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INTRODUCTION 

The appl icat ion of the Kostant-Souriau method of  quant izat ion I to homogeneous 

cosmologies enables us to study two important problems of theoret ical  physics: ( I )  

the compat ib i l i t y  of g rav i ty  and quantum theory, and (2) the usefulness of the K-S 

procedure for  quantizing classical  systems. The K-S technique is an important tool 

for  studying quantum grav i ty  since (as we show) i t  quantizes some grav i ta t iona l  

systems which cannot be eas i ly  handled by t rad i t i ona l  methods. The homogeneous 

cosmologies, on the other hand, are in terest ing systems for  test ing the K-S method 

as they are simple, yet non t r i v ia l  and in some sense phys ica l ly  r e a l i s t i c .  

The homogeneous cosmologies 2 have long been used in studies of the quant izat ion 

of g rav i ty ,  since t he i r  phasespaces are f in i te -d imens iona l .  By using them instead 

of general spacetime models, we can set aside the d i f f i c u l t i e s  inherent to systems 

with an i n f i n i t e  number of degrees of freedom, and focus instead on problems 

associated with the choice of gauge, the constra ints ,  and the non l inear i t i es  of 

Einste in 's  theory. These problems are severe w i th in  the t rad i t i ona l  quant izat ion 

schemes: (a) I f  we make no choice of gauge, we have a vanishing Hamiltonian. I t  

can only generate quantum evolut ion via some Klein-Gordon perspective with i t s  

attendant complications; (b) I f  we do choose a gauge then the Hamiltonian tends to 

be time-dependent, non-commuting for  d i f f e ren t  times, and square root in form. The 

Schrodinger equation is then nearly impossible to solve; (c) D i f fe rent  choices of 

gauge give us various (usual ly  inequivalent)  quantizations~ (d) Factor-ordering 

ambiguities also lead to d i f fe ren t  quantum systems. 

While the K-S quant izat ion procedure avoids some (and perhaps a l l )  of these 

problems, i t  introduces a few new ones. In pa r t i cu la r ,  for  a given c lassical  

system there may ex is t  more than one of each of the necessary prequantizat ion l i ne  

bundles, metaplectic frame bundles, and quantum H i lbe r t  spaces. We thereby obtain 

inequivalent  quant izat ions. Further ambiguities are introduced due to the freedom 

in the choice of po la r iza t ion .  However, unl ike t he i r  counterparts in canonical 

quant izat ion schemes, the inequivalent~quant izat ions of the K-S method can be 
v 

c lass i f i ed ,  at least p a r t i a l l y ,  by spec i f ic  Cech cohomology classes. This 

c l a s s i f i c a t i o n ,  however, does not apply to the a l ternate choices of po lar iza t ion .  

Nor does i t  in any way indicate which one of the possible quantizat ions is 

"phys ica l ly  correct . "  

CLASSICAL RW¢ MODELS 

The "RW~" model cosmologies - -  Robertson-Walker spacetimes containing a Kle in-  

Gordon scalar f i e l d  coupled to grav i ty  - -  are of special in teres t  as they are the 

simplest cosmologies which are dynamically n o n t r i v i a l .  The classical  system 

corresponding to the RW~ universe, described by the metric 
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ds 2 = _ N 2 ( t ) d t Q d t  + R2( t )g i j  o i Q o  j ,  

cons is ts  of  a 6-dimensional phasespace T*R 3, a symplect ic  form 

= h-l(d~N A dN + d~ R A dR + d~¢ A de), (I) 

a Hami l tonian 
H NK N{14~ ~ 1 2 1 22 3, . . . . .  ~ + 6KR - ~ m ¢ R ~, (2) ~R s ¢ 

and the set  of  cons t ra in t s  

~N = 0 , K = O. (3a, b) 

Here ¢ is the sca la r  f i e l d  w i th  mass m, and h is  Planck 's constant .  

The vanishing Hami l tonian i nd i ca tes  tha t  the system is  in parameter ized form, 

and the re fo re  admits reduct ion v ia "choice of  t ime. ''2 This is e f fec ted  by spec i -  

fy ing  t as a func t ion  o f  the canonical va r i ab l es ,  so lv ing  the cons t r a i n t  (3b) in 

the form K = ~ t  ÷ H = O, and then e l i m i n a t i n g  the redundant va r i ab les .  One obta ins 

a two-dimensional phasespace M w i t h  Hami l tonian H = - ~t" There are many poss ib le  

choices o f  t ime,  i nc lud ing  t = R, t : ~R and t = ¢. We are studying the geometr ic 

quan t i za t i on  o f  a l l  o f  these, as wel l  as tha t  of  the unreduced (parameter ized)  

system i t s e l f .  Here, we r e s t r i c t  our a t t e n t i o n  to one s o e c i f i c  reduc t ion .  

