is strictly increasing with respect to § over I.
The following result implies that the family (wgﬁ) ser 1s uniformly bounded above, so that

wgﬁ converges to a finite limit when 3 converges to 3, from below.

Lemma C.2.4 For each € > 0, there exists w. > b such that vj_(w) > 1 —¢ for all B > [

and w > w,.

Proof. One shows that liminf,, .., vj, ., (w) > 1, which implies the result by Proposition

C.2.1. It is convenient to decompose vg, , as follows:

Vgoy = Uty,0 + Btz 0, (C.31)

where u; 5o and uy 4 are the continuous solutions to the delay differential equations

U1 0(w) = ur(w) if w e [0,wp],
| (C.32)
(r = Muryo(w) = p—AC —yc— (p—r)w + LyuyHo(w) if w e (), 00)
and
Uz~ 0(w) = ug(w) if we [O,wéo],
(C.33)

(r —Y)ugqo(w) = E’yuZ%O(w) if we (w,i@o’ 00),

respectively. Note that whenever (5, > B, with B given by (C.21), one has wgo = b, in which

case Uy 0 = U1,y and Ug 4o = Uz, Where u; , and uy, are defined by (C.24) and (C.25). One
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can easily show that uy o and uy, o are of class C'(R\{b,w} }). The proof then proceeds
along the lines of Lemmas C.1.1 and C.1.2.

First, one shows that w5, , > 0 over R\ {b,w} }. From (C.33) and Lemma C.1.1,
., o = uy > 0 over the set [0,wf, ) \{b}. Consider now the interval (wj ,c0). From (C.33),
it is easy to check that

(r = Yua(w,) + Aluz(wh,) — ua(wh, — )]

. > 0.
(p = y)wp, + Ab

ul2,’7,0+ (w,’LBO ) -

Thus, since ug 4,0 is of class C*(R\{b, wj, }), one only needs to check that uj_,  has no zero
in (w},,00). The proof mimics that of the similar claim about u) in Lemma C.1.1, and is
therefore omitted.

Second, one shows that lim inf,, . u} ., o(w) > 1, which completes the proof given (C.31).
Suppose first by way of contradiction that liminf,, ..}, o(w) = —oco. Then there exists
an increasing divergent sequence (wy)n>1 in (wj, 4+ b, 00) such that lim, o ), o(w,) = —o0
and wy, = arg Minye(ow,] {04 (w)}. For each n > 1, one can find some 1w, € (w, — b, wy)

such that
[(p = 7)wn + Al o(wn) = A[urq0(wn) — w1 50(wn = b)] + (1 — 7)u140(wn)
+(p—1)w, — 4+ AC + e
= Abu, o(Wn) + (1 = 7)ury0(wn) + (p = r)wn — p+ AC + ¢,

where the first equality follows from (C.32) and the second from the mean value theorem.
Since uyy0(wn) > ur(wh,) + v, o(wy)(w, — wh ) by construction of the sequence (wy)n>1,

it is easy to verify as in the proof of Lemma C.1.2 that, for n large enough,

Uipalin) | (p=rhw, = AC == (= )ui(wh,)
ul,'Y,O(wn) o Ab Abull,'y,()(wn) )

ullmﬂ(w”)
ull,%O(w")

Wy = TG Milye(o,w,] {8 401 (W)} Thus liminf, . v o(w) > —oc. Assume without loss

so that the ratio

goes to 0o as n goes to oo, which in turn contradicts the fact that

of generality that liminf,, .. v}, o(w) is a finite number ,. Proceeding as in the proof of

Lemma C.1.2, one obtains that there exists a divergent sequence (y),>1 such that

uy o (W,
(p—r)(ly —1) > Ablimsup LH
n—oo wn
If [, < 1, this implies that limsup,, ., v}, (10,) = —oo, which in turn contradicts the
finiteness of [, = liminf,, o uj ., o(w). Hence I, > 1, and the result follows. |
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Let wgvﬁ > b be the limit of wf,  when 8 converges to 3, from below. For each § € I,
'U’ﬁﬁ('wgﬂ) = 0. To establish that I contains its upper bound f,, we need to show that this
equality also holds at 3,. This immediately follows from the following result, which states

that the derivatives of the functions (vs,)g>g, vary continuously with 3.

Lemma C.2.5 Let (83,)n>1 be a sequence in |3y, 00) that converges to Bs. Then the sequence

(v5, 4 )n>1 converges locally uniformly to vy over R\ {b}.
Proof. One will repeatedly use the following simple technical fact.

Fact 1 Let (g,)n>1 be a sequence of real valued continuous functions that converges uniformly
to a function go over a compact subset K of R, and let (a,)n>1 and (b,)n>1 be two sequences
i R converging to as and bs. Then, if J is a compact subset of R for which there exists
no > 1 such that b,J C K for all n > ny, the sequence (a,gno (b,1d)),>1 converges uniformly
10 Uoofoo © (boold) over J.

Proof. Note first that g is continuous over K, being the uniform limit of the sequence of
continuous functions (g, ),>1. By assumption, b,z € K for all n > ny and x € J, and thus
boo € K for all z € J since the sequence (b,),>1 converges to by, and K is compact. For

each n > ng and z € J,
|angn (bn) = GocGoo (beo)| < [an||gn (bn) — oo (bn)]
+ |an — @oo||goo (bn)] (C.34)
+ @oo]|go0 (bn) = goo (boot)|.

Consider now each term on the right-hand side of (C.34). For each n > ng and = € J,

|an]19n (b)) = Goo (bn)| < sUP {|an|} l|gn = gool

n>ng

which converges to 0 when n goes to oo because the sequence (g,),>1 converges uniformly

t0 goo over K. Next, for each n > ng and z € J,

|an = oo |goo (bn)| < |an — acoll|gool

which converges to 0 when n goes to oo because the sequence (ay),>1 converges to d.

Finally, for each n > ng and = € J,

900 (Dn) — Goo(boo)| < sup {1900 (1) = 900 (¥},
{(w,y")eK?||ly—y'| < |bn—boo|sup J}
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which converges to 0 when n goes to co because the sequence (b,,),>1 converges to b, and
because, by the Heine—Cantor theorem, the function ¢, is uniformly continuous over K as
it is continuous over K and K is compact. Substituting these three uniform bounds into

(C.34) yields the result. |

One can now proceed with the proof of Lemma C.2.5. It is sufficient to prove the result for
monotone sequences (3,),>1 that converge to B from below or from above. Focus without
loss of generality on the first case. According to Proposition C.2.1, the derivatives of the
functions (vg, »)n>1 over Ry\{b} are ordered by their slopes (3,)n,>1 over [0,b). As a result,
the sequence (vg, »)n>1 is increasing and bounded above by vg_ , over Ry, and thus it has a
pointwise limit over R, hereafter denoted by 94 ,. Now, fix some compact interval [w, W]
of R,. By Proposition C.2.1 again, the following holds for each n > 1 and w € [w, w|:

. / <o < . ,
yg[i%] {Uﬁl’w(‘y)} = UﬁnﬁJr(w) = yg%g%} {U/Booﬂ/-i'(y)})

hence the sequence (vg, »)n>1 1S equicontinuous over |[w,w]. Since [w,w] is an arbitrary
compact interval of Ry, the sequence (vg, -)n>1 converges locally uniformly to its pointwise
limit 05, , by the Arzela—Ascoli theorem. To translate this into a uniform convergence
result for the sequence (vj _)n>1, it is convenient to change variables as follows. For each
(8,2) € [fo, 00) x Ry, define vj;_(2) = v, (whz), and similarly let 75 _(2) = 5. »(wh_2).
Observe also for further reference that for each 3 > [, vfgﬁ satisfies the following delay

differential equation:

v (2) = vg(whz) if z € [0, 1],
(C.35)

)

(r—=mvh,(2) = p=AC —~yc— (p—r)wh 2+ Lsvh (2) if z € (1,00),

where L3, is a linear first-order delay differential operator defined by

Looulz) = [<p )zt ﬂ W)=\ [u(z) o (z - i)] (C.36)

8 w
for all z > 1 and any continuous function u of class C* (RJF\{W%}) From Lemma C.2.1,
the sequence (wj )n>1 is decreasing and converges to wj . Now, fix some interval J = [z,Z]
of Ry, and apply Fact 1 to the sequence (gn)n>1 = (vs,~)n>1 that converges uniformly to
goo = Upny OVer the interval K = [wj_z,w} %] and to the sequences (a,)n>1 = (1)p>1 and
(bn)nz>1 = (W}, Jn>1 With limits as = 1 and by, = w}_. Since the interval J is arbitrary,
it follows that the sequence (angn © (b,1d))n>1 = (vj, )n>1 converges locally uniformly to

(oo © (Doold) = ¥ over Ry. One now shows that o4 __ = vj__ or equivalently, letting

22



0, = vy, — vj, - for all n > 1, that §, the locally uniform limit of the sequence (Js, )n>1,
is identically equal to 0. Consider first the interval [0, 1]. For each n > 1 and z € [0, 1], one
has by (C.35)

95, (2) = vg,, (wgooz) — vg, (wgnz). (C.37)

The decomposition (C.7) implies that the sequence (vg, ),>1 converges locally uniformly to
vs.,. Therefore, since the sequence (wj )n>1 converges to wj_, it follows from (C.37) that
the sequence (dg, (2))n>1 converges to 0 for all z € [0,1] and thus that § = 0 over [0, 1].
Consider next the interval (1,Z], for some given Z > 1. For each n > 1 and z € (1, %], one
has by (C.35) and (C.36)

(r=08.(2) = [(0= 1)z + 2|8, )4 20— - Joh (2

Boc ws,, W,

—(p— 7“)(10%oo - w}}n)z (C.38)

b ; b ; b
~Aon@=0n (s o) [ 2o (o ) oo (o= 2|

Now, the sequence (wfgn)nzl converges to wéoo. Moreover, the sequence (d3,)n>1 converges

uniformly over (1,Z]. Finally the sequence (vé’m7 +)n>0 is uniformly bounded over [0, Z] since,

by Proposition C.2.1 and the definition of the functions (v%ﬁ) 5>0,

sup {U,'aoo,w(W)}’ }

inf- {”231 "+ (w)}' ) ’
wE[O,wzﬁlz}

oY 2)| < wh max
|05, 4 ()] < wh, { welouws 3

for all n > 1 and z € [0,z]. Using these three observations along with (C.38), one then

obtains that the sequence (Jj )n>1 converges uniformly over (1,%]. Since dg, is of class

ct (R+\{w? }) and wi’ < 1 for all n > 1, it follows from the fundamental theorem of
Bn Bn

calculus that the uniform limit over (1,Z] of the sequence (dj ),>1 must be equal to the

derivative ¢’ of §. Taking limits in (C.38) as n goes to oo then reveals that ¢ is the unique
continuous solution over [0,Z] to the delay differential equation
5z)=0 if z € [0, 1],
(C.39)
(r=1)3(2) = Lo o0(z) if z € (1,7,

