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Overview:

| develop some basic CFT from a covariant viewpoint, including:

@ Geometry of the jet bundle and the Euler—Lagrange equations
(analogous to that of the tangent bundle & the Lagrange equations
in mechanics)
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Overview:

| develop some basic CFT from a covariant viewpoint, including:

@ Geometry of the jet bundle and the Euler—Lagrange equations
(analogous to that of the tangent bundle & the Lagrange equations
in mechanics)

@ Multisymplectic geometry (analogous to the geometry of the
cotangent bundle)

@ Conservation laws and Noether’s theorem using covariant

momentum maps (generalizing the concept of momentum map
familiar from mechanics)
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Two Viewpoints:

e Instantaneous or (“3+1”) — dynamics described in terms of
the infinite-dimensional space of fields at a given instant of
time, whereas
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Two Viewpoints:

e Instantaneous or (“3+1”) — dynamics described in terms of
the infinite-dimensional space of fields at a given instant of
time, whereas

e Covariant (or multisymplectic) — dynamics described in
terms of the finite-dimensional space of fields at a given
event in spacetime.
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Two Viewpoints:

e Instantaneous or (“3+1”) — dynamics described in terms of
the infinite-dimensional space of fields at a given instant of
time, whereas

e Covariant (or multisymplectic) — dynamics described in
terms of the finite-dimensional space of fields at a given
event in spacetime.

Both are useful and have their own advantages.
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Covariant Configuration Bundle Y

e X is oriented (n+ 1)-dimensional “spacetime”
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Covariant Configuration Bundle Y

e X is oriented (n+ 1)-dimensional “spacetime”

e mxy : Y — X is the covariant configuration bundle, with fiber
Y, over x € X
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Covariant Configuration Bundle Y

e X is oriented (n+ 1)-dimensional “spacetime”

e mxy : Y — X is the covariant configuration bundle, with fiber
Y, over x € X

@ Sections ¢ : X — Y are the physical fields
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Covariant Configuration Bundle Y

e X is oriented (n+ 1)-dimensional “spacetime”

e mxy : Y — X is the covariant configuration bundle, with fiber
Y, over x € X

@ Sections ¢ : X — Y are the physical fields
e Compare Y =R x Q — R in (time-dependent) mechanics

e Coordinates (x*,y*) = (x°, x',....x" y', ...,y on Y.

@ Conventions
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Bosonic String:

— Polyakov formulation
— (X, h) is a 2-dimensional spacetime

— (M, g) is a (d + 1)-dimensional spacetime
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Bosonic String: J

— Polyakov formulation

— (X, h) is a 2-dimensional spacetime

— (M, g) is a (d + 1)-dimensional spacetime

— Strings are maps ¢ : X — M (i.e., sections of X — X x M)

— Think of ¢ as being an M-valued scalar field on X
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The Jet Bundle JY

For first order theories:

@ Jy Y ={[¢]| #1 = ¢ at X iff ¢1(X) = ¢2(X) and Txpy = Tyepo}
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The Jet Bundle JY

For first order theories:

© Y = {[¢] | $1 = ¢2 at X iff $1(x) = d2(x) and Txd1 = T2}
@ JY — Y is an affine bundle, with fiber over y € Y being

JyY: {’Y € L(TXX7 TyY) ’ TWX,YO’)/ = Idex}
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The Jet Bundle JY

For first order theories:

© Y = {[¢] | $1 = ¢2 at X iff $1(x) = d2(x) and Txd1 = T2}
@ JY — Y is an affine bundle, with fiber over y € Y being

JyY: {’Y € L(TXXa TyY) ’ TWX,YO’)/ = IdTXX}

@ Underlying vector bundle has fiber

L(TxX,VyY)={ye L(TxX, T, Y)| Tnxyovy =0}
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The Jet Bundle JY

For first order theories:

© Y = {[¢] | $1 = ¢2 at X iff $1(x) = d2(x) and Txd1 = T2}
@ JY — Y is an affine bundle, with fiber over y € Y being

JyY: {’7 € L(TXXa TyY) ’ TWX,YO’)/ = IdTXX}

@ Underlying vector bundle has fiber

L(TxX,VyY)={ye L(TxX, T, Y)| Tnxyovy =0}

@ Coordinates on JY are (x*, yA,vB,)
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@ The jet prolongation of ¢ : X — Y'is j¢ : X — JY given by
X = Txo
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@ The jet prolongation of ¢ : X — Y'is j¢ : X — JY given by
X = Txo

@ In coordinates, jo¢ is

xP i (xH, A (xM), 8, 0(x*))
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@ The jet prolongation of ¢ : X — Y'is j¢ : X — JY given by
X Tx¢

