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Metatheorem:

MOMENTUM MAPS ARE EVERYTHING!
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Proof:
@ Initial value constraints given by J = 0
@ The Hamiltonian is a component of J
@ J gives the evolution equations in adjoint form
@ The (bosonic) BRST charge is a component of J

o Etc...

Today we will show that

@ 7T+, is acomponent of J

@ automatically capture the “Belinfante—Rosenfeld formula”
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@ Classical field theory on Minkowski spacetime + Noether’s
theorem — canonical SEM tensor

oL

v, = Ls",
doA .

A
"
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Some History

@ Classical field theory on Minkowski spacetime + Noether’s
theorem — canonical SEM tensor

oL

t, = Lok, —
A,

A
"

Excellent physical interpretation, but generically

» not symmetric
» gauge-dependent

» Noether’s theorem only fixes t up to a curl.

Attempts to repair [Anderson,...] ad hoc.
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@ General relativity
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@ General relativity

— the Hilbert formula

THY — 257L
0Guv
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— the Hilbert formula

26L

TH =2 —
0Guv

Always symmetric and gauge-invariant, but

» no a priori physical meaning

MARK J. GOTAY (PIMS, UBC) STRESS-ENERGY-MOMENTUM TENSORS Warsaw, October, 2009 6/29



@ General relativity

— the Hilbert formula

TH 2(57L
5g,u,u

Always symmetric and gauge-invariant, but
» no a priori physical meaning

@ Nonlinear nonrelativistic elasticity

MARK J. GOTAY (PIMS, UBC) STRESS-ENERGY-MOMENTUM TENSORS Warsaw, October, 2009 6/29



@ General relativity

— the Hilbert formula

oL

T =2""
5g,u,u

Always symmetric and gauge-invariant, but
» no a priori physical meaning

@ Nonlinear nonrelativistic elasticity — Doyle-Erikson formula for
the Cauchy stress tensor
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Example: Electromagnetism
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Example: Electromagnetism

th, = —%F"‘ﬂ Fogdh, — F*"Aa,| V=0
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Example: Electromagnetism

th, = —%FaﬂFagaﬂy — FAn | V=0

Ad hoc correction:
+ F*A,ov/—9
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Example: Electromagnetism

t, = {_%Faﬂ Fopdt, — FWAW] V=g

Ad hoc correction:
+ F*A,ov/—9
produces

TH, = [_%FaﬁFaﬁ(wV — F““Fa,,] V=9

which is correct
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@ Fields on an arbitrary background ?

» with no coupling to gravity

» topological field theories?
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Issues

@ Fields on an arbitrary background ?

» with no coupling to gravity

» topological field theories?

e T+, vs t*,? For tensor/spinor theories, Belinfante & Rosenfeld
[1939,1940] —

TH, =t + 9,K"",

» Belinfante—Rosenfeld formula
» K due to spin

» Not true more generally

@ A century-old problem!
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Program:

@ Give a physically meaningful definition of ¥ in terms of fluxes of a
multimomentum map

@ Then the Hilbert formula follows as a theorem, not a definition

@ ¥ will satisfy a generalized version of the B—R formula in all cases
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Setup

Covariant field theory a la GiMmsy:
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Setup

Covariant field theory a la GiMmsy:

@ first order
@ X is an (n+ 1)—dimensional ‘spacetime’ w/ coordinates x*
@ Y — X is the configuration bundle w/ fiber coordinates ¢*

@ JY is the first jet bundle (‘covariant tangent bundle’) w/ fiber
coordinates ¢, ¢# ,

@ Lagrangian density

L:JY — ATX: L= Ld"x

@ Z = J*Y is the multi-phase space (‘covariant’ cotangent bundle)
with w/ fiber coordinates ¢*, pa*, p
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@ Z carries the canonical ‘multi-Liouville (n + 1)—form’

© = patd¢? A d"x, + pd™x
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@ Z carries the canonical ‘multi-Liouville (n + 1)—form’
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@ Z carries the canonical ‘multi-Liouville (n + 1)—form’

© = patde™ A d"x, + pd™1x

@ Q = —dO is the multisymplectic form

@ Finally, the ‘covariant Legendre transform’ FL : JY — Z is
oL

b — A
Pa 8¢A7M, p ¢A7“¢ N

@ Notation:
» d"lx =dxOA - AdX"
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@ Z carries the canonical ‘multi-Liouville (n + 1)—form’