But the constant function everywhere equal to 0 is clearly a continuous solution to (C.39) over
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[0,Z]. Since Z is arbitrary, one obtains that 6 = 0 over R, as claimed. Thus the sequence
V% )n>1 converges locally uniformly to v4 .. Now consider the derivatives of the functions
L Jns ges locally uniformly to vj__. N der the derivatives of the funct
(v, ,)n>1- It has already been established that the sequence (vj . )n>1 converges locally
uniformly to v _ over (1,00). If wj = b, this is all what is needed in what follows. If
w%w > b, one must in addition prove that the sequence (’Ugnﬂ)nzl converges locally uniformly

to vjj ., over (=2,1]. For each n > 1 and z € (=2, 1], one has by (C.7) and (C.35)
’ Whoo W5

i

b

7
w
Boo

Given this decomposition, fix some interval J = [z,Z] of ( ,1], and apply Fact 1 to

the sequence (g,)n>1 = (u] + Bnuh)n>1 that converges uniformly to g., = u} + Sooufy over
the interval K = [w} z,wj Z] and to the sequences (an)p>1 = (bn)n>1 = (W, Jn>1 With
limits a, = by = w%m. Since the interval J is arbitrary, it follows that the sequence
(angn o (by1d))p>1 = (Ugnﬁ)nzl converges locally uniformly t0 deogoo © (boold) = vfg’ooﬁ over

(w,-L, 1}. Combining this with the previous result, one thus obtains that the sequence
Boo

(Ugn,'y)nzl converges locally uniformly to vgooﬁ over (WL, oo) It remains to show that this

Boo
implies that the sequence (v . )n>1 converges locally uniformly to vj__ over (b,00). Note
that since the sequence (wj )n>1 converges to wj_, for any interval J = [w, @] of (b, 00) and

for each € > 0, there exists some ng(J,€) > 1 such that = > 51._5 for all n > ng(J,¢) and

N Bn Boo

w € J, so that, letting K = [ffg, — }, w} J C K for all n > ng(J,¢). Now, choose € > 0
Boo Whoo Bn

such that w — e > b, and apply Fact 1 to the sequence (gn)n>1 = (%/n,w)nzl that converges

uniformly to g, = vg’mﬁ over K and to the sequences (an)n>1 = (bp)n>1 = (%)@1 with

limits ao = boo = w} . Since the interval J is arbitrary, it follows that the sequence

(angn © (bn1d))n>1 = (v, )n>1 converges locally uniformly t0 @ogeo © (boold) = vj;_  over
(b,00). Finally, since the sequence (8,)n>1 converges to [, the uniform convergence of

(v5, 4 )n=1 to (Vs . )n>1 over [0,0) follows immediately from (C.18). Hence the result. |

To complete the proof of Proposition C.2.2, we only need to check that vs . is increasing
over Ry and that 3, > [y. The first of these claims follows from considering a strictly
decreasing sequence (f3,),>1 converging to (,. By construction of 3,, the derivatives of
the functions (vg, )n>1 are strictly positive over R \{b}, and according to Lemma C.2.5
the sequence (vj, . )n>1 converges locally uniformly to vj  over Ry\{b}. Hence vy >0
over R\ {0}, which implies the first claim as vg . is continuous over R . To prove the
second claim, we have to go back to the proof of Lemma C.2.2, where three cases were

distinguished. In Case 3, we already observed that 3, > (. In Cases 1 and 2, we established
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that vj (wj ) < 0. Hence, since vj _(wj ) > 0 by the above argument, it follows from

Proposition C.2.1 that 3, > 3. This concludes the proof of Proposition C.2.2.

In the remainder of this section, we study the concavity of the function vg .. The

following proposition summarizes our findings.
Proposition C.2.3 vg , is concave over [O,wgvﬁ], and strictly so over [b, wg%,y].

The proof of Proposition C.2.3 is very similar to that of Proposition C.1.3. It proceeds

through a sequence of lemmas.

Lemma C.2.6 v/

577’7+<w%7> < O

Proof. There are two cases to consider.

Case 1 Suppose first that 3, < B, with B given by (C.21). This corresponds to Case 1 of
Step 3 of the proof of Lemma C.2.1. Since 3, > 3, the result follows along the same lines.

Case 2 Suppose next that 3, > B Then w};W = b. This corresponds to Case 2 of Step
3 of the proof of Lemma C.2.1. The function vg, , can then be decomposed as in (C.23).

Since uy ., < 0 over [b,00) and vg77+(b) < 0, the result follows. |

Lemma C.2.7 v

. . . Z
3,4 1S upper semicontinuous over [wﬂw, 00).

Proof. By construction, wéy > b If wgw > 2b, the result is immediate since vg , is of
class C*(Ry\{b, 2b, wj;_}). If wj; < 2b, one only needs to check that vj ., (2b) > vj __(2b).
Differentiating (C.18) both at the left and at the right of any w > b and using the fact that
vg, .~ is of class C'(R,\{b}) leads to

[(p = V)w + Ab][vg, 14 (w) — v, (w)] = A[v, (W —b) = vy (w—D)]. (C.40)

There are now two cases to consider.

Case 1 Suppose first that 3, < B, with B given by (C.21). This corresponds to Case 1 of
Step 3 of the proof of Lemma C.2.1. Then vj;_ . (b) = U’Bﬁ(b), and applying formula (C.40)
at 2b and using (C.6) yields that vg ., (2b) > vg . (2b), as claimed.

Case 2 Suppose next that 3, > B Then wgw = b. This corresponds to Case 2 of Step 3
of the proof of Lemma C.2.1. Applying formula (C.40) at 2b and using (C.29) and (C.30)
yields that vg . (2b) > vg _(2b) if and only if
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r—9+A

(p—71)b—p+ AC + e _
p—7+A

! b —
0B+ (0) (p— 7+ M\)b 4

57 = v,/ﬂw,q/— (b) :

A sufficient condition for this to be true is that y— AC' —~yc¢ > (p—r)b. Now, since wgwﬁ >b
and vj _(wg ) =0, one has by (C.18)

p—=AC—vc—(p—r)b>p—AC—vc—(p—rjuwg |

= (r = )vs, o (wp, )+ Mvg, 5 (wh, ) = vs, 5 (w = b)),

which is strictly positive since vg, , is strictly increasing and strictly positive over (0, wgvﬁ].

Hence the result. [ ]

Remark It should be noted that the inequality g — AC' —vc¢ > (p — )b derived in the proof
of Lemma C.2.7 is a consequence of our standing assumptions (C.4) and (C.20), from which
the whole analysis conducted so far follows. It may at first seem a bit odd that a parameter
restriction involving v can in this way be obtained from two conditions from which ~ is
absent. This apparent paradox results from the assumption of constant returns to scale,
which implies that the desirability of investment depends in a bang-bang way on the level
of the agent’s size-adjusted payoff. It follows that size growth when it takes place does so
at a constant rate, which essentially amounts to an equal reduction in the principal’s and in
the agent’s discount rates. The only restriction to which ~ is subjected to is thus that it be

strictly lower than the least of these discount rates, that is v < 7.

It follows from Lemma C.2.7 that the set {w > wj [vj . (w) > 0} is closed. Denote by
y Byt

w§ . its smallest element. By Lemma C.2.6, wg > wj and vg . < 0 over [wj ,w§ ).
Thus vg,  is strictly concave over [wj ,w§ _]. Moreover, vg, ., coincides with v, over [0, wj .
Since 3, > [ and us is concave over R, as shown in Step 1 of the proof of Lemma C.2.1,
the decomposition (C.7) implies that vj ., < wvjg . over [0, wéw). As wgv < wp, by Lemma
C.2.1, and wg, is concave over [0, w} |, and strictly so over [b,w}, | by Proposition C.1.3, it
follows that vg, , is concave over [0,wj ], and strictly so over [b, w%y]. Finally, observe that
either vj ., (wh ) = vy (wj ) if wh > b as shown in Case 1 of Step 3 of the proof of
Lemma C.2.1, or vy _ (wj ) < vj . (wj ) if wh = b as shown in Case 2 of the proof of
Lemma C.2.7. Thus vg , is concave over [0, wgwﬁ]. To complete the proof of Proposition

C.2.3, we now show that wgw coincides with wj . We shall need the following result.
Lemma C.2.8 wg > 2b.
’}H’Y

Proof. Suppose by way of contradiction that wh < 2b. Then, as wg ., > b and vg  is of
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class C*(R\{b, 2b, wj }), v (wh ) = 0 and vf < 0 over (wj ,wg ). There are three

cases to consider.

Case 1 Suppose first that A < p — r. Proceeding as in Case 1 of the proof of Lemma
C.1.5, one obtains that 3, < &5*. Using (C.14) in combination with 3, > 3, then shows

that this is in contradiction with (C.4).

Case 2 Suppose next that A > 2p —r — . One closely follows Case 2 of the proof of
Lemma C.1.5. Differentiating (C.18) twice over (w’ﬂ ,2b), which is feasible as w%7 +b > 2D,
n

one obtains that vg . < 0 over this interval, and hence vg . (wj ) < v | (wj ). This

leads to a contradiction since vj _(wj ) =0 and Uﬁwﬁ+<wﬁw) < 0 by Lemma C.2.6.

Case 3 Suppose finally that p —r < A < 2p —r — 7. Arguing as in Case 3 of the proof
of Lemma C.1.5, one obtains that vf - > 0 and hence v _ >wvj . (wj ) over (wj ,wf ],

which in turn implies that

UﬂW 7’7 (

577>‘_2p+7ﬂ+'7 " i
. = Jw dw U/B%,H(wﬁy).

Since vy (wj ) =0 and vy WJF(w};v) < 0 by Lemma C.2.6, this yields a contradiction as

> 0.

