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for Reduction

MARK J. GOTAY* and G1JS M. TUYNMAN**
Mathematical Sciences Research Insiitute, 1000 Centennial Drive, Berkeley, CA 94720, U.S.A.

(Received: 13 December 1988)

Abstract. We show that R? with its standard symplectic structure is ‘universal” in that, subject to a mild
topological restriction, essentially all symplectic manifolds can be obtained from it by reduction.
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1. Introduction

Let {M, ) be a symplectic manifold and let N be a submanifold. Suppose that the
pullback wy of w to N has constant rank and that its characteristic distribution
ker w, is fibrating. Set M, = N/(ker ,); it inherits the structure of a symplectic
manifold from N. We say that M, is the reduction of M by N.

Many interesting symplectic manifolds arise via reduction [1]. Here we show that
essentially all symplectic manifolds can be obtained in this way. To this end, we say
that a closed k-form Q on a manifold @ has finite integral rank if its de Rham class
[Qe HXQ, R) lies in H*(Q, Z) ® R. Then we prove:

THEOREM 1. Every symplectic manifold (Q, Q) with Q of finite integral rank can be
realized as a reduction of some R* with its standard symplectic structure.

Thus, R™ is universal for symplectic geometry insofar as reduction is concerned.

An important instance of reduction is when N is a level set of the momentum
map for a Hamiltonian action of a Lie group on M (Marsden—-Weinstein reduction
[2]). In this context, we have the following result:

THEOREM 2. Every noncanonical cotangent bundle (T™*Q, d8, + 138)), with Q a
closed 2-form on Q of finite integral rank, can be obtained by a Marsden—Weinstein
reduction of some R* with its standard sympleciic structure relative io the Hamilton-
ian action of a connected Abelian Lie group.

We emphasize that the ‘finite integral rank’ condition in Theorems 1 and 2 is
nearly always satisfied. In particular, if @ is of finite type then, by the universal
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coeflicient theorem H*(Q, R) = H*(Q, Z) ® R so that every closed k-form has finite
integral rank. Since all well-behaved manifolds are of finite type, it is clear that this
is a very minor restriction.

2. Proof of Theorem 1

If @ is a manifold, then 6, will denote the canonical 1-form on 7*Q and
Tp: T*Q — @ the cotangent projection. We call (T*(, df,) a canonical cotangent
bundle. If Q is any closed 2-form on @, then (T*Q, dfi, + 13} is also symplectic;
we refer to this as a noncanonical cotangent bundle. When Q =R”", we write
(T*Q, d8,) =(R™, d8,) and denote the cotangent projection R - R” by 1,,.

The proof will proceed in three stages, in which we successively realize compli-
cated symplectic manifolds as reductions of simpler ones. In the first stage, we show
that any symplectic manifold arises as a reduction of a noncanonical cotangent
bundle. In the second stage, we realize certain noncanonical cotangent bundles as
reductions of canonical ones. In the last stage, we demonstrate that every canonical
cotangent bundle can be obtained by reducing some R*" with its standard symplec-
tic structure. To finish the proof, we combine these three reductions into a single
one.

(1) If (2,Q) is symplectic then, since the zero section Z; is a symplectic
submanifold of (T™*Q, df, + t3Q), we have that (Q, Q) is canonically symplecto-
morphic to the reduction of (T*Q, df, + T3Q) by Z,,.

(2} In this step we utilize a “toral’ generalization of the prequantization proce-
dure of Kostant and Souriau [3]; for this we need the finite integral rank
assumption.

Let € be a closed (but not necessarily nondegenerate) 2-form on Q. Suppose that
2 is of finite integral rank so that there exist integral closed 2-forms ¢, . . ., ¢, and
real constants u,, ...,y such that Q= u,e, + - + e,

Now, according to the prequantization construction, the integrality of each c,
guarantees the existence of a principal T'-bundle p;: P, » @ with connection a,
whose curvature da, satisties do, = p}*c,. Perform this construction for every
i=1,...,k and let p: P—Q be the fiber product of the corresponding P;. It is a
principal T*-bundle with connection o« =(a,,...,%) and curvature da =
(p*eis. .., p*e)

The cotangent lift of the T*-action on P to (T*P, d8,) is a symplectic action with
canonically defined momentum map J: T*P — R* given by J(f) = (B(&)), ..., BED)
for e T*P, where &, is the fundamental vector field for the T*-action on P defined
by #;({,) = d,. By the cotangent bundle reduction theorem [1, 4], it follows that
(T*P,d8,) reduced by the coisotropic submanifold J~'(y,, ..., ) is symplecto-
morphic to (T*Q, df, + 15(p,¢; + - - + ). Thus we have proved Proposition 3.

PROPOSITION 3. Provided S} is of finite integral rank, every noncanonical cotan-
gent bundle (T*Q,d6, + 15Q) arises as a Marsden—Weinstein reduction of some
canonical cotangent bundle (T*P, 40,) relative to a Hamiltonian torus action.
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REMARK. In general, for each i neither P, nor a; (and hence neither P nor x) is
unique. Nonetheless, for a fixed choice of (P, «), the proof of the cotangent bundle
reduction theorem shows that the identification of the reduced space with
(T*Q, d0, 4 759Q) is canonical.

(3) This can be accomplished using the notion of ‘holonomic constraints’
familiar from mechanics [1]. Take any embedding P —R” for some appropriate n,
and obscrve that (T*P, d6,) is symplectomorphic to the reduction of (R?", d§,) by
the coisotropic submanifold t, '(P).

To prove Theorem 1, it suffices to consolidate these steps. The following result
shows how this can be done.