GEOMETRIC QUANTIZATION OF INTRINSIC-TIME MODEL 

I f  we choose an " i n t r i n s i c - t i m e "  gauge t = R, and carry  through the standard 

reduc t ion ,  we ob ta in  a 2-dimensional phasespace M [coord ina tes  ( ¢ , ~ ) ] .  The 

symplect ic  s t ruc tu re  on M is  m = h-ld~¢ A de, and the unconstrained Hami l tonian is  

1 2  1 2 3 2 6Kt) ] 1/2 " H [24t(--~¢ + ~m t ¢ - 
2t 

Choosing K : -1 or  0 to ensure tha t  H is  w e l l - d e f i n e d ,  and t r e a t i n g  t s imply as a 

parameter,  we see tha t  in the massless case th i s  system resembles a f ree p a r t i c l e ,  

wh i le  in the massive case i t  mimics a harmonic o s c i l l a t o r .  

In the massless case, the phasespace can be taken to beR 2 and the s implest  

choice o f  the p o l a r i z a t i o n  P (which d iagona l i zes  H) is the hor i zon ta l  p o l a r i -  

za t i on .  I t  fo l l ows  tha t  the p requan t i za t ion  l i n e  bundle L, the metap lec t i c  frame 

bundle, and the bundle o f  I /2 - fo rms  NI/2(P) must be t r i v i a l .  The corresponding 

quantum p r e - H i l b e r t  space consis ts  o f  compactly supported (modulo P) sect ions o f  

L QN1/2(P) of  the form: 

= f(~¢)exp[(-i/~)~¢¢].v, 

where f is  a r b i t r a r y ,  and ~ is  the appropr ia te  I / 2 - f o rm .  

Since the p o l a r i z a t i o n  d iagona l izes  H, the Hami l tonian opera to r  on our H i l b e r t  

acts s imply by m u l t i p l i c a t i o n  ~H~ = H.~. This opera to r  commutes f o r  d i f f -  space 

erent  t imes,  and we can solve the Schordinger equat ion by expanding in an evo lv ing 

complete set  of  energy e igenfunct ions {~E(t)} .  These e igensta tes  s a t i s f y  

t E(s)dS]~E(to ) , where ~H(to)~E(to) = E(to)~E(to) . From (4 ) ,  we ~E(t) = exp~ ft° 

f i nd  t ha t  
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2 
~E(t ) = f(~@)exp[(-i/~)~@]~(24to {(~t /(2t~) - 6Kto} - E2(to))'v 

o 

and that the spectrum of H2(to ) is (-144Kt~ - , 
Blyth and Isham have quantized this system in the coordinate representation 

using canonical techniques. 3 We have demonstrated that the difference between 

their approach and ours l ies in the choice of polarization only. Using the BKS 

transform we have shown that the K-S results are in exact agreement with theirs. 

Blyth and Isham (or anybody else, to our knowledge) have not been able to 

quantize in the massive case because the canonically quantized Hamiltonian operator 

does not commute for different times. A major advantage of geometric quantization 

is that i t  allows one to quantize using a Hamiltonian polarization (that is, one 

which contains the Hamiltonian vectorfield of H), in which the K-S version of this 

operator does commute for al l  times. 

Taking M= R2-{O} in the massive case (so that the Hamiltonian polarization is 

well-defined), the prequantization l ine bundle is s t i l l  unique (and t r i v i a l ) ,  but 

now there are two metalinear frame bundles for every polarization. Following 

Simms,l we find that the quantum Hilbert soace. (in either case) must be identi f ied 

with the cohomology group H I(M,SP) [since HO(M, Sp) = 0], where Sp is the sheaf of 

germs of covariantly constant sections of L QN1/2(P). Expl ic i t ly ,  the state 

functions corresponding to the t r i v i a l  metalinear frame bundle take the form 

= [n~O f(n)eine]'v" where n ranges through the positive integers, f is an 

arbitrary (c2-bounded) function of n, v is the appropriate !/2-form, and e is re- 

lated to the original coordinates on phasespace by 
1 62 62 0 =~ln[(~-it m ~)/(~+it m ~)]. 

For the other metalinear structure, which is a bundle over R2-{O} with one 

"twist ,"  the wave functions take a similar form; but now n =1/2 , 3/2, "'" 
For both quantizations, the Hamiltonian is "diagonal". Thus the Hamiltonian 

operator commutes for dif ferent times, and the Schrodinger equation can be solved. 

Unlike the (evolving) energy eigenstates of the massless case, however, those in 

the massive case are energy quantized. For the t r i v i a l  metalinear frame bundle 

2 Fnt6m 2 6t4K]1/2. 
~n ct) = T V~ ~ - 

The eigenvalues for the nontrivial structure are obtained by replacing n by n + 1/2. 
The physical implications of these quantizations are presently under study. 

Ne are also comparing these quantizations with those obtained via di f ferent choices 

of polarization and time gauge. 
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