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One of the outstanding problems in general r e l a t i v i s t i c  cosmology is whether 

or not quantum effects can modify the character of - -  or perhaps prevent en t i r e l y  - -  

the classical  f i na l  s i ngu la r i t y .  Although th is  question was extensively studied 

during the late 1960's and ear ly 1970's [ I ] ,  no consensus has emerged. However, 

much of the work done to date tends to support Misner's 1969 assert ion [2] that  

"quantum effects do not change the nature of the s i n g u l a r i t y . "  More recent ly ,  

Wheeler [3] has proposed a " ru le  of unanimity" which, i f  va l i d ,  implies that quan- 

tum theory can provide no escape from g rav i t a t i ona l l y  induced spacetime collapse. 

There are three main obstacles to se t t l i ng  th is  issue: ( i )  The absence of a 

complete consistent quantum treatment of the g rav i ta t iona l  f i e l d  and i t s  interac- 

t ions.  ( i i )  Ambiguities inherent in the canonical quant izat ion procedure. ( i i i )  The 

lack of precise general c r i t e r i a  fo r  determining whether or not the quantized sys- 

tem in fact  collapses. 

These problems, although formidable, can to some extent be circumvented. In 

pa r t i cu la r ,  i t  is possible to include the quantum effects of both g rav i ty  and matter 

in the analysis --  whi le keeping the l a t t e r  mathematically t ractable --  by "freezing 

out" a l l  but a f i n i t e  number of degrees of freedom; one is then l e f t  with a typ ica l  

minisuperspace problem [2,4] .  Furthermore, many of the d i f f i c u l t i e s  associated with 

the appl icat ion of canonical quant izat ion to Hamiltonian cosmology [1,4-8] can be 

overcome by using instead the geometric quant izat ion procedure of Kostant & Souriau 

[9].  Indeed, geometric quant izat ion - -  essent ia l l y  a rigorous global general izat ion 

of canonical quant izat ion --  has proven to be an e f fec t i ve  computational tool in 

quantum cosmology [5-7].  F ina l l y ,  in simple cases the last  problem (cf .  [1 ,6,8])  

can be avoided by d i r ec t l y  ca lcu la t ing the asymptotic temporal behavior of cer ta in 

relevant matrix elements [6,7] .  

The simplest dynamically non t r i v i a l  homogeneous cosmologies are Robertson-Wal- 

ker universes containing a Klein-Gordon scalar f i e l d  ("RW¢" models). Recently [6,7] 

we have geometrical ly quantized one of the c l ass i ca l l y  col lapsing RW¢ universes and 

have r igorously shown that the quantized model collapses as we l l .  However, there 

are several important issues that remain to be elucidated, such as the effects of 

d i f f e ren t  choices of time and po lar iza t ion  upon the quantum dynamics of these models. 

To th is  end, we geometr ical ly quantize here an RW¢ model in a d i f f e ren t  choice of 

time and wfth a topo log ica l l y  d i f f e ren t  type of po lar iza t ion  than have been used 

previously.  The quantum dynamics so obtained is essent ia l l y  equivalent to that 
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found in [6 ,7 ] ,  as well  as that resu l t ing from canonical quant izat ion [8].  

There are two primary inferences to bedrawn from th is  work. F i r s t ,  at least 

in some (h igh ly  symmetric) cosmological models, quantum effects do not prevent 

spacetime col lapse. Second, whereas d i f f e ren t  choices of time and po lar iza t ion  may 

lead to quantitative changes in the quantum dynamics of these simple models, such 

d i f f e r i ng  choices do not seem to s i g n i f i c a n t l y  a f fect  the quantized models' quali- 

tative behavior. 

Classical RW~ Models [1,6,8]  

The homogeneous and isot rop ic  RW~ universes are described by the metric 

ds 2 = -N2(t)dt ® dt + R2(t) gijdxi ®dx j , 

where N(t) is the " lapse," R(t) is the "radius" and g is the standard metric on S 3. 