Yoy A — 2 BN=2 2\ —
1+/ A p+r+7d >1+/ A p+r+’ydw> A=—p+r
vy, (P= 7w Ab b (p—7)w+Ab p—7+A

The result follows. ]
Proposition C.2.3 is then an immediate consequence of the following result.
p _ c
Lemma C.2.9 wg = wg

Proof. Since vg, , is increasing and v’ﬁvﬁ(fwng) = 0 by Proposition C.2.2, one must have
vg%ﬂ/ +(wgw) > 0, and thus wgwﬁ > wj It remains therefore to prove that wgmv <wj -
The proof closely follows that of Lemma C.1.6. One first shows that vgwﬁ > () over an interval
(w§, > w§, , +¢) for some € > 0. One then shows that, if wgwn > wj ., then vy _ must have
a zero in (wgwﬁ, wgwﬁ). Letting w be the least of the points at which vg%ﬂ/ vanishes, one next
shows by differentiating (C.18) twice at the right of @ that @ — b > wg which in turn
implies that vg . is convex over [w — b, w]. Using this information along with the fact that
vg%ﬂ/(u?) = 0, one can establish by differentiating (C.18) at @ that v’ﬂwﬁ(w) > 1. Finally, using
inequalities similar to (C.15) reveals that this implies that vg, - (w) > %C;“’C This leads to
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. . . ~ D . . D /L*)\C*’YC
a contradiction since w < wy _ and, as is easily checked from (C.18), vg, - (wj ) < B2

The result follows. |

To simplify notation, we shall hereafter write w’ and w” instead of w@ and wng. The
function v defined by
U(U)) = Uﬁ%"/<w) A Uﬁ%’)’(wp>

for all w > 0 is the unique solution to (C.1) that satisfies the requirements (i) to (iii) laid
down at the beginning of this section. Our candidate for the optimal value function of the
principal is the function f defined by f(w) = v(w) — w for all w > 0. This function is
linear over [0,b], and affine with slope —1 over [wP,c0). Moreover, it is concave over R,
and strictly so over [b,w?]. Finally, f(w) —wf'(w) > c if and only if w > w’. This completes

the proof of Proposition 2. [ |

D The Verification Theorem

In this appendix, we establish that, under conditions (C.4) and (C.20), the function F' defined
by F(X, W) = Xf(%) for all (X, W) € R4 x Ry is the principal’s optimal value function.

D.1 An Upper Bound for the Principal’s Expected Payoff

In this section, we show that the function F' provides an upper bound for the expected payoff
that the principal obtains from any incentive compatible contract that incites the agent to

always exert effort. The following lemma is crucial in establishing this result. Observe that
f is of class C*(Ri\{b}), just as v, so that f/ = f’" over (b, o).

Lemma D.1.1 Whenever 0 < g <~ and w > b,

[(p— g)w + Ab| fy (w) = A[f(w) — f(w—D)] — (r — g) f(w) < —p+ AC + ge. (D.1)

Proof. There are three cases to consider.

Case 1 Suppose first that w € [b,w"). Then

(pw + Ab) fi(w) = A[f(w) = f(w = b)] =7 f(w) = —p+ AC

and



from which (D.1) follows as g > 0.

Case 2 Suppose next that w € [w’, w?). Then

[(p —7)w + N ff (w) = Alf (w) = f(w = )] — (r =) f(w) = —p + AC' + ¢
and

flw) —wfi(w) > ¢,
from which (D.1) follows as g < .
Case 3 Suppose finally that w € [w?, 00). Then
Ly0(w) = (r =)o) — (p— )+ = AC — e

= —A(w?) —v(w =b)] = (r =y)o(w’) = (p —r)w+p = AC — e,

= Ao(w — B) — v(w? — B)] — (o — )(w — u?)

< M (WP = b) = p+r](w — wP)

= —[(p = w? + AbJvg, . (wP)(w — w?)

<0,

where the first equality follows from the fact that v is constant above w?, the second equality
from substituting £,v(w?) — (r — y)v(w?) = (p — r)w? — p + AC + ~c into the second line
and from observing that v'(wP) = 0, the first inequality from the concavity of v, the third
equality from the fact that v (w? —b) = vy . (w” —b), from differentiating (C.18) at the
right of w” and from observing that %«m (wP) = 0, and the last inequality from the fact that

Vg, is increasing and that v (w?) = 0. One thus has

[(p = V)w + Ab]f'(w) = Alf (w) = f(w—b)] = (r =) f(w) < —p+ AC + ¢,
and the result follows as in Case 2. |
Then the following holds.
Proposition D.1.1 Suppose that conditions (C.4) and (C.20) hold. Then, for any contract

I'= (X, L,7) that induces maximal risk prevention Ay = X for all t € [0,7), and yields the
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agent an initial expected payoff Wo- given an initial project size Xy, one has
F(Xo, Wy ) > E [ / X (1 — gue)dt — CANY] — L}, (D.2)
0
so that the principal’s initial expected payoff is at most F(Xq, Wy-).

Proof. Fix an arbitrary contract I' = (X, L, 7) that has the required properties. Since
Ay = X for all t € [0,7), one has P* = P, see Appendix A. For simplicity, one shall drop
the mention of the contract I' and of the effort process A in the remainder of the proof. The
agent’s continuation payoff follows a process W whose dynamics is described by (13) with
Ay = X\. In line with the assumption that X is FV-predictable while W is F~-adapted,
there is no loss of generality in assuming that X has left-continuous paths, while W has
right- continuous paths. The limited liability and incentive compatibility constraints imply
tha [0,7). Now, observe that because f is of class C'((b,00)), F is of
class C’l({(X, W) e Ry x Ry | ¥ > b}). Moreover, since f is continuous at b and f has

a finite right-hand limit f’ (b) at b, one can continuously extend the derivative of F' to the

set {(X,W) € Ryy x Ry | % = b}. This in turn ensures that one can apply the change
of variable formula for processes of locally bounded variation (Dellacherie and Meyer (1982,

Chapter VI, Section 92)) to the pair (X, W.-) = {(X;, Wi-) }+>0, yielding

T
e TE(Xpe, Wr) = F(Xo, Wo-) + / e "(pWi- + NHy) Fyy (X4, Wi-) — rF (X, W,-)] dt
0

T
+ / €7rtFX(Xt, Wt—) (dXtd’c + tht dt)
0
(D.3)

T
/ e " Fy (X, Wy-) dL
0
+ 67” Xﬁ—, Wt) — F(Xt, Wt‘)]
t€[0,T7]

for all T' € [0,7), where X%¢ and L¢ stand for the pure continuous parts of X< and L. For
each t € [0, 7], one has the following decomposition of the jump in F(X;, W;-) at time t:

F<Xt+7 Wt) - F(Xt, Wt—) = F(Xth Wt) - F(Xt,Wt)
+ F(Xt, W — HiI AN, — ALt) — F(Xt7 Wy — HtANt)
+ F(Xt, W- — HtANt) — F(Xt, Wtf),
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reflecting that W, = W,- — H,AN; — AL;, where AN; = N; — Ni- and AL; = L; — Ly~ for
all t € [0,T], with No- = Lo- = 0 by convention. Now fix 7" € [0, 7) and, as in Appendix A,

let My = N; — At for all ¢ > 0. Using the above decomposition along with
T
/ €7Tt[F(Xt,Wt— —Ht)—F(Xt,Wt—)] dNt,
0

3" e F(X Wi — HAN,) — F(X,, Wi-)]
t€[0,T]

one can then rewrite (D.3) as:

T
e_TTF<XT+, WT> = F(XQ, Wo—) + / eiTt[F(Xta Wt— - Ht) - F<Xt7 Wt‘)] th
0 (D.4)
+ A+ Ay + As,

where A; is a standard integral with respect to time,

Al — /T e_rt{(th* + )\Ht)FW<Xt, Wt*) - )\[F(Xt, Wtf) — F(Xt, Wt* _ Ht)]
0 (D.5)

+ Fx (X, Wi )g: Xy — rF(Xy, W) } dt,

Ay accounts for downsizing, that is, negative changes in the size of the project,

T
Ay = / e Fx (X, Wim) dX[C 4+ > e (X, W) — F(X,, W), (D.6)
0

te[0,T]

and Az accounts for changes in cumulative transfers,

T
A3 = — / eirtF‘]/V()(t7 Wt_) dLg
0
(D.7)
+ Y e F(Xy, Wi- — HAN, — ALy) — F(X;, W= — H{AN)).
t€[0,T]
One now treats each of these terms in turn.
m;g and hy = % Since F' is homogenous

Consider first A;. For each ¢t € [0,T], let w; =
of degree 1, one has Fy (X, W;-) = fl(w;) and Fx(X¢,W;-) = f(w:) — wef’ (wy) for all

t € 0,7]. Thus

A = /0 e " X{{(p — g)we + A £ (wr) — Alf (we) — flwe — he)] — (r — g¢) f(wy) } dt

= /0 e " X{[(p = g)we + ML fL (we) = ALf (we) = fwe = )] = (r — go) f(we) } dt (D.8)
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T
< / e " Xi(—p + AC + gic) dt
0

where the first and second inequalities respectively follow from the concavity of f and from
Lemma D.1.1, along with the fact that w; > h; > b for all ¢ € [0, 7] by limited liability and
incentive compatibility.

Consider next As. Since F' is homogenous of degree 1, one has

T
Ay = /0 e f (wi) — wf (wy)] dX

iy | Xt o[ W Xi (W
e 2 () w5 =

t€[0,7)] t

where the inequality can be justified as follows. Since f is concave and vanishes at 0,
f(w) —wfl(w) >0 for all w > 0. Because the process X*¢ is decreasing, this implies that
the first term on the right-hand side of (D.9) is negative. The properties of f stated above

fw)

also imply that is a decreasing function of w. Since ii > % for all ¢ € [0,T], this

Xt
implies that the second term on the right-hand side of (D.9) is negative. As a result of this,
one has A, <0.