@ In coordinates, jo¢ is

xP i (xH, A (xM), 8, 0(x*))

@ A section X — JY is holonomic provided it’s of the form j¢ for
some¢: X —=Y
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@ The jet prolongation of ¢ : X — Y'is j¢ : X — JY given by
X Tx¢

@ In coordinates, jo¢ is
X (xt, A1), B, 0(x"))
@ A section X — JY is holonomic provided it’s of the form j¢ for
some¢: X —=Y

@ Compare mechanics: JY ~ R x TQ
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The Dual Jet Bundle

@ JY* is the affine dual of JY
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The Dual Jet Bundle

@ JY* is the affine dual of JY

@ lts fiber over y € Yy is
{affine maps J, Y — AJT1X}

Use affine maps as JY is an affine bundle.
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The Dual Jet Bundle

@ JY* is the affine dual of JY

@ |ts fiber over y € Yy is
{affine maps J, Y — AJT1X}
Use affine maps as JY is an affine bundle.
@ Fiber coordinates on JY* — Y are (p, pa*), corresponding to the

affine map
VA, — (p+ pa"vA,)d™ x

where
d™x =adx® Adx' Ao A dX
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The Dual Jet Bundle

@ JY* is the affine dual of JY

@ |ts fiber over y € Yy is
{affine maps J, Y — AJT1X}
Use affine maps as JY is an affine bundle.
@ Fiber coordinates on JY* — Y are (p, pa*), corresponding to the

affine map
VA, — (p+ pa"vA,)d™ x

where
d™x =adx® Adx' Ao A dX

@ JY* is a vector bundle.

@ In mechanics, JY* =~ T*"R x T*Q
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Alternate description:

Proposition: JY* ~ Z, where

Z, ={zeN""Y |iyiyz=0forall v,w e V, Y}.
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Alternate description:

Proposition: JY* ~ Z, where

Z,={ze 'Y |iyiyz =0forall v,w € V, Y}.

@ z ¢ Z takes the form
z = pdn+1x+pA/,LdyA A anM

where d"x, = 0, J d"x.
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Alternate description:

Proposition: JY* ~ Z, where

Z,={ze 'Y |iyiyz =0forall v,w € V, Y}.

@ z € Z takes the form
z =pd™'x + patdy” A d"x,
where d"x, = d,, 1 d™x.
@ Intrinsically, the isomorphism 9 : Z — JY* is
(0(2),7) ="z € AT X

where z € Z,, v € Jy Y and x = mxy(y).
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Canonical forms: J

@ Since Z is a bundle of (n+ 1)-forms, it carries a tautological
(n+ 1)-form © defined by

O(2) = myz2z
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Canonical forms: )

@ Since Z is a bundle of (n+ 1)-forms, it carries a tautological
(n+ 1)-form © defined by

O(2) = myz2z

@ In coordinates,

© = patdy” A d"%, + pd™'x
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Canonical forms: )

@ Since Z is a bundle of (n+ 1)-forms, it carries a tautological
(n+ 1)-form © defined by

@ In coordinates,

© = patdy” A d"%, + pd™'x

@ O is the multi-Liouville form, Q = —d© is the multisymplectic form.
(Z,9Q) is the covariant or multi- phase space.
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Remarks: )

@ The affine terms pd"*'x in Z and © are crucial; they are
responsible for

» the existence of canonical forms

MARK J. GOTAY (PIMS, UBC) MOMENTUM MAPS & CLASSICAL FIELDS Olomouc, August, 2009 11/29



Remarks: )

@ The affine terms pd"*'x in Z and © are crucial; they are
responsible for

» the existence of canonical forms

» incorporating the superhamiltoian into the multimomentum map
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» the existence of canonical forms

» incorporating the superhamiltoian into the multimomentum map
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Remarks: )

@ The affine terms pd"*'x in Z and © are crucial; they are
responsible for

» the existence of canonical forms

» incorporating the superhamiltoian into the multimomentum map
@ —pis the covariant Hamiltonian; the ps* are multimomenta
@ General multisymplectic geometry?

@ Poisson brackets?
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Bosonic String:

— Coordinates on JY: (x*, ¢*, hyp, 0™y Bopyt)
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Bosonic String:

— Coordinates on JY: (x*, ¢*, hyp, 0™y Bopyt)

— Coordinates on Z: (x*, ¢*, hy,, p, pa*, p”°*)
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Lagrangian Dynamics

The Lagrangian density:

@ L:JY — NH1X
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Lagrangian Dynamics

The Lagrangian density: J

o L:JY — N'T1X
@ In coordinates £ = L(x*,y*, vA,)d" 1 x.