The minisuperphase space for  these col lapsing models is a 4-manifold wi th global 

coordinates R,~R,#,~ ~ sa t is fy ing  R > 0 and ~# ~ 0 (the values R = 0 and ~ = 0 cor- 

responding to s ingular  states).  The Hamiltonian is 

[ 1 2 --~-î ~ 2 + 6R] 

and is constrained to vanish: K = 0. For convenience, we have chosen the scalar 

f i e l d  ¢( t )  to be massless. 

The vanishing Hamiltonian indicates that the system is in parametrized form 

and therefore admits a reduction via "choice of time" [1 ,6 ,8 ] .  Here, we choose the 

"ex t r i ns i c "  time t : ~R' since ( i )  ~R-time smoothly covers the ent i re  c lass ica l  ev- 

o lu t ion  of the model [~R ~ (-~,0) is the expansion phase, whi le ~R e (0,~) is  the 

contract ion phase], and ( i i )  with ex t r i ns i c  time, we may d i r e c t l y  quantize the ra- 

dius R and monitor the asymptotic temporal behavior of i t s  expectation value as a 

test  for  collapse. 

The unconstrained phase space resu l t ing from th is  reduction is the d i s j o i n t  un- 

i o n ~ ] R ~  with the standard symplectic s t ructure d ~  A d~, where,_+ 2 : :  { ( ~ , ~ ) I  

~ 0}. The choice t = ~ has the a t t rac t i ve  s impl i fy ing feature that the reduced 

Hamiltonian ~ is j us t  the radius R( t ) :  

( I)  R(t):a[~2t4+y~2-Bt2] ½ , 

where ~ = (24) -½, 8 = 1/12 and X = 48. Since =~ 4 0, R(t) is positive definite. 

Geometric Quantization of the Extr insic-Time Model [5,6,9] 

The simplest choice of po lar iza t ion  F is the "hor izonta l "  one spanned by the 

vector f i e l d  ~ /s t .  S i n c e ~  @~2 is topo log ica l l y  t r i v i a l ,  the various geometric 

quant izat ion structures (the prequantizat ion l i ne  bundle L, the metaplectic frame 

bundle, and the bundle~^iF of half-forms re la t i ve  to F) are unique and t r i v i a l .  

Let ~ denote a t r i v i a l i z i n g  section of L which is normalized to un i ty ,  and 

the appropriate hal f - form. The quantum Hi lber t  space H F defined by the po la r i za t ion  

F is the completion of the space of smooth, compactly supported (modulo F) sections 
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of L ® vtAiF of the form 
2 ( % ) e x p [ i % # ]  X @ v , on :IR+ 

= 
(2) ~ [ f _ ( % ) e x p [ i % ¢ ]  X ® v , on .]i{2 

(where f+ are a rb i t ra ry ,  and ~-= 1) with respect to the inner product 

S°,: S (3) <*'I*>F = %v_(%)d% + y#(%)&(%)d% 
-oo 0 

Setting f ,  := x_f_ + x+f+, where x+ are the charac ter is t i c  funct ions of]R_2+, 

we can rewr i te (2) and (3) as 

(4 )  ,p = f , ( ~ # ) e x p [ i ~ t ]  h @ v 

and 

(5) <~' , t>F = L L f ~ ( ~ ) f , ( ~ ) d  ~ 

respect ively.  The associat ion f , ( ~ t ) e x p [ i ~ t t ]  X ~ ~ + f , ( ~ t )  defines a uni tary 

isomorphism of H F with L2(~). 

Quantum Dynamics 

Since the po lar izat ion F diagonalizes R( t ) ,  the Hamiltonian/radius operator 

~( t )  acts on H F by mu l t i p l i ca t i on :  

(6) gi(t) [~ ] = R ( t ) ,  

This pos i t ive  se l f -ad jo in t  operator commutes for  d i f f e ren t  times, so that we can 

solve the Schr(Sdin~er equation by expanding in an evolving complete set of states 

{~E } which are simultaneous eigenfunctions of ~( t )  at a l l  times. Thus, i f  