© = patde™ A d"x, + pd™1x

@ Q = —dO is the multisymplectic form

@ Finally, the ‘covariant Legendre transform’ FL : JY — Z is

oL A
pA# = ) p = ¢ s
R ¢A,u g
@ Notation:
» d"Tx=dxOA - Adx"
» d"x, =9, J d"x
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Multimomentum Maps

G C Aut(Y) is the gauge group

@ The action of G on Y lifts to a multisymplectic action on Z with a
natural multimomentum map

J:Z - Lie(Q)" ® A"Z

given by
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Multimomentum Maps

G C Aut(Y) is the gauge group

@ The action of G on Y lifts to a multisymplectic action on Z with a
natural multimomentum map

J:Z—Lie(G)" @ \"Z
given by
(J(2),8) = (&2 2 ©)(2)

e JL =TFL*J (formula later) is the multimomentum map in the
Lagrangian representation
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Observations

@ (JX, &) measures the response of the fields to an infinitesimal
deformation ¢ € Lie(G) (‘work’)
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Observations

@ (JX, &) measures the response of the fields to an infinitesimal
deformation ¢ € Lie(G) (‘work’)

@ Now assume the theory is generally covariant, so that
G — Diff¢(X) is a surjection

@ Stress-energy-momentum (i.e., %) is associated with the Diff(.X)
‘part’ of G

@ More precisely, assume there is a group embedding Diff:(X) — G.
Infinitesimally, X(X) — Lie(G) C aut(Y) is

€ &y = E10, + A (x*, 07, [€71)0a

where ¢4 is a linear differential function of the &/
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A= Bﬁ\gu + Cﬁ\”{f“,y + Dﬁ\wiuw +...

B ~ continua with internal structure

v

» C ~ tensor fields

» D ~ linear connections
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Example: Electromagnetism

G = Diff(X) x C(X)
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Example: Electromagnetism

G = Diff(X) x C(X)

@ Fix A € C*°(X) and (nonstandardly) imbed Diff.(X) — G by

n— (nAon™ " —\)
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Example: Electromagnetism
G = Diff(X) x C=(X)
@ Fix A € C*°(X) and (nonstandardly) imbed Diff.(X) — G by

n— (nAon™ " —\)

@ Then Diff;(X)-actionon Y = T*X is

n-A:n*A—i—d(/\on_1 —A)
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Example: Electromagnetism

G = Diff(X) x C(X)

@ Fix A € C*°(X) and (nonstandardly) imbed Diff.(X) — G by
n=(n,Aon™! = A)
@ Then Diff;(X)-actionon Y = T*X is
n-A=nA+dAron ' =)

@ So

0
& = 60— (Ao’ o+ Nas” + 256" 0) 51
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Definition of ¥
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Definition of ¥

Theorem: Suppose L is G-covariant. Then for any hypersurface
i): T — X,

ListGor . = [ wuepeans,

uniquely defines the SEM tensor (density) T(¢).
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Proof

A tricky computation using:
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Proof

A tricky computation using:

@ the local expression

(6)" (45, €) = [La"(€" = 9%,€") + Le"| d",.,

where
» £ =Ld"x,
oL
[ = ——
> A 8¢A7M

» ¢A given as before
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where
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where
» £ =Ld"x,
oL
[ = ——
> A 8¢A7M

» ¢A given as before

@ integrations by parts

@ covariance of £ (more on this later)
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Proof

A tricky computation using:

@ the local expression

(6)" (45, €) = [La"(€" = 9%,€") + Le"| d",.,

where
» £ =Ld"x,
oL
[ = ——
> A 8¢A7M

» ¢A given as before

@ integrations by parts

@ covariance of £ (more on this later)

yields the. ..
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Generalized B—R formula:
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Generalized B—R formula:

T (p) = Lo*, — LaPd" , + LaPBY + 0 (La*CH)
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Generalized B—R formula:

T () = Lo, — La"é™ , + La"B) + 9.(La“CH)

@ first 2 terms give the canonical SEM tensor t#,
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Generalized B—R formula:

T () = Lo, — La"é™ , + La"B) + 9.(La“CH)

@ first 2 terms give the canonical SEM tensor t#,

@ remaining terms are the B—R “corrections” — they naturally
appear!
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Generalized B—R formula:

T (9) = Lo*, — LaPd? ), + La" B2 + 0a(LaCHH)

@ first 2 terms give the canonical SEM tensor t#,

@ remaining terms are the B—R “corrections” — they naturally
appear!