@ No regularity assumption on £; it would fail in almost all examples
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The Legendre transformation:

@ FL:JY — JY* defined by

(FE().7') = £0) + £y +<(o — ) emo
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The Legendre transformation: J

@ FL:JY — JY* defined by

(FE(),') = £2) + L0+ 0" =) | o

@ In coordinates

and p= L—a—LvA“

pat =
ovA,

A
ovA,
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The Cartan form:

o O = (FL)*©
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The Cartan form

e O, = (FL)*®

@ In coordinates

oL
Oc= ovA,

dy* A d"x, + (L -
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The Cartan form: )
@ O, =(FL)©
@ In coordinates
O = aiﬁ“ dy® A d"x,, + <L — ai—ﬁuv/‘ﬂ) d™x.
@ Cool fact: L(jo) = (jo)*©r
MARK J. GOTAY (PIMS, UBC)  MOMENTUM MAPS & CLASSICAL FIELDS Olomouc, August, 2009 15/29



The Euler—Lagrange equations:

The following are equivalent. For a section ¢ : X — Y,

@ ¢ is a critical point of the action

Ag) = /X £(jé)
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The Euler—Lagrange equations: )

The following are equivalent. For a section ¢ : X — Y,

@ ¢ is a critical point of the action

Ag) = /X £(jé)

@ For all vector fields £ on JY,

jo* (€1 dOL) =0
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The Euler—Lagrange equations: )

The following are equivalent. For a section ¢ : X — Y,

@ ¢ is a critical point of the action

Ag) = /X £(jé)

@ For all vector fields £ on JY,

jo* (€1 dOL) =0

@ In coordinates

oL ,. 0 oL .
5309 = g (ga-ie) ) =0
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Bosonic String:

The Lagrangian is the (negative of the) energy:

1
L= —5\/—hh"pgABvAg vB,d?x
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Bosonic String:

The Lagrangian is the (negative of the) energy:

L= —%\/—hh"pgABvAg vB,d?x

@ The Legendre transform is
pat = —vV—hh"gagv®,

PP = 0

1
p = §v_hhMVgABVA,uVBI/
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Bosonic String: |

The Lagrangian is the (negative of the) energy:

L= —%\/—hh"pgABvAU vB,d?x

@ The Legendre transform is
pat = —vV—hh"gagv®,

PR = 0
’
p = 35V —hh" gagv? VB,

@ So the Cartan form is
©,=+v—-h <—h’“’gABvByd¢A Ad'x, + %\/—hhw/gABvA,,vBydzx) .
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The E-L equations §L/5¢” = 0 and §L/5h,s = 0 are
(M 9a8(9)8° ) = O (1)

<%x/—_hnﬂ”gAB(¢)¢A,u¢B,u) hag = geo(#)6°ad®s ()
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The E-L equations §L/5¢” = 0 and §L/5h,s = 0 are
(M 9a8(9)8° ) = O (1)

<%x/—_hnﬂ”gAB(¢)¢A,u¢B,u) hag = geo(#)6°ad®s ()

@ (1) is the harmonic map equation for ¢
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The E-L equations §L/5¢” = 0 and §L/5h,s = 0 are
(" 9as(¢)¢® 1)y = O (1)
1
(5VAraa(0)6,0%, ) oy = Geol@)s®ud®s (2
@ (1) is the harmonic map equation for ¢

@ (2) does two things:

» it says his conformally related to ¢*g: A2h,5 = (¢*9)as,
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The E-L equations §L/5¢” = 0 and §L/5h,s = 0 are
(" 9as(¢)¢® 1)y = O (1)
1
(5VAraa(0)6,0%, ) oy = Geol@)s®ud®s (2
@ (1) is the harmonic map equation for ¢
@ (2) does two things:
» it says his conformally related to ¢*g: A2h,5 = (¢*9)as,

» and it determines the conformal factor: A2 = 1h** gag(¢)d? .08,
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Covariant Momentum Maps & Noether's Theorem
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Covariant Momentum Maps & Noether's Theorem

Suppose 7 is an automorphism of Y, covering a diffeomorphism of X.
We may lift n to an automorphism of various bundles over Y.
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Covariant Momentum Maps & Noether’s Theorem

Suppose 7 is an automorphism of Y, covering a diffeomorphism of X.
We may lift n to an automorphism of various bundles over Y.

@ Jet prolongations: nyy := jny : JY — JY defined by

noy(v) = Ty oyo Ty ™
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Covariant Momentum Maps & Noether’s Theorem

Suppose 7 is an automorphism of Y, covering a diffeomorphism of X.
We may lift n to an automorphism of various bundles over Y.