Consider finally As. Since F' is homogenous of degree 1 and f is concave, one has

F(Xy,Wi- — HHANy; — ALy) — F(Xy, Wy- — HL/ANy)

~ — HAN, — AL, W,- — HAN,
() ()

- — H,AN,
_ _ﬁ_(Wt Xtt t)ALt

< AL,

for all ¢ € [0, 7], where the last inequality reflects that f, > —1. Using again the fact that
—Fw (X, W) = = fl(w;) < 1forall t € [0, 7] along with the definition of Ag, one therefore
obtains that

T T
Ay < / e dLy+ Y e AL = / et dLy. (D.10)
0 0

te[0,7)

Substituting the upper bounds (D.8), (D.9) and (D.10) for A;, As and Aj into (D.4) and

rearranging then yields
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T
F(Xo,Wo-) > e ™ F(Xps, Wy) + / e " X[(1n — gic)dt — CANy] — dL;} + My (D.11)
0
for all T € [0, 7), where the process M = {M;};s¢ is defined by
_ tAT
M, = / e [F (X, Woe) — F(Xo, W — H,) + X,C]dMjn, (D.12)
0
for all £ > 0. For each t > 0,

tAT
E [/ e | F(X,, W) — F(X,, Wo- — H,) + X,C| ds]
0

r ftAT s Ws— Ws— _Hs
—E_/0 e " X f( XS)_f(—XS )—i—C

<x[ [ (w sup (1w} + X.C ) ]

we (b,wP]

:

B tAT
<E / e " (1/1/0—6(’)+)‘)S sup {|f'(w)|} + XgeVSC’) ds]
L Jo

we (b,wP)
< 00,

where the first inequality follows from the limited liability constraint (16) and the second
inequality is an immediate consequence of (13) and of the fact that X grows at most at rate
7. Since the integrand in (D.12) is F2_—predictable, where by definition FY_= {F) 1,50, a
straightforward adaptation of Brémaud (1981, Chapter II, Lemma L3) shows that M is an
FY —martingale under P. In particular, E[M;] = M, = 0. Taking expectations in (D.11)
then leads to

F(Xo, Wo-)

v
=

TAT
eI P(Xopprt, Wrae) + / e " {X[(pn — gec)dt — CdNy] — st}}
0

_ g /0 X[ — gue)dt — CdN] st}}

~E [1{T<T} (/TT e " Xi[(p — gic)dt — CdANy] — dLi} — e T F (X, WT))}
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~ E { /0 "X (1 — gee)dt — CdN] — st}] (D.13)

—e TR [1 (T<r) <E { / ' e "X (1 — gee)dt — CANy] — d Ly} | FN 1 — F(Xp+, WT)N

T

v

E l /0 X (1 — gie)dt — AN — st}}

Xr(p — AC)

_ e—T‘T E |:]-{T<7—} |: —

- W = P W)

for all T' > 0, where the first equality reflects that W, = 0 by (9), while the second inequality
follows from the fact that X grows at most at rate v < r and from the definition (9) of Wy,
bearing in mind that p > r. Now, for each T" > 0,

Xr(p—\C Xr(p—AC 4%
o | KT =AC) F(Xpe, Wr)| = T Xr(p=20) XT+U< T )‘
r— r— X7+
—A
< e X, [,u ¢ + v(wp)}.
r—-
Since r > =, taking limits as T goes to oo in (D.13) yields (D.2). Hence the result. |

D.2 Attaining the Upper Bound: The Optimal Contract

We now show that the upper bound (D.2) for the principal’s expected payoff derived in
Proposition D.1.1 can actually be attained by an incentive compatible contract, which is
therefore optimal in the class of contracts that induce maximal risk prevention. We assume

as in Proposition D.1.1 that conditions (C.4) and (C.20) hold.

Proof of Proposition 3. Since A; = X for all ¢ > 0 under maximal risk prevention, one
has P* = P, see Appendix A. It follows from (42) and (43) that w; > b for all t > 0. This
ensures that the size process X = {X;};>0 defined by (44) always remains strictly positive.

The proof then consists of four steps.

Step 1 One first justifies equation (44) for X. The proposed downsizing policy stipulates
that the project be downsized by a factor th—b A 1 at any time t at which the process N

jumps. Hence the cumulative downsizing process X ¢ satisfies

t7 J—
Xtd:/ Xs(wsb b/\l—l)dNS
0
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for all £ > 0. Next, the proposed investment policy stipulates that the size of the project
grow at rate v as long as w; > w® and at rate 0 otherwise. Hence the cumulative investment

process X° satisfies

t
XZ:/ Xs’)/l{w5>wi} ds
0

for all t > 0. As X = X, + X9+ X%, X solves the stochastic differential equation

t— s — b
Xt = XO —+ / Xs |:(w b N 1 — 1) dNS + 71{w5>wi} d8:| <D14>
0

for all t > 0. Since X has left-continuous paths, it follows from the exponential formula for

Lebesgue-Stieltjes calculus (Brémaud (1981, Appendix A4, Theorem T4)) that

. t
X; =X H [1 + <wsb b Al — 1) ANS} exp(/ Y1 fwy>wi} ds>
0

s€(0,t)

for all ¢ > 0, where AN, = N, — N,- for all s € [0,t], with Ny- = 0 and [[, = 1 by
convention. This in turn yields (44) by definition of the stopping times (7} )g>1.

Step 2 One now shows that

-
Xyw, = Xowo + / {X:[(pws + Ab) ds — bdN] — dLs} (D.15)
0

for all £ > 0. Adapting the integration by parts formula for functions of locally bounded
variation (Dellacherie and Meyer (1982, Chapter VI, Theorem 90)) to the case of the product

of two processes with left-continuous paths, one obtains that

= -
Xy, = Xowo + / X, dw, + / wedX, + Y AXAw, (D.16)
0 0 s€[0,t)
for all ¢ > 0, where AX, = X+ — X and Aw, = we+ —w; for all s € [0,%), with Y, = 0 by
convention. Substituting (D.14) and (42) into (D.16) and using (45) yields

ws — b

= ¢
Xow, = Xowg + / [ Xs(pws + Ab) ds — dLg) + / X, [(ws — b)( A 1) — ws} dN,
0 0

ws — b wg — b 9
+ZXSb( ; /\1)< ; Al—l)(ANS),
)

s€(0,t

from which (D.15) follows after a straightforward computation.

35



Step 3 One then shows that, for each ¢ > 0, the proposed contract delivers the agent a
continuation payoff W, = lim,; X,w; after the realization of uncertainty at time ¢. From

Step 2 one has
t
Wy = Wy- + / [(pWs + X Ab) ds — X;bdNy — dLg|
0

for all t > 0. Applying the change of variable formula for processes of locally bounded
variation (Dellacherie and Meyer (1982, Chapter VI, Section 92)) to W = {W,;};>¢ yields,

after simplifications,
T
e PTWp = e W, — / e P(XsbdMs + dLy)
t

for all T > t, where M is defined as in Appendix A. Since X is FV-predictable and grows
at most at rate v < p, it then follows from Brémaud (1981, Chapter II, Lemma L3) that

T
W, =E[e"T W | FN + E { / e P ar | FN (D.17)
t
for all T" > t. Now, observe from (42) and (43) that w; € (b, w?] for all ¢t > 0, so that
0 < e T DWW, < efte= (PN TP (D.18)

for all T'> t. Besides, an immediate consequence of (43) and (45) is that

T T
/ o P(s—1) dL, = / e’p(S*t)Xs[(,o — P + )\b]l{ws+:wp} ds
t ¢ (D.19)
< Xil(p = 7w’ + N
- p—

for all ' > t. Note that both (D.18) and (D.19) reflect the fact that X grows at most at rate
v < p. Since L is increasing, the family of functions {ftT e P dL } >y is increasing and
by (D.19) it is uniformly bounded. Hence, by the monotone convergence theorem, taking

limits as T goes to oo in (D.17) yields
W, =E { / e P AL, | FN|,
¢

from which the claim follows.

Step 4 From Step 3, the proposed contract generates a continuation utility process that
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satisfies (13) with A, = X and H; = X;b for all t > 0. Thus, by Proposition 1, this contract
induces maximal risk prevention. It remains to show that it is optimal in the class of
contracts that induce maximal risk prevention and yield the agent an initial expected payoff
Wy~ given an initial project size Xy. By Proposition D.1.1, one only needs to show that
this contract yields the principal an initial expected payoff F'(Xo, Wy-). Fix some T > 0.

Proceeding as for the derivation of (D.4), one obtains that

T
e~ TF(Xpr, Wr) = F(Xo, Wo-) + / e T F(Xy, Wy — Xb) — F(Xy, W,-)] dM,
0 (D.20)

+ Ay + Ay + As,

where A;, Ay and Az are defined as in (D.5), (D.6) and (D.7), with g, = v1{y,>wi} and
H, = X;b for all ¢ > 0. One now treats each of these terms in turn.

Consider first A;. By (D.8) one has

A= [ Xl = Y ppsun + A ()
0
L) — flw— )] — (= M) ) de (D21)
- / X+ AC + gie) db,

where the second equality follows from (41) and from the fact that g, = v1{,>wi} and
wy € (b,wP] for all ¢t € [0, T7.

Consider next A,. Since the process X¢ is purely discontinuous,

Ay = Z e F(Xpr, Wy) — F(Xy, W)

te[0,7
= 3 et X () - X (
Xt+ Xt
t€[0,T] - <D22)

- Z e "X, {wt 0 J(b) = flwy = b)| 1yax, <0y

te[0,7

where the second equality follows from the homogeneity of degree 1 of F', the third from the

fact that X+ = wtb_b X; and Wy, = Wi- — Xyb = Xy(wy — b) whenever AX,; < 0, and the

fourth from the linearity of f over [0, b] along with the fact that AX; < 0 implies w; —b < b.
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Consider finally Az. Since the process L is continuous except perhaps at time 0,

T
As =~ / e Fy (Xo, Wi ) dL§ + F(Xo, Wo- = Lo) = F(Xo, Wy-)
0

T
_ / e (w) Xy l(p — )W + AL, —ury dE+ (Wo- — Xquw") VO (D.23)
0

T
= / €_Tt st,
0

where the second equality follows from the homogeneity of degree 1 of F' together with (43)
and (45), and the third from (45) along with the fact that wy+ = w? implies w; = w? and
thus f/'(w;) = —1.

The end of the proof proceeds along the lines of that of Proposition D.1.1. First, taking
expectations in (D.20) and using (D.21), (D.22) and (D.23) leads to

F(Xo,Wy-)=E [eTTF(Xw, Wr) + / ' e X, [(1n — gic)dt — CAN)| — dL}|  (D.24)

for all T > 0. By construction, 4+ = lim,; w, € [b,wP] for all t > 0. Thus, for each 7" > 0,
Xt l

e F(Xp+, Wr)| =

e—rTXT+f( T ) ‘ <Xy max {[f(w)]},

T+ we[b,wP]

reflecting that X grows at most at rate v < r. Then, as in Step 3, one can take limits as T’

goes to oo in (D.24), which yields

E [ /0 T e X (i — gue)dt — CdNy| — st}} — P(Xo, Wo),

and the result follows. [ |

Remark An implication of our analysis is that, given (C.4), (C.20) is a sufficient condition
for the optimal contract to entail investment. One can actually show that (C.20) is also
necessary for investment to ever be strictly profitable. Indeed, suppose that (C.20) fails to

hold and define an alternative value function for the principal by

fﬁo (w) = Vg (w) N\ Vg, (wg()) —w

for all w > 0. Observe that since vg, is concave over [0, wp | and vy = 0 over [wj ,00), fs,

is concave over R, and fj = —1 over [wj ,00). Hence
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Jao(w) — wfh (w) < fa(wh,) — wh fz, (wh) = vg, (wh) < ¢ (D.25)

for all w > 0. Now, proceeding as in the proof of Lemma D.1.1, it is easy to check that

(pw + Ab) [0 (w) = Alfa(w) = fa (w = b)) — 7 fg(w) < —pp+ AC (D.26)

for all w > b. From (D.25) and (D.26), one obtains that whenever 0 < g <~ and w > b,

[(p = g)w + AL f, 1 (w) = Alfa (w) = fay (w = B)] = (r = g) f, (w) < =+ AC' +ge, (D.27)

in analogy with (D.1). Arguing as in the proof of Proposition D.1.1, the inequality (D.27) can

then be used to show that any contract that induces maximal risk prevention and yields the

agent an initial expected payoff Wy- given an initial project size Xq yields the principal an

initial expected payoff at most equal to Fp,(Xo, Wo-) = Xof3, (WX—OO’) Finally, an incentive

compatible contract that attains this upper bound can easily be constructed along the lines
P

of Proposition 3, replacing w” by wy throughout and requiring that no investment ever take

place, g = 0 for all t > 0.