PROPOSITION 4. Suppose the symplectic manifold (M, ,, ®,, ) is the reduction of
the symplectic manifold (M,, w,) by the submanifold N, c M,; let =, N, > M, | be
the canonical projection. Then M, is the reduction of M, by ny (N)).

The proof is routine.

3. Proof of Theorem 2

From Proposition 3 we know that (T*Q, d6,, + t3Q2) can be realized as a Marsden-
Weinstein reduction of (T*P, d6,) relative to a T*-action, where P is a principal
T-bundle over Q. To obtain this noncanonical cotangent bundle directly as a
Marsden—Weinstein reduction of some R>", we must first provide a group theoretic
version of the third stage in the above and then appropriately combine the resulting
Marsden-Weinstein reduction with that of the second stage.

We prepare several lemmas. Let N be a submanifold of a manifold M; #(N) will
denote the ideal in C*(M) of all funclions vanishing on N. We say that .#(N) is
generated by f,.....fieA(N) over C*(M) if for ull gef(N) there exist
ho..., heC*(M) such that g =X!_ | h.f.

LEMMA 5. #(N) is generated by f,,....f, over C*(M) iff the following two
conditions hold:

(i) N ={meM |f,(m)=0 for all i}.
{i) For all meN, rk(df,(m), ..., df,(m)) =codim N.

Proof. Elementary. |

LEMMA 6. Let N be a closed submanifold of M. Then F(N) is finitely generated
over C*(M).

Proof. By the tubular neighborhood thecrem, there exists an open neighborhood
V of N in M which can be identified with an open neighborhood of the zero section
of the normal bundle v: v(N¥) = N of N in M. By Lusternik—Schnirelmann theory [ 3]
there exists a finite open cover {U/\,..., U, |r <dim N + 1} of ¥ by contractible
(in N) sets. Foreacha=1,...,r, set M, =v "(U) V. As U, is contractible in
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N, v=Y(U,) 1s trivial; it follows that each ideal #(N n M,) is finitely generated over
C™(M,) by the coordinate functions {x,; |i =1, ..., codim N} along the fibers of v.

We now use a partition of unity to extend the locally defined generators of each
F(Nn M, to all of M. If we set My= M\N, then {My, M,, ..., M,} is a finite
open cover of M and #(NnM,) is finitely generated over C*{M,) for each
a=0,1,...,r. (For « =0, 1 is a generator because N M,=0.) Let {o,} be a
partition of unity subordinate to the cover {M,}. Then, using Lemma 5, it is
straightforward to check that {g,, @,x,, | «=1,...,r,i=1,...,codim N} gener-
ates J(N) over C*(M). O

Now apply this result to the (closed) embedding P — R” of the third stage in the
proof of Theorem 1, thereby obtaining a finite set of generators f,. .., f, for #(P)
over C*(R"). Set F, =1}, for each i and consider the Hamiltonian vector fields of
the F, on R, Since these vector fields generate translations along the fibers of 1,
they commute and are complete. Hence, their flows define a symplectic R'-action on
R* with momentum map F: R - R’ given simply by F = (F,, ..., F). It follows
that the Marsden-Weinstein reduction F~'(0)/R! of R* by F~'(0) is symplecto-
morphic to (T*P, di,).

To combine this Marsden-Weinstein reduction with that of Proposition 3, it is
necessary to extend the torus action on P to the ambient space. We appeal to a
theorem of Mostow and Palais [6, 7] which states that P with its free T*-action can
be equivariantly embedded as a closed invariant submanifold of an orthogonal
representation space for TX. By choosing n appropriately, we may assume that this
representation space is the same R” that appears above. Moreover, we need the
following lemma.

LEMMA 7. .#(P) is finitely generated over C™(R"™) by Tr-invariant functions.
Proof. Let K = R" be the set of all points where T* acts freely; K is open and
dense. Since T* is compact, K/T* is a manifold and =: K - K/T* is a submersion.
Now P is a closed invariant submanifold of K so o{P) = { is a closed submanifold
of K/T*. By Lemma 6, #(Q) is finitely generated over C*(K/T*), say by
£,....8_, for some [/ Again by the invariance of P, the pullbacks
n¥*g,, ..., w¥g,_, are invariant genegrators of F(P) over C™(K), but we are not
guaranteed that they will extend to smooth functions on R". To remedy this, let
{yr;,¥,} be a T*-invariant partition of unity subordinate to the open cover
{K, R"\P} of R". Then using Lemma 5 it follows that {ys,n*g,, ¥, |i=1,...,/—1}
comprise an invariant set of generators for .#(P) over C*(R"). |

We are now ready to prove Theorem 2. The cotangent lift of the torus action on
R" to R?" is symplectic with a canonically defined momentum map which we still
denote by J. On the other hand, we have a symplectic R-action on R** with
momentum map F. By Lemma 7, we may suppose that the £, (and hence F) are
T*-invariant, so that the R'-action commutes with the T*-action. Thus we obtain a
symplectic action of T* x R’ on R?" with momentum map J x F. It then follows
from the group theoretic analogue of Proposition 4 that the Marsden—Weinstein
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reduction (J x F) "(u), ..., i, 0)/T* x R’ is symplectomorphic to (7*Q, d6, +
15Q) (see also Theorem 2 in [2]).

REMARK. Unfortunately, we are unable to obtain a group theoretic interpreta-
tion of the first stage in the proof of Theorem 1, at least not without additional
structure {(e.g., (@, Q) is completely integrable). In any case, one would not expect
to be able to combine such a Marsden—Weinstein reduction with that of Theorem
2 to obtain (Q, Q) as a single Marsden-Weinstein reduction of some R?". In fact,
determining which symplectic manifolds arise via a Marsden—Weinstein reduction
of some R?" appears to be a difficult open problem.
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