(7) #{(t o) [~E] = EVE 

at some reference time to,  then there w i l l  ex is t  numbers E(t)  [with E(t  o) = El such 

that 

(8) a(t)[,~] = ~(t)~ E 

Consequently (cf. [8]), the states ?E evolve according to 

(9) ~E(t) = expl-iftE(s)dSJ~E(tO)" " 
< t o 

From (6) and (4) we find that (7) has the distributional solutions [I0] 

# E -  exp[ i~ t  #]8(R(tO) - E) I ® v , 

from which i t  fol lows that E >  0. Employing ( I )  and manipulating the ~-funct ion in 

the above expression, we obtain 

(10) tE = IA+ein t~(~ - n ) + A  e- in ts (~ t  + n)] X ® v  , 

where 

( 1 1 )  n = y -½[ (a -2E2  + 8t02) 2 - 132rob) ½ 

and A+ are normalization constants. 

(12) 

Subst i tut ing (10) in to  (8) and making use of (1) and (11), we calculate 

I i z ( t )  = ~ /~a-2z  2 + ~ to  2 ]2  _ ~ 2 ( t o ~  _ ¢ )  _ B t2  
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Since E >  O, th is  implies that ~( t )  has a purely continuous spectrum of (0, ~) fo r  

a l l  t .  F ina l l y ,  subs t i tu t ing  (12) in to (9),  we obtain the evolut ion (cf .  [8])  

bE( t )  = exp - i  ½ [ r E ( t )  - toE]  + ~E(to~ + 144E2) ½ x 

(13) [tE(t) - E(t02 + 144E 2) 2][t O + (t02 + 
x i n  -- - -  ~ ~ t ~ b E ( t  0 

[ r E ( t )  + E(t02 + 144E2) ½][ t  O (to2 + 144E 2 )= ] j j ~  

Gravi tat ional  Collapse 

We claim that the quantized ex t r ins ic - t ime RW# model, l i ke  i t s  c lass ica l  coun- 

te rpar t ,  collapses to a s ingu la r i t y  in the sense that  

(14) l im < # ( t ) ] ~ ( t ) I b ( t ) >  F = 0 

for  any evolving state b( t )  in the domain of ~ ( t )  [11]• 

Since ~( t )  commutes for  d i f f e ren t  times we have, upon expanding b( t )  in terms 

of the eigenstates r E ( t )  and applying (13), 

<b ( t ) l ~ (# ) l b ( t ) >  F = <bCto)l c )lb( o>> F 
for  some i n i t i a l  time t o . From (6),  (1) and (5),  then, 

(15) <b( to ) ]~ (~) ]b ( to )>  F = ~ I ~ f . ( ~ ) f . ( ~ , ) ( / ~ % 4  + y~,2 ~2)½d~ ' 

fo r  b( t  o) of the general form (4)• Now, consider the one-parameter fami ly of func- 

t ions { I t ( ~ t ) } ,  where I t is the i ntegrand of (15) at time t .  The fami ly { I t ( q ) }  

converges pointwise to zero, and I t ( ~ )  < I s ( ~ )  for  each ~ i f  t > s. Since in 

addi t ion I t c LI(~)  fo r  each t ,  the dominated convergence theorem implies that 

vanishes. Thus (14) fo l lows. 

Since the Hamiltonian ~( t )  is se l f - ad jo i n t ,  the model must evolve to the t ÷ 

l i m i t .  Consequently, (14) implies that a l l  p h y s i a a l l y  w e l l - d e f i n e d  s t a tes  o f  the 

e x t r i n s i c - t i m e  RW~ model co l lapse  [12]. Note furthermore tha t ,  fo r  large t ,  the 

dominant terms in (15) tend to zero as t -1. Since c l ass i ca l l y  R ( t )  ÷ 0 also as t - t ,  

i t  fol lows that the quantum collapse rate matches the c lassical  collapse rate. 