@ Jet prolongations: nyy := jny : JY — JY defined by

noy(v) = Ty oyo Ty ™

@ Canonical lifts: nz : Z — Z defined by

1z(2) = (ny)«(2)
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Covariant Momentum Maps & Noether’s Theorem

Suppose 7 is an automorphism of Y, covering a diffeomorphism of X.
We may lift n to an automorphism of various bundles over Y.

@ Jet prolongations: nyy := jny : JY — JY defined by
nay(v) = Ty oyo Tnx ™!
@ Canonical lifts: nz : Z — Z defined by

1z(2) = (1v)«(2)

Proposition
Canonical lifts are special covariant canonical transformations:

179 =©
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Multimomentum Maps )

Suppose G is a Lie group of automorphisms of Y (not necessarily
finite-dimensional).
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Multimomentum Maps J

Suppose G is a Lie group of automorphisms of Y (not necessarily
finite-dimensional). If G acts by covariant canonical transformations (or
multisymplectomorphisms), a covariant momentum map (or
multimomentum map) for this action is a map

J: Z—-g"oN'Z=1LgN2Z)
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Multimomentum Maps J

Suppose G is a Lie group of automorphisms of Y (not necessarily
finite-dimensional). If G acts by covariant canonical transformations (or
multisymplectomorphisms), a covariant momentum map (or
multimomentum map) for this action is a map

J: Z—-g"oN'Z=1LgN2Z)
such that

aJ(§) =&z 1 Q

Here ¢ is the infinitesimal generator on Z corresponding to
¢ € g = Lie(G).
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Multimomentum Maps J

Suppose G is a Lie group of automorphisms of Y (not necessarily
finite-dimensional). If G acts by covariant canonical transformations (or
multisymplectomorphisms), a covariant momentum map (or
multimomentum map) for this action is a map

J: Z—-g"oN'Z=1LgN2Z)
such that
€)=z 10
Here ¢ is the infinitesimal generator on Z corresponding to
¢ € g =Lie(9).

J intertwines the group action with the multisymplectic structure via the
above equation.
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Proposition
If G acts by special covariant canonical transformations, then

JE) =210

is a special covariant momentum map.
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Proposition
If G acts by special covariant canonical transformations, then

JE) =210

is a special covariant momentum map.

@ Indeed, dJ(&) = di,© = (g, — i, d)© = ic, 2.
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Proposition
If G acts by special covariant canonical transformations, then

JE) =210

is a special covariant momentum map.

@ Indeed, dJ(&) = di,© = (g, — i, d)© = ic, 2.

@ An alternate formula: J(§)(2) = 7y, (&y 4 2)
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Proposition
If G acts by special covariant canonical transformations, then

JE) =210

is a special covariant momentum map.

@ Indeed, dJ(&) = di,© = (g, — i, d)© = ic, 2.

@ An alternate formula: J(§)(2) = 7y, (&y 4 2)

0
oyA

J(€) = (pa"e* + pe")d"x, — pa"€” dyA A d"x,

@ In coordinates: if we write &y = ¢+ 2, + ¢4
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Bosonic String

The gauge group is G = Diff(X) x C>®(X,R™)
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Bosonic String

The gauge group is G = Diff(X) x C>®(X,R™)

@ Diff(X) acts on C®(X,RT)byn-A=Aon~!
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Bosonic String |

The gauge group is G = Diff(X) x C>®(X,R™)
@ Diff(X) acts on C®(X,RT)byn-A=Aon~!
@ (n,A\) € Gsends (¢, h) € Yy to
(n.A) - (6. h) = (6, A2(n(x))(n~")"h)

in Yr](X)
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Bosonic String |

The gauge group is G = Diff(X) x C>®(X,R™)
@ Diff(X) acts on C®(X,RT)byn-A=Aon~!
@ (n,A\) € Gsends (¢, h) € Yy to
(. A) - (6, ) = (& A2 ~")h)
in Y,

@ Diff(X) — material relabelings
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Bosonic String |

The gauge group is G = Diff(X) x C®(X,R")
@ Diff(X) acts on C®(X,RT) by n-A=Aon~!
@ (n,A\) € Gsends (¢, h) € Yy to
(. A) - (6, ) = (& A2 ~")h)
in Y,
@ Diff(X) — material relabelings

@ C>(X,R™) conformal rescalings
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@ The Lie algebra is g ~ X(X) x C>*(X)
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@ The Lie algebra is g ~ X(X) x C*(X)
@ For (¢, \) € g, the infinitesimal generator is

9
% Oy

0 0

— B_—

- (haufuvp + hpufﬂﬂ)

Note: there is no % component here, as ¢ is a scalar field.
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@ The Lie algebra is g = X(X) x C*(X)

@ For (&, \) € g, the infinitesimal generator is

0 0 0
(57 )‘)Y - 2)\hap8Tap - (haufu,p + hpufﬂ,a)aTap + fum

Note: there is no BZA component here, as ¢ is a scalar field.