D.3 Initialization

Proposition 3 describes the optimal contract for a given initial project size X, and a given
initial promised utility Wy- for the agent. In this section, we briefly examine how X, and W/-
are optimally determined at time 0. Consider for simplicity the case in which the principal is

competitive. We then look for a pair (Xg, Wy-) that maximizes utilitarian welfare under the

constraint that the principal breaks even on average. Letting wy = W;go’ , the corresponding

maximization problem is

max {Xo[f(wo) + wo)}, (D.28)

(Xo,wo)

subject to the principal’s participation constraint

the agent’s limited liability contraint

and the feasibility constraint
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1> X, (D.31)

reflecting that the initial size of the project is at most 1. Let n be the Lagrange multiplier
for constraint (D.29), and focus on the interesting case where (1 + ) f(wg) + wo > 0 at the
optimum.? It immediately follows that it is optimal to start operating the project at full
scale, Xy = 1. This result hinges on the homogeneity of the principal’s value function F. As
shown in (D.28), this enables one to separate at time 0 the determination of the project’s
size from that of the manager’s size-adjusted utility. The initial size-adjusted utility of the
agent is given by the first-order condition f’(wg) = —ﬁ. Two cases arise, depending on
whether constraint (D.29) is slack or binding at the optimum. If f(w?) > 0, this constraint
is slack, so that n = 0 and wg = wP, which from the point of view of utilitarian welfare is
optimal. If f(wP) < 0, this constraint is binding, so that n > 0 and wy < w?, reflecting that

an initial size-adjusted utility for the agent equal to wP is inconsistent with the participation

constraint of the principal.

E Firm Size Dynamics

Proof of Proposition 4. One will repeatedly use the following simple technical fact.

Fact 2 Let (Y,)n>1 be a sequence of real valued random variables that converges P—almost
surely to a constant y, and let (n:)i>o be a family of integer valued random variables that
diverges P—almost surely to oo as t goes to oo. Then the family (Yy,)i>0 converges P—almost

surely to y as t goes to oo.

Proof. Since (Y,,)n>1 converges P—almost surely to y, there exists a measurable set {2
with P[] = 1 such that for each w € Qg and € > 0, there exists mg(w,e) > 1 such that
Yo (w) —y| < e forall n > mgy(w, ). Next, since (n:):>o diverges P—almost surely to oo as t
goes to oo, there exists a measurable set ; with P [€2;] = 1 such that for each w € Q; and
mo > 1, there exists tg(w,mg) > 0 such that ny(w) > mg for all t > ty(w, mg). Hence, for
each w € Qo N Qy and € > 0, one has ny(w) > mo(w, €) and thus Y, (w) — y| < € for all
t > to(w,mo(w,e)). This implies the result as P [Qo N Q4] = 1. |

Now, from (47), one has

N,
In(X;) 1| —b N '
n(t t) = [Z ln(wka A 1>+/0 71{w5>wi}d5+/ Y g, >wi} ds] (E.1)
k=1 -

TNt

2This is the case whenever f takes strictly positive values. Otherwise the solution to problem (D.28) to
(D.31) is Xg = wg = 0 and the project is not operated.
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for all ¢ > 0. One now treats each of the terms on the right-hand side of (E.1) in turn.

Claim 1 Let pu* be the unique invariant measure associated to the process {wr, }r>1. Then

N,
R wp, — b ) / (w — b)

lim - E In - Al)= A In wn® (dw),
t—oo t ( b 1b.20) b ( )

k=1

P-almost surely.

Proof. The proof goes through a sequence of steps.

Step 1 A straightforward implication of (42) is that {wg, }x>1 is a Markov process. Let
P : [b,wP] x B([b,wP]) — [0,1] denote the associated transition function, where B([b, w"])
is the Borel o-field over [b, w?]. Let A € B([b,w?]) be Markov invariant for {wr, }5>1, that
is P(w,A) = 1 for all w € A. Then a further implication of (42) is that for all w € A,
A must contain a subset of full Lebesgue measure in [(w — b) V b,w?]. Hence there are
no disjoint Markov invariant sets, and {wr, }r>1 is Markov ergodic (Stout (1974, Definition
3.6.8)). One now shows that {wr, }x>1 has a stationary initial distribution. Define t ,» to
be the minimum amount of time it takes for the process {w:}i>o to transit from b to w?,

that is, from (42):

1 pw' + b 1 (p—y)wP + )\b)
" p n(prMb) p—" n((p—v)wZ+Ab (E2)

Then clearly P(w,{w?}) > e *vw? for all w € [b,wP]. Hence the transition function P
satisfies Condition M in Stokey and Lucas (1989, Chapter 11, Section 4). Specifically, for
each A € B([b,w"]) the following holds. Either w? € A and P(w,A) > e w? for all
w € [b,w?], or w? € A and P(w,[b,wP]\ A) > e Mowr for all w € [b,w?]. Let A([b,w”]) be
the space of Borel probability measures over [b, w?], and let T : A([b, w?]) — A([b, wP]) be
the adjoint operator associated with P, defined by

(T )(A) = /[ Pl A) i)

for all (p, A) € A([b,w?]) x B([b,w?]). Condition M as stated above implies that 7™ is a
contraction of modulus 1 —e~*bw* over the space A([b, w?]) endowed with the total variation
norm || - |7y (Stokey and Lucas (1989, Lemma 11.11)). Because this is a complete metric
space, it follows from the contraction mapping theorem that 7™ has an unique invariant

measure p*, which corresponds to the unique stationary initial distribution of {wr, }x>1.
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Step 2 One next shows that

o

To do so, define an auxiliary process {w;}+>0 by

ln<w - oA 1)‘ p® (dw) < 0. (E.3)

Wy =[1+(p—~v+A)(t—Tn,_)]bA2b
for all t > 0. It is easy to check from (42) that w; < w; for all ¢ > 0. Now, for each k > 1,
wr, = [+ (p =7+ A (Tk — T-1)]b A 2D,

where T = 0 by convention. Thus, by the properties of the Poisson process, (w7, )r>1 is a

sequence of independently and identically distributed random variables, with

Plin, <w] =1— ¢ G if w € [b, 2b),
(E.4)

D S
P [y, = 2] = ¢ 773

for all & > 1. Denote by u® the corresponding measure over [b,2b]. For each j > 1 and
w € [b,w?], define g;(w) = In (2 A1) V (—j), and observe that —j < g; < 0 over [b, w?]

and g; = 0 over [2b,w?]. Since Wy, < wry, for all £ > 1,

g;(in,) < =Y gj(wr,) (E.5)

for all n > 1, P-almost surely. Since the random variables (w7, )x>1 are independently and
identically distributed over [b, 2b] according to u™, and since the function g; is measurable
and bounded, and hence p®-integrable, it follows from the strong law of large numbers that

the sequence (% py- gj(ti)Tk))n>1 converges P—almost surely to

[ swntn = [ o) e
g;(w) p*(dw) = gi(w) —————=¢e =7 duw,
b2b] o (p—v+ A0

where the equality follows from (E.4) and from the fact that g;(2b) = 0. Similarly, since the
process {wr, }x>1 is Markov ergodic by Step 1, with invariant measure pu* over [b, w?], and
since the function g; is measurable and bounded, and hence p*~integrable, it follows from

the strong law of large numbers for Markov ergodic processes (Stout (1974, Theorem 3.6.7))
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that the sequence (1377, 9j<wTk))n>1 converges P—almost surely to

/[b ) ()

Combining these observations with (E.5), and using the fact that ¢g; < 0, one obtains that

/ 19, (w)| 1 (d ></%| (W) —2 TS g (E6)
gi(w)| p¥(dw) < gi(w)| ————— e =M dw. .
] b (p =+ AP

By construction, the sequence of functions (|g;|);>1 is increasing and converges pointwise to
the function |geo| : [b, w?] — R U {oo} defined by goo(w) = In(%42 A1) € RU{—oc} for all
w € [b,wP]. Applying the monotone convergence theorem to both sides of (E.6) and using

the fact that go.(w) = ln(wT_b) if w € [b,2b] then yields

_ 26 _ e
/ 1n<w b A 1) p(dw) < / 1n<w b) A AT duw
[b,wP] b b (

b p—7+A)b
< A /1|ln(x)|d$ (E.7)
p—7+X Jo
B A
p—7+ A\

from which (E.3) follows.

Step 3 Since the process {wr, }r>1 is Markov ergodic by Step 1, with invariant measure p®
over [b, wP], and since the function g., is p*—integrable by Step 2, it follows from the strong
law of large numbers for Markov ergodic processes (Stout (1974, Theorem 3.6.7)) that the

sequence (£ 377 gOO(wTk))nz1 =¥ In (w%_b A 1))@1 converges P—almost surely to

| et = [ (M) ) = [ (M50 ) et
[b,w?] [b,?] b [b,2b) b

where the second equality follows from the fact that g, = 0 over [2b, wP]. Applying Fact 2

'LUTk —b

to the sequence (Y,)n>1 = (% py- ln( E— A 1))n>1 and to the family (n:)i>0 = (V- )0,
N,_ -
t

and using the fact that

converges P—almost surely to A as t goes to oo by the strong

law of large numbers for the Poisson process, one then obtains that %fo;} In ( wT’g_b A 1)

converges P—almost surely to A f[b 2b) ln(“’T_b) p*(dw) as t goes to co. [ ]

Claim 2 Let u™+ be the unique invariant measure associated to the process {wT:}kzl, and
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let X be the exponential distribution with parameter A\. Then

1 [T 1 pw' + \b
lim —/ Liw.>wi ds:l—)\/ {{— ln(—)}/\s};ﬁ“@)\ dw, ds),
t—oo t 0 { > } [b,wi)XR+ p pw + )\b ( )

P-almost surely.

Proof. The proof goes through a sequence of steps.