But why does it work?

MARK J. GOTAY (PIMS, UBC) STRESS-ENERGY-MOMENTUM TENSORS Warsaw, October, 2009 18/29



Consider a field theory coupled to gravity; write

Liotal = Linater + Egravity
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Consider a field theory coupled to gravity; write

Liotal = Lmatter + Egravity

The Vanishing Theorem states

Liz*(j¢)*<J£total7£> -0
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Consider a field theory coupled to gravity; write

Liotal = Lmatter + Egravity

The Vanishing Theorem states

Liz*(j¢)*<J£total,£> -0

SO

- / is* (o) (S, &) = / is*(jop)* (JFmaer g)
x N
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Consider a field theory coupled to gravity; write
Liotal = Lmatter + Egravity

The Vanishing Theorem states

Liz*(j¢)*<J£total,£> -0

SO
- / is*(jo)" (o, €) = / is* (jop)* (JEmmer )
> b
or 1
S8 =T e
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Consider a field theory coupled to gravity; write
Liotal = Lmatter + Egravity

The Vanishing Theorem states

/ i (j)* (JEmi ) = 0
X

SO
- [y e g = [isoy )
b >
or 1
8777'6%/&” = T“ng

The &*#, are thus the Noether conserved quantities for vacuum gravity
corresponding to Diff¢(X).
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Corollaries & Comments

@ Embeddings Diff;(X) — G usually exist [bundles of geometric
objects]
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objects]

@ T independent of the choice of embedding on shell [otherwise not
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group]
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Corollaries & Comments

@ Embeddings Diff;(X) — G usually exist [bundles of geometric
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Corollaries & Comments

@ Embeddings Diff;(X) — G usually exist [bundles of geometric
objects]

@ T independent of the choice of embedding on shell [otherwise not
necessarily symmetric or gauge-independent]

@ Diff(X) crucial here [as compared to translations or the Poincaré
group]

— uniqueness, correction terms

@ Higher derivative correction terms ~ D, E, ... are ‘hidden’ in the
symmetric part of 9 (Cp "' L4™)
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@ T is gauge-invariant on shell, i.e.,

(- ¢) =%(¢)

for all ‘internal’ gauge transformations n € G4
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@ T is gauge-invariant on shell, i.e.,
(n - ¢) =)
for all ‘internal’ gauge transformations n € G4

@ T only depends on the divergence equivalence class of £: € = 0 if
L is variationally trivial
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@ T is gauge-invariant on shell, i.e.,
(n - ¢) =)
for all ‘internal’ gauge transformations n € G4

@ T only depends on the divergence equivalence class of £: € = 0 if
L is variationally trivial

@ No metric—necessarily—in any of this!
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Example: Electromagnetism

With the nonstandard imbedding Diff;(X) — G described earlier
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Example: Electromagnetism

With the nonstandard imbedding Diff;(X) — G described earlier

I, = \/__g - JTFaﬁFaﬁé'uu - Fa'uAa,u — t',

MARK J. GOTAY (PIMS, UBC) STRESS-ENERGY-MOMENTUM TENSORS Warsaw, October, 2009 22/29



Example: Electromagnetism

With the nonstandard imbedding Diff;(X) — G described earlier

I, = \/__g - JTFaﬁFaﬁé'uu - Fa'uAa,u — t',

— For) — B
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Example: Electromagnetism

With the nonstandard imbedding Diff;(X) — G described earlier

I, = \/__g - JTFaﬁFaﬁ(s'uu - FauAa,u — t',

— FoR L, — B
+ FH o (A +Ay) «—C
+ FoR(A, o + A,m)] —C

gives the correct result.
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The Hilbert Formula

Theorem If the system is coupled to a metric g on X, then

c o oL
0Guw
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The Hilbert Formula

Theorem If the system is coupled to a metric g on X, then

c o oL
0Guw

Remarks:

@ g need not be gravity
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The Hilbert Formula

Theorem If the system is coupled to a metric g on X, then

oL

THY =
0Guw

Remarks:
@ g need not be gravity

@ X need not be the physical spacetime
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The Hilbert Formula

Theorem If the system is coupled to a metric g on X, then

oL

T =
0Guw

Remarks:
@ g need not be gravity
@ X need not be the physical spacetime

@ derivative couplings permitted
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Proof:

Covariance of £ under n € Diff¢(X) means
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Proof:

Covariance of £ under n € Diff¢(X) means
L(j(n - d,n-9)) = nL(jo,9)

Infinitesimally, this gives

oL
09w

(L) o+ Lag + La" |64, = 018" o+ 08 6" 6| — 2 g, = 0
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Proof:

Covariance of £ under 7 € Diff¢(X) means
L(j(n - d,n-9)) = nL(jo,9)
Infinitesimally, this gives

oL
09w

(L) o+ Lag + La" |64, = 018" o+ 08 6" 6| — 2 g, = 0

Use above expression for ¢4 and group; the coefficients of
&, 3 S

must individually vanish.
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Proof:

Covariance of £ under n € Diff;(X) means
L(j(n-¢,n-g)) = nL(j¢,Jg)
Infinitesimally, this gives

oL
09w

(L) o+ Lag + La" |64, = 018" o+ 08 6" 6| — 2 g, = 0

Use above expression for ¢4 and group; the coefficients of
é-‘u’ flu vy 5/-" UT)H

must individually vanish. After rewriting, get [at most second
derivatives in ¢4 for simplicity]:
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39:  DATLM =0
2 9, (DATLA") + CHPLYD = 0

oL

0G0

10 L% — LA'0 o+ LaBl + 0, (CLLA") — 25— Gar = O
0":  La+0,(BiLa") =0

and compare with what went before.
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Remarks

@ 1% gives the Hilbert formula
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Remarks

@ 1% gives the Hilbert formula

e 0" «— V,%#, = 0. Einstein’s equations not necessary for this.
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Remarks

@ 1% gives the Hilbert formula
e 0" «— V,%#, = 0. Einstein’s equations not necessary for this.

@ 3" & 2" are used to prove the main theorem stated previously.
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Examples:

@ Relativistic Free Particle
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Examples:

@ Relativistic Free Particle

In the usual 1 x 1 formulation (‘material representation’), with
X =R, the scalar ¥ = 0 as the system is parametrized.
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Examples:

@ Relativistic Free Particle

In the usual 1 x 1 formulation (‘material representation’), with
X =R, the scalar ¥ = 0 as the system is parametrized.

But in the 4 x 4 formulation (‘inverse material representation’),
with X being Minkowski spacetime, and z : R — X the particle
placement field, < is the kinetic tensor

abpn [ Z2NZPN) 4
o (X)_/Rllé(A)ll 54(x — z(\)) dA.
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@ (Abelian) Chern—-Simons

Xis a3-manifold, Y = T*X and £L = dA A A.
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@ (Abelian) Chern—-Simons

X is a3-manifold, Y = T*X and £L = dAA A. Then

TH, = " PA,F .5
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@ (Abelian) Chern—Simons

Xisa3-manifold, Y = T*X and £L = dAA A. Then
Ty, = A, Fop

» Note that ¥ vanishes on shell (viz., when F = 0) — TFTs have no
local physics
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@ (Abelian) Chern—Simons

Xisa3-manifold, Y = T*X and £L = dAA A. Then
Ty, = A, Fop

» Note that ¥ vanishes on shell (viz., when F = 0) — TFTs have no
local physics

» But there is global physics:

//z(/A /(gJA

for £ € X(X), not just X-(X)! The RHS is ‘topological
energy-momentum at infinity’
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@ Vacuum gravity
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@ Vacuum gravity

Of course
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@ Vacuum gravity

Of course

1

» Gravitational energy can’t be localized

» No pseudo-tensors

MARK J. GOTAY (PIMS, UBC) STRESS-ENERGY-MOMENTUM TENSORS Warsaw, October, 2009 29/29



@ Vacuum gravity

Of course

1

» Gravitational energy can’t be localized
» No pseudo-tensors

» In Schwarzschild, the boundary term gives the Komar mass
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