@ The multimomentum map is
JEN) =[P 2NNy — B — M€’ o) + pEh]dx
- (pAﬂfydd’A + p7PHE  dhop) e

where d?x,, = €.
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Symmetries

Let G act on Y by bundle automorphisms.
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Symmetries )

Let G act on Y by bundle automorphisms.

@ L is equivariant (or G-covariant) if

L(ngy(0)) = (nx). £(7)

forall v € JY.
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Symmetries

Let G act on Y by bundle automorphisms.

@ L is equivariant (or G-covariant) if

L(ngy(0)) = (nx). £(7)

forall v € JY.

@ This will be a fundamental assumption in all that follows.
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Symmetries )

Let G act on Y by bundle automorphisms.

@ L is equivariant (or G-covariant) if
L(npy(7) = (1x), £(7)
forall v € JY.
@ This will be a fundamental assumption in all that follows.
@ Infinitesimally, this is 5¢:L = 0, where

oL Al oL (. .a A v o
el = X s 8yA5 avA, (5 = VAE VP " HyB +LE"

is the variation of L.
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Thm
Let £ be G-equivariant. Then:

@ FL is also equivariant, i.e., nz o FL =FL o nyy
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Thm
Let £ be G-equivariant. Then:

@ FL is also equivariant, i.e., nz o FL =FL o nyy

@ The Cartan form © is invariant, i.e., ,©, = O,
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Thm
Let £ be G-equivariant. Then:

@ FL is also equivariant, i.e., nz o FL =FL o nyy
@ The Cartan form © is invariant, i.e., ,©, = O,

@ The map J*(¢) := FL*J(€) : JY — A"(JY) is a momentum map
for the prolonged action of G on JY relative to Q = —d©,. That
is to say,

Loy I Qp = dJ-(8).

Moreover,

JEE) =€py 1 O

MARK J. GOTAY (PIMS, UBC) MOMENTUM MAPS & CLASSICAL FIELDS Olomouc, August, 2009 25/29



Divergence Form of Noether’s Thm
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Divergence Form of Noether’s Thm
If £ is G-covariant, then for each ¢ € g,

d[(je) J=(€)] =0

for any section ¢ of mxy satisfying the Euler—Lagrange equations.
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Divergence Form of Noether's Thm
If £ is G-covariant, then for each ¢ € g,

d[(je) J=(€)] =0

for any section ¢ of mxy satisfying the Euler—Lagrange equations.

The quantity (jo)*J*(¢) is called the Noether current, and this theorem
states that the current is conserved.
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Divergence Form of Noether's Thm
If £ is G-covariant, then for each ¢ € g,

d[(je) J=(€)] =0

for any section ¢ of mxy satisfying the Euler—Lagrange equations.

The quantity (jo)*J*(¢) is called the Noether current, and this theorem
states that the current is conserved.

Proof
If ¢ is a solution of the Euler—Lagrange equations, then
(o) (Wa Q)=0

for any vector field W on JY. In particular, set W = £,y and simply

apply (jo)* to
Cy J Qe=dJ (). =
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Local Expressions J

@ the “Lagrangian multimomentum map” is

JE) =

8vAu ovA 8VA#

v

(igl‘\_i_ |:L— oL VAy:| f“) anM _ oL f”dyA/\ dn_1X;W
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Local Expressions J

@ the “Lagrangian multimomentum map” is

JE() =

6L oL
A _ A m _ v A A n—1

l/

@ the Noether current is

("6)"J- (€) = [— O)(Leo) + LG'o)e| o,

where the “Lie derivative of ¢ along ¢ is
Legp = Thpolx —Eyod; e, (Lep) =", Ao
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A computation gives the useful expression for the Noether divergence:

oL

d [(j6)J(0)] = {W(M@A n %L} (/'¢) d™ x

from which again Noether’s theorem is immediate.
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Bosonic String J

The Noether current is:
J(@, h)*J=(€,N) =
’
V=hgas (hﬂ”qﬁ/{p«sz,,,gf’ - Eh"%A,me&“) d'x. ()

)

Note again that \ does not appear on the RHS.
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