Step 1 For each w € [b,w"), define t,,,: to be the minimum amount of time it takes for

the process {w; }>o to transit from w to w’, that is, from (42):

1 %
R Ut (E.8)
’ p pw + \b

For each k£ > 1, consider the integral [, = fTT:,l Liw,>wiy ds, where Ty = 0 by convention.
According to (42), two cases must be distinguished. Suppose first that Wt > w'. Then
ws > w' for all s € (Ty_1,Ty], and therefore I = Ty, — T}_;. Suppose next that Wt < w'.
T, —T,, < thlj—fwi, then w, < w' for all s € (Ty_1,Tx], and therefore I, = 0. Finally,
if T, — Tpqw > thJil,wi, then w, > w® for all s € (T, + thI;tl’wi,Tk], and therefore

I, =T, —T,_1—t wi- Summing over k = 1,...,n and rearranging, one obtains that

w, 4
Ti_1

1 [T 1 — 1 &
1 /0 Huoswy ds = — S (Te=Tia) = 3 [t% it AT~ D) | Ly, <uny (E9)

n n _
k=1 k=1

for all n > 1.

Step 2 Observe from (42) that the process {Zx}r>1 = {(wTktl’T’f — Ty—1) }k>1 is Markov.
Let @ : [b,w?] x Ry x B([b,wP] x Ry) — [0,1] denote the associated transition function,
where B([b,w?] x R,) is the Borel o—field over [b,w?] x R,. From (42) again, one has
Ziw1 = (W(Zy), Tiy1 — Tj) for all k > 1, where the function h : [b, w?] x Ry — [b,w? — b] is
defined by

( [(w%—%)e”t—%—b] Vb if w € [b,w') and ¢ < 1,
h(w,t) =< {[(w'+ %)e(pﬂ)(t*twvwi) — %] AwP —b} Vb if we [byw') and t > t, 0,
\ {[(w—+ %)e(pﬂ)t — %} AwP —b} Vb if w € [w',wP] and t > 0,

with t,, i as defined in (E.8). Since Z; and Tjy1 — Tj are independent and Ty — T}
has distribution X for all & > 1, this in turn implies that Q((w,t), A) = X(Ap(w,y) for all
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(w,t,A) € [bywP] x Ry x B([b,w?] x Ry), where A, = {t' € Ry | (v',t') € A} is the
w'-section of A for all w' € [b,wP]. Now, let A € B([b,w?] x R;) be Markov invariant for
{Zi}i>1, that is Q((w,t), A) = 1 for all (w,t) € A. Then A(Apwy) = 1. Moreover, since
(h(w,t),t") € Aif t' € Appy), one has Q((h(w,t),t'),A) = 1 and thus A(Appwyy)) = 1
for all ' € Ap(y). For each (w,t) € A, consider the set h(h(w,t), Ap@wy). It follows from
the definition of h that h(h(w,t), Apws) C [[h(w,t) —b] V b,w? — b]. One now shows that
h(h(w,t), Ap@w,z) has full Lebesgue measure in [[h(w,t) — b] V b, wP — b]. Observe first that
the mapping h(h(w,t),-) is increasing over R, with h(h(w,t),0) = [h(w,t) — b] V b and
h(h(w,t),t') = w? — b for t' > t; 4, with ¢, ,» as defined in (E.2). Thus one only needs to
check that h(h(w,t), R\ Apw,y)) has Lebesgue measure 0. This follows from the fact that
R\ Apw,) has A-measure 0, and thus has Lebesgue measure 0 since these two measures
are mutually absolutely continuous, along with the fact that h(h(w,t),-) is increasing and
absolutely continuous over any interval of the form [0,n], n > 1, and thus maps sets of
Lebesgue measure 0 onto sets of Lebesgue measure 0 (Rudin (1986, Theorem 7.18)). Since
h(h(w,t), Ap@wy)) has full Lebesgue measure in [[h(w,t) — b] V b,w? — b] for any Markov

invariant set A and all (w,t) € A, one has

h(h(wh tl)) Al,h(wl,h)) N h(h(w27 t2)7 A2,h(w2,t2)> 7& @

for any Markov invariant sets A; and Ay and for all (wq,t;) € Ay and (ws,t3) € Ay As
A(A1 ) = MAgr) = 1 for all w” € h(h(wi,t1), A1 1)) N R(A(w2,t2), Ag p(uws i), ODE
gets that Ay v N Agqr # (0 for any such w”, so that Ay N Ay # (. Hence there are no disjoint
Markov invariant sets, and {Z}r>1 is Markov ergodic (Stout (1974, Definition 3.6.8)). To
complete this step of the proof, one shows that {Z;},>1 has a stationary initial distribution.
Proceeding as in Step 1 of the proof of Claim 1, it is easy to check that the process {wTJ He>1
has a unique stationary initial distribution. That is, letting Py : [b, w?] x B([b, wP]) — [0, 1]
denote the associated transition function, there exists a unique probability measure pu*+

over [b,wP] such that, for each A € B([b, w?]),
B A) = [ P, 4) ) (E.10)
[b,wP]

Since Zj, = (wTkil’T r — Tk_1) for all £ > 1, and since Wyt and T}, — Ty, are independent
for all £ > 1, a natural guess for the invariant measure associated to {Z}r>1 is the product
measure pu*+® X. To verify this, let £y x Ey be a measurable rectangle in B([b, w”] x R, ).

Then, for each k > 1, one has
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/ Q(w, 1), By x Fy) g™+ & A(duw, dt)
[b,wP] xR+
= / l{h(w,t)eEl}A(EQ) lJ’w+® A(dwv dt)
[b,wP] xR
= )\(EQ)/ uw+(dw)/ 1{h(w,t)€E1})\(dt)
[buwp] Ry
—A(B) / Ph(w, Ty — Ty 1) € Ea] ™+ (dw)
]
= A(EQ)/ P[U)le ek |U)T2—_1 = U}} “w+ (dU))
]
—AE:) [Pl B (o)
b
= A(Ey) p** (E1)

= Mw+®A(E1 X EQ),

where the first equality follows from the definition of the transition function ), the second
from Tonelli’s theorem, the third from the fact that Tj — T}_; has distribution A, the fourth
from the independence of Wy and T}, — Tj_1, the fifth from the definition of the transition
function P, the sixth from (E.10), and the last from the definition of the product measure

pn?+ @A A standard monotone class argument then implies that

@ A(A) = / Q((w, 1), A) ™+ @ A(dw, db)

[b,wl’] XR+

for all A € B([b,w?] x R,), so that p™+® X is an invariant measure associated to {Z }r>1.

Since {Zy}r>1 is Markov ergodic, this invariant measure is in fact unique (Stout (1974,

Theorem 3.6.7)).

Step 3 One finally uses (E.9) to evaluate the limit of the sequence (% fOT" Liw, >wi} ds)n>1.
Since the random variables (T}, — Tj_1)k>1 are independently and identically distribut_ed
according to the exponential distribution A with parameter A, it follows from the strong law
of large numbers that the sequence (£ >°7_ (T}, — Tk_l))n>1 converges P-almost surely to ;.

Next, since the process {<wT;il’Tk — Ty—1) }x>1 is Markov ergodic by Step 2, with invariant
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measure p*+® X over [b,wP] x Ry, and since the mapping (w, s) + (tywi A 8)L{w<wi} 18
measurable, positive and bounded above by (w,s) — s, and hence p*+ ® A-integrable, it
follows from the strong law of large numbers for Markov ergodic processes (Stout (1974,
Theorem 3.6.7)) that the sequence (£ > | [thI:il,wi ATy, —Ti-1)] 1{wT,j,1<wi})”21 converges

P-almost surely to

/ (twt A 8)L{ucwry @ A(dw, dt)
[b,wp] XR+

_ / (bt A 5) 1%+ @ A (dw, di)
[b,wi)XR+

= / {[1 ln<pw—+)\b>}/\s}uw+®)\(dw,ds),
by xRy L LP pw + Ab

where the second equality follows from the definition (E.8) of ¢, ,:. Applying Fact 2 to

the sequence (Y;)n>1 = (& fOT" Liw,>wiy ds) ., and to the family (n;)i=0 = (N;-)iz0, and
N,_ -
t

using the fact that converges P—almost surely to A\ as ¢t goes to oo by the strong law of

T
large numbers for the Poisson process, one then obtains that % Jo S| {ws>wi} dS converges

P-almost surely to 1 — A f[b,wi)xR_,.{ [% ln(’;:zji;‘;)] A st pu®+@X(dw,ds) as t goes to co. W

Claim 3 Omne has

P-almost surely.

Proof. For each t > 0,

]_ t TN _ Ntf t 1 ‘.
0< - 1 nds <1— —— = — Ty —Ti_1)]. E.11
_t/TNt_ oy ds S 1= = SE | o= S G- Tew)| (B
Applying Fact 2 to the sequence (Yn)n>1 = (>0 (Tk — Tk-1)),., and to the family
(n¢)i>0 = (Ni-)>0, and using the fact that Ni—_ converges P—almost surely to A\ as t goes to

oo by the strong law of large numbers for the Poisson process, one then obtains from (E.11)

that % thNt, L{w,>wi} ds converges P—almost surely to 0 as ¢ goes to co. |
Given (E.1) and (E.8), combining Claims 1 to 3 completes the proof of Proposition 4. B

Remark The proofs of Claims 1 and 2 given above directly proceed by establishing that

the processes {wr, }x>1 and {(wTktl, Ty — Tr—1) }k>1 are Markov ergodic, that is, that they
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have no disjoint invariant sets. Since the existence of an invariant measure can be proven in
each case by other means, this allows one to use the strong law of large numbers for Markov
ergodic processes (Stout (1974, Theorem 3.6.7)). A slightly different approach consists in
first showing that the transition functions associated to these processes satisfy Doeblin’s
condition (Doob (1953, Chapter V, Section 6)), which ensures the existence of invariant
measures. One then establishes that there exists a unique ergodic set and correspondingly
a unique invariant measure. Finally, one uses the strong law of large numbers for Markov
processes whose transition functions are known to satisfy Doeblin’s condition (Doob (1953,
Chapter V, Theorem 6.2)). That this is the case of the transition function P of {wg, }r>1 is
implicit in Step 1 of the proof of Claim 1, where it is shown that it satisfies Condition M in
Stokey and Lucas (1989, Chapter 11, Section 4). This condition is stronger than Doeblin’s
and implies at once that there exists a unique invariant measure. Consider now the process
{(szf_l’ Ty — Tk—1) }r>1 with transition @ over [b, w?] x R,. By definition, the transition @
satisfies Doeblin’s condition if there exists a finite measure ¢ over B([b, w?] x R, ), an integer
v > 1 and a number £ > 0 such that, for each (w,t, A) € [b,w?] x Ry x B([b,w?] x R),
Q" ((w,t), A) < 1 — e whenever p(A) < e. We now exhibit a triple (¢, v,€) such that this

condition holds. To do so, fix some ¢ € (0,e ) with t,» defined as in (E.2), and

e—ktbﬂup e

i
e “hwP _g

For each A € B([b,w?] x R,), note that ¢(A) = M/\(Awp_b), where A,»_; is the

eiAtb,wP —e

(wP — b)-section of A. This implies in particular that A(Aur—p) < 1 —

consider the measure ¢ = Our—p @ A, where d,»_p is the Dirac mass at wP — b.

€
m whenever

@(A) < e, so that in this case
Q2((wvt)7A) =1- QZ((wvt)7Ac)
< 1—Q*(w,t),{wP —b} x Ry N A°)

<1 —e Mo [1 — A(Awp_b)]

IN

1—¢

for all (w,t) € [b,w?] x Ry, where the second inequality follows from the definitions of #; ,»
and ). Thus @ satisfies Doeblin’s condition, as claimed. Moreover, observe that for each

(w,t, A) € [b,wP] x Ry x B([b, wP] x R} ),

e_Atb,wp

£

Q*((w, 1), A) > e M N(Ayp _p) = ( - 1) p(A),

which, since e *w? > g implies that Q*((w,t), A) > 0 whenever ¢(A) > 0. This in turn is
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a sufficient condition for @) to have a unique ergodic set (Stokey and Lucas (1989, Theorem
11.10)). Onme can then show as in Step 2 of the proof of Claim 2 that the corresponding
unique invariant measure is u*+® A. Finally, Step 3 of the proof of Claim 2 follows from
applying the strong law of large numbers for Markov processes whose transition functions

satisfy Doeblin’s condition (Doob (1953, Chapter V, Theorem 6.2)).

Proof of Proposition 5. One first checks that (49) holds uniformly in v whenever ¢ is
close enough to 0. Specifically, using the notation of Appendix C, and keeping in mind that
”B%(b) = (o > vj,, (b) by (C.6), suppose that vg,(b) — bvj, , (b) > c. Then, for each v € (0,7),
it must be that f(b) — bf}(b) = vg,,(b) —bvj . (b) > c as well. Suppose indeed that the

contrary holds for such a . Then, since 3, > 3, by Proposition C.2.2 and “2T(b) =1>uy, (b)
by (C.10), one would have
¢ > g, o(8) — by, ()
= u(b) = bu . (0) + By [ua(b) — bug, ()]
> uy(b) — buy (b) + Bolua(b) — bus, (b)]
= Vs (b) - bv,ﬁ0+(b)7
a contradiction. The claim follows. Now, under (49), one has by (48)
. hl(Xt) w—>b w
lim =\ In p?(dw) + 7. (E.12)
t—oo 1 [b,2b) b

The remainder of the proof then consists in constructing appropriate upper and lower bounds
for f[b’%) In(“:) p*(dw). Consider first the upper bound. Writing (C.18) at w” and using
(C.17) along with the fact that v is positive and increasing yields

_ = A0 —ye— (r —y)o(w?) — Ap(w”) —v(w? —b)] _p—AC

< ;
p—r p—T

wP

uniformly in 7. Let w? = “;T’\TC and define auxiliary processes {W; };>0 and {I;};>0 by

t— _s_b _
Wy = w0+/ {(p@SJr/\b) ds—b(w 7 /\1) dN; —dls}, (E.13)
0

t
lt = max{@o — wp, O} + / (p@p + /\b)l{ﬁﬁ:@p} ds (E14)
0

for all £ > 0. Observe that the process {W; }+>¢ is independent of . It is easy to check from
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(42), (43), (E.13) and (E.14) that w; < w; for all ¢ > 0. Proceeding as in Claim 1 of the
proof of Proposition 4, one can further show that {wr, };>1 has a unique stationary initial

distribution p® and that

/ ln(w _ b) p* (dw) < / ln(w _ b) p®(dw) < 0,
[b,2b) b [b,2b) b

uniformly in v. Here the strict inequality follows from the fact that for each £ > 1 and

w € (b, w"], there is a strictly positive probability that g ,, < w given that Wy, , > w,
which implies in turn that the lower bound of the support of the stationary initial distribution

p® of {wr, }r>1 is b. Therefore, for v close enough to 0,

—b
A / ln(w )uw(dw)+*y<0,
[b,2) b

from which (50) follows by (E.12). Consider next the lower bound. By (E.7), one has

w—>b A
In pu?(dw) > ————,
/[b,2b) ( b > (dw) p—7+A

. . . A2
uniformly in ~. Therefore, if v > PR
w—>b\
A In p(dw) +~ >0,
[b,2b) b
from which (51) follows by (E.12). Hence the result. [

Proof of Proposition 6. Consider for each k£ > 1 the o—fields

‘7:{6 - U((wOa Tl - T0)7 (lea T2 - T1>7 ey (wTk_17Tk‘ - Tk‘—l))v

(E.15)
Fi2 = o((wrn,_,, Ty — Ti—1), (wry,, Tipr — Tip), - - ),
and denote by
T=()F (E.16)
k=1

the corresponding tail o—field. Then the following zero-one law holds.
Claim 4 For each E € T, either P[E] =0 or P[E] = 1.

Proof. One first shows that for each € > 0, there exists ng > 1 such that
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A(k7 n,w,t, A) = P[(wTk+n—17Tk+n - Tk‘-i-n—l) S Al (wTk—l’ Ty — Tk—l) = (w> t)]
- P[<wTk+n71?Tk+n - Tk+n71 € A)] (E'17)

<e

forall k > 1, n > ng, (w,t) € [b,w?] x Ry and A € B([b,w?] x R;). A standard monotone
class argument implies that it is enough to verify (E.17) for sets A = (JI~, E} x E} that are
finite unions of disjoint measurable rectangles in B([b, w”] x R, ). Now, fix some such set A,
and let El, ..., E/ be the atoms of the field of subsets of | JI, Ei generated by E}, ..., EJ.
The sets E},..., Ef* form a partition of |JI", Fi. Define

It = {fie{l,.... m}|Plwr,,, , € Ei | (wr,_y, Tr = Th—1) = (w,t)] = Plwr, ., , € Eﬂ > 0}.

As in Claim 1 of the proof of Proposition 4, let T* be the adjoint operator associated to the
transition function P of {wg, }x>1, and let || - |7y be the total variation norm over the space
A([b, wP]) of Borel probability measures over [b,w?]. Finally, define h as in Claim 2 of the

proof of Proposition 4, and let Hoawy, be the distribution of wy,. One then has

A(k,n,w,t, A)
= Z {P[wTkJ,—n—l € Ei | (wTk—UTk - Tk—l) = (w7t)] - P[wTk+n—1 € Eﬂ} A[Eé]

=1

-P

IN

p Wiy € U Ei | (wTk—l’Tk — Tj—1) = (w, 1)

iel+

W1 € U Ei

iel+

1 *— *n—
< 5 \T 1(5[h((w7b)\/b,t)+b]/\wp) =T 1(IwaTk)||TV

(1= e 20w )" Y8y — Py, [l7v

|
DN | —

S (1 o e*)\tb’wp>n71

Y

where the first equality follows from the fact that T}, — Ty_; is independent of any random
variable measurable with respect to Fg_l, and thus in particular of wr,_,, the first inequality
from the definition of I and from the assumption that the rectangles that make up A are

disjoint, the second inequality from the definitions of T, h and [ and the third inequality
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from the fact that, as shown in Claim 1 of the proof of Proposition 4, 7™ is a contraction

of modulus 1 — e~*»»?. Thus (E.17) holds as soon as ng > 1+ %,

(k,n,w,t, A). The remainder of the proof closely follows Bértfai and Révész (1967). As in

uniformly in

their Example 2, a consequence of condition (E.17) is that for each £ > 0, there exists ng > 1

such that the following mixing property holds:
P[E|F] - P[E] <e (E.18)

forallk > 1,n > ng, and £ € F22,, P-almost surely. Fix some E' € 7T, so that in particular
E e Fp3, for all n > ng. Since ¢ is arbitrary, the mixing property (E.18) then implies that
P[E|FF] < P[E] for all k > 1, P-almost surely. From Doob (1953, Chapter VII, Theorem
4.3), it follows that P[E|\/;—, F¥] < P[E], P-almost surely. Since £ € T C \/—, F¥, one

finally has P[E] = [, P[E |2, Ff]dP < [, P[E|dP = P[E]*. Hence the result. |

From now on, we implicitly suppose that lim;, .. N; = oo, which is without loss of

generality since this event occurs with probability 1.
Claim 5 FEach of the events {lim,, .., X1, = 0} and {lim, .. X+ = oo} belongs to T

Proof. Consider first {lim, .., X7, = 0}. Fix some kg > 1. For each n > ko + 1, one has

% wr, b Tn
X7, = Xo ( kb A 1) exp (/ Y gy >wid ds)
k=1 0
n—1
b
- X, (wka A 1>
k=1

=1 k=1
n—1 wr —b
= X7, [] ( ka A 1)
k=ko
exXp (’y { Z (Tk — Tk—l) — Z [th+ wi VAN (Tk - Tk—l)] 1{wT+ <wi}}>
k=ko+1 k=ko+1 bt bt

with JJ, = 1 by convention, where the second equality follows from (E.9) and from the fact
that Ny- =n—1. Since X7, is a strictly positive random variable, (E.15) and (E.19) jointly
imply that {lim, .., X7, = 0} € Fg°, ;. Since kg is arbitrary, {lim, .., X7, = 0} € 7 by
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(E.16). The proof for {lim, .., X+ = co} is similar, observing that

- —b
XT; = XTI;E H (wka A\ 1)

k=ko+1
exp <7{ S Ti-Te) - Y [th+ wi A (T —T,H)}WT+ <wi}}>
k=ko+1 k=ko+1 "1 b
and that X+ is a finite random variable. Hence the result. n
0

Claim 6 One has
{limy_o, Xy = 0} = {lim,,_o, X7, =0},
{limy oo Xy = 00} = {lim,, .o X7+ = o0}

Proof. Consider first {lim; .., X; = 0}. For each w € {lim; .., X; = 0} and € > 0, there
exists to(w, ) > 0 such that | X;(w)| < e for all t > to(w, £). Since the sequence (T, (w)),>1 is
strictly increasing and diverges to 0o, there exists ng(w, e) > 1 such that T,,(w) > to(w,€) and
hence | X7, ) (w)| < € for all n > ng(w,e). As a result of this, w € {lim, .. X7, = 0} and
thus {lim; ., X; = 0} C {lim, .o X7, = 0}. Conversely, for each w € {lim, .., X7, = 0}
and € > 0, there exists ng(w,e) > 1 such that | Xz, ) (w)| < e for all n > no(w,g). Since
the process {X;}i>0 is increasing on any random interval (Ty_1,T%], k > 1, it follows that
| Xi(w)] < e forall t > Tojwe. As a result of this, w € {lim;_.X; = 0} and thus
{lim,, 0o X7, = 0} C {limy_ X; = 0}. Hence {lim; .., X; = 0} = {lim, .. X7, = 0},
as claimed. The proof that {lim; .., X; = oo} = {lim, .oc X;+ = oo} is similar and is

therefore omitted. [

Combining Claims 4 to 6 completes the proof of Proposition 6. ]

F A Heuristic Analysis of the Non Constant Returns
to Scale Case

In this appendix, we relax the constant returns to scale assumption, and provide a heuristic
assessment of the robustness of our results to small non-linear perturbations in the private
benefits function. Specifically, suppose that the private benefits from shirking are represented

by a function
B*(X)=BX +Xo¢(X) (F.1)
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of firm size X, where € is a positive number and ¢ a bounded, positive, increasing and
differentiable function.® In the paper, we consider the constant returns to scale case where
e = 0. To assess the robustness of our analysis to this assumption, we heuristically discuss
below what happens when ¢ is small, but strictly positive. We argue that the key qualitative
properties of the optimal contract are upheld for such a small perturbation.

Denote the principal’s value function by F°. The Hamilton—Jacobi-Bellman equation

now writes as:
TFE(Xt, Wt‘) = Xt(,u — )\O) + maX{— tht + (th— + AHt — tht)Fél/(Xh Wt‘)
+tht[F§((Xt7Wt7) — C] (F2)

— )\[FE(Xt, Wt—) - Fa(thbWt_ - Ht)]}7

where the maximization in (F.2) is over the set of controls (g, Hy, l;, z;) that satisfy

(F.3)

The second of these constraints is the agent’s date t incentive compatibility constraint, while
the fourth of these constraints, which parallels condition (19) in the paper, expresses the
fact that if a loss occurs at date ¢, reducing by H; the continuation utility of the agent, it
must still be possible to provide incentives after this loss, which requires further reducing

Bg(ﬁxt), where X,x; is the size of the firm after the date ¢ loss.

the agent’s utility by at least

Optimizing with respect to £; The first-order condition with respect to /¢; is
Fo (X, Wi-) > —1, (F.4)

with equality only if ¢, > 0. Call WP*(X}) the first value of W;- at which (F.4) holds as

an equality; this corresponds to the payment threshold for a given size X;. In the constant

3These assumptions ensure in particular that B¢ is invertible, and that, in the positive orthant, the graph
of B¢ lies in a cone pointed at the origin and whose upper and lower edges cross the axes at the origin only.
Since ¢ is bounded, there is no loss of generality in assuming that it is positive: the situation with a negative
¢ could be mimicked by starting from a smaller value of B.
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returns to scale case, one has WP(X;) = X;wP. As in Property 1 of the paper, payments
are made only when W;- > WP¢(X,). For the purpose of this heuristic presentation, we
shall assume without proof that the mapping X — %(X) converges uniformly to w? as ¢

goes to 0.

Optimizing with respect to x; Consider now the case where W;- < W»¢(X,). Property
2 in the paper states that, in the optimal contract, downsizing is imposed only as the last
resort. Let us now examine what happens when ¢ > 0. Differentiating the objective function
on the right-hand side of (F.2) with respect to z; yields X, F% (Xxy, Wi- — Hy). In the limit

case where € = 0, this is equal to

f<Wt—Ht) B Wtf—Ht /(Wt_Ht

Xy Xy Xy ) ~ f(b) B bfi(b) >0, (F5)

B

Ay the first inequality follows from the fact that

where, recalling that b =

W, — H, e
- "> -
tht = b + AA (tht) > b

by (F.1) and (F.3) along with the strict concavity of f over [b, w?], while the second inequality
reflects that f vanishes at 0 and is globally concave over R, but not differentiable at b. It
follows from (F.5) that F'Y(X;zy, W;- — H;) is positive and bounded away from 0 over the set
of 4-tuples (X, z¢, Wi—, Hy) that satisty (F.3) and W,- < WP<(X}). Hence, by continuity,
one can reasonably expect that, for ¢ small enough, F%(X,z;, W;- — H;) > 0 for any such
4-tuple; this is for instance the case if the derivative % is bounded. In that case, it is
optimal to let x; be as large as possible in (F.2). This yields

(B°) (AW — Hy))
Xy

AL (F.6)

Ty =

which generalizes Property 2 in the paper, reflecting that, for a given degree of incentives as

measured by H;, downsizing is imposed only when necessary.

Optimizing with respect to H; Consider again the case where W;- < WPe(X,).
Property 3 in the paper states that, in the optimal contract, the exposure to risk of the
agent is minimized by letting h; equal the minimal amount b consistent with her exerting
effort, or, equivalently, by letting H; equal X;b. Let us now examine what happens whenever
e > 0. Substituting (F.6) into (F.2), and right-differentiating the objective function on the
right-hand side of (F.2) with respect to H; yields
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A[F (Xo, Wi ) = Fiypy (Xo, Wi — Hy)] (F.7)
if BE(X,) < ANW,- — H,), and

A Fio (X0, Wi ) = Fiy (BS) (ANW,- — H,)), Wy — H))
(F.8)
AN

B AW = B W = ) G (B @aa e — )

if B5(X;) > ANW;-—H,). Examining each case in turn, we argue below that the expressions
in (F.7) and (F.8) are negative for € small enough. In that case, it is optimal to let H; be as

small as possible in (F.2). This yields

B*(X)

He= =35

(F.9)

which generalizes Property 3 in the paper, reflecting that it is unnecessary to expose the

agent to more risk than what is required to provide her incentives to exert effort.

Case 1: B*(X;) < AX(W;- — H;) Denote by D5(X;, W;-, H;) the expression in (F.7),
divided by A. In the limit case where € = 0, this is equal to

W~ , (Wi~ — H;
DY(X;, Wy-, Hy) = f/( + ) 7 (T) (F.10)

Using the concavity of f along with the fact that
€
H, > bX; + — ¢(X
t > bXy + AN (Xy)
by (F.1) and (F.3), and recalling that w; = WTT? it follows from (F.10) that

DY (X, Wy-, Hy) < f'(wy) — f (wy — b). (F.11)

WP (X) i »
X converges unt ormly to wP as €

Since we have assumed that the mapping X —
goes to 0, wy < w? + O(e) for € small enough, uniformly in the pairs (X, W;-) that satisfy
Wi- < WP#(X,). Therefore, since the mapping w +— f'(w) — f'(w — b) is negative and
bounded away from 0 over (b,wP]| as f is strictly concave over this interval and globally
concave over R, but not differentiable at b, it follows from (F.11) that, for £ small enough,
DY(X;, W,-, H;) is also negative and bounded away from 0 over the set of triples (X;, W,-, Hy)

that satisfy (F.3), Wi- < WP<(X,) and B*(X;) < AN(W;- — H;). Hence, by continuity, one
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can reasonably expect that, for e small enough, Dj(X;, W;-, H;) < 0 for any such triple; this

) ) ) . .. OF%, .
is for instance the case if the derivative L s bounded.

Case 2: B°(X;) > AX(W;- — H;) Denote by D5(X;, W;-, H;) the expression in (F.8),
divided by A. In the limit case where £ = 0, this is equal to

Dg(Xt,Wtf,Ht) :f/(mj/;t_)— @ (F.12)

An alternative way to see this is that, when ¢ = 0, the terms in H; in the objective function
on the right-hand side of (F.2), H;F (X;, Wi- )+ FO((B°) " (AXN(W;- — Hy)), W- — H;), can
be rewritten as Hy f’ (Wt’> + (Wi- — Hy) @, from which (F.12) follows upon differentiating

Xt
with respect to H;. Now, by (F.1) and (F.3),

Wy-
Xy

5
> —_— .
_b+A)\¢(Xt) >b

Therefore, since f vanishes at 0 and is globally concave over R, but not differentiable at b,
one has from (F.12)

Dy W ) < iy - 12 <o (F.13)

It follows from (F.13) that, for € small enough, DI(X;, W;-, H;) is negative and bounded
away from 0 over the set of triples (X;, W;-, H;) that satisfy (F.3), W,- < W»*(X;) and
B#(X:) > AN(W;- — Hy). Hence, by continuity, one can reasonably expect that, for ¢ small
enough, D5(X,;, W,-, H;) < 0 for any such triple; this is for instance the case if the derivatives

Fe AFE
o and - are bounded.

An important consequence of (F.9) is that downsizing takes place following a loss at date

t if and only if W;- < 23;(;(,5)7 that is, if and only if it is absolutely necessary, in order to

maintain limited liability while ensuring incentive compatibility.

Optimizing with respect to g; Consider again the case where W;- < WP<(X,). It
follows from (F.2) that it is optimal to let g, =~y if

F;(Xt’Wt—> > C, (F14)

and g; = 0 otherwise. Let W**(X;) = inf {W,- > B°(X,) | F§/(X;, Wi-) > c¢}. Note that,
like in the constant returns to scale case, such a value need not exist if ¢ is too high. In

the constant returns to scale case, one has W*(X;) = X,w’ with w’ < w? whenever it is
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then strictly optimal to invest, that is if f(w?) + w? > c¢. In particular, it is optimal to

. W, ; . . .
invest at rate v as soon as —— exceeds w'. Now consider an arbitrary pair (X;, W;-) such

Xt
w,_ p.e W, . ;
that == < W X(tXt) = wP + O(e), and, as usual, let w; = +—. Then, if w; > w', one has

FY(X;, Wi-) = f(wy)—wef'(w;) > c. Observe that this remains true even if w; > w?, for then

FU(X, Wi-) = f(wP) + wP > c as f'(w;) = —1. Hence, by continuity, one can reasonably
expect that, for € small enough, (F.14) holds for any such pair; this is for instance the case
if the derivative aaif( is bounded. It is then optimal to invest at rate v at any such pair
whenever ¢ is small enough, which generalizes Property 4 in the paper. In terms of Figure
1 in the paper, this indicates in particular that any straight line W = Xw whose slope w
lies strictly between w® and w?, and which therefore belongs to the investment region in the
constant returns to scale case, also belongs to the investment region in the non constant

returns to scale case for € small enough.

Overall, the above analysis suggests that, if the mapping (¢, X, W) +— F¢(X, W) is not
too irregular, then the main qualitative features of the optimal contract under constant
returns to scale are robust to small perturbations in the private benefit function. Thus the
optimal contract under a small perturbation from constant returns to scale could be depicted

on a figure similar to Figure 1 in the paper. The differences would be that the boundary

B°(X)
AN

of the downsizing region would be the non-linear function of firm size X instead of

the linear function Xb, and that the upper and lower boundaries of the investment and no
transfers region would be the (presumably non-linear) functions W?<(X) and W*(X) of

firm size X instead of the linear functions Xw? and Xw’.
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