Comparison with Canonical Quantization [9] 

Blyth & Isham [8] ,  using canonical techniques, have also quantized th is  ex t r i n -  

s ic- t ime RWt model. Since, roughly speaking, canonical quant izat ion is j us t  geomet- 

r i c  quant izat ion in the ver t ica l  po la r i za t ion ,  we may use the Blat tner-Kostant-  

Sternberg ("BKS") transform [9] to compare our respective resu l ts .  

The " ve r t i ca l "  po lar iza t ion  V is spanned by the vector f i e l d  a/a~ t ,  wave func- 

t ions re la t i ve  to V have the general form 

(16) a = g,(#)  h ® ~ , 

where u is the appropriate half-form• Since I ~ # ®  IR~]/V ~ ~m, the H i lber t  
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space H g defined by the ver t i ca l  po lar iza t ion  is u n i t a r i l y  isomorphic to the di rect  

sum L2(m) ~L2(~)  with the inner product 

(17) <{ ' I~>V : _ ~ ( , ) g + ( , ) d ,  + ! ( t )g_(#)d#  

The BKS kernel K: H V × H F ÷ ¢ is given by 
+ ~  

fo r  t e H F and ~ m H V of the form (4) and (16) respect ively.  The kernel K defines 

a l i near  operator U: H F ÷ H V via K(~,~) = <~IU@> V. Comparing this with (18) and 

(17), we compute 

(19)  U~ = (2")  - 2 e - - ~  ~ X± x_+f X ® 

Thus, U is "essent ia l ly "  the Fourier transform. 

Applying U to the energy e igendist r ibut ions ( I0) ,  (19) gives 

-~ "~14r . in$ x A e -int) (20)  U@ E = (2~) 2e-~ tX+~+e + _ _ X ® 

This is just  Blyth & Isham's resul t  [8] ,  with one major di f ference [13]: B&I f ind 

that the spectrum of the Hamiltonian is not (0,~) for  a l l  times, but rather 

( 4 , 0 )  u (0,~). Within the canonical framework, the presence of these (unphysical) 

negative eigenvalues is due to B&l's use of a Klein-Gordon type equation to gener- 

ate the quantum evolut ion rather than a true Schrodinger equation. From the stand- 

point of geometric quant izat ion,  on the other hand, this anomaly apparently can be 

traced to the incompleteness [14] of the ver t i ca l  po lar iza t ion [15] --  indeed, such 

spurious negative eigenvalues do not appear when one quantizes using a complete 

po lar iza t ion (such as the horizontal po lar iza t ion employed in this paper). 

Although the BKS transform U: H F ÷ H V is an isometry, i . e . ,  V o 

<# ' I~>F '  a straightforward ca lcu lat ion shows that U is not i nve r t i b le .  Thus, the 

BKS transform does not u n i t a r i l y  intertwine the quantizations in the horizontal and 

ver t ica l  po lar izat ions.  Of course, th is is not rea l l y  surprising since the two 

polar izat ions are of topo log ica l l y  d i f fe ren t  types. 

Discussion 

In [6,7] we have geometrical ly quantized a c lass ica l l y  col lapsing RW~ model us- 

ing the "matter-time" t = # and a " rad ia l "  po lar iza t ion.  The results of that quan- 

t i za t i on  compare favorably with our f indings here as well as with Blyth & Isham's 

work. Indeed, in the quantizations of the posi t ive curvature RW# universes (with 

massless scalar f i e l d )  studied so fa r ,  one finds not only that the quantized models 

unquestionably col lapse, but also that the quantum collapse rate is always exactly 

the same as the classical collapse rate [16]. 

Changes in the choices of time and po lar iza t ion may, as i l l u s t r a ted  in the last  

section, resul t  in modif ications to the f i ne r  deta i ls  of the quantum dynamics of 

these models ~e.g., a l tera t ions in the spectra of observables). However, such 
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var iat ions do not seem to influence the system's overal l  character is t ics.  Hence, 

i t  may be that these diverse quantizations w i l l  y ie ld  at least qua l i ta t i ve ly  equiv- 

alent -- i f  not s t r i c t l y  equivalent -- results.  In any case, our experience with 

the RW# models supports the contention that the f i na l  s ingu la r i t y  cannot be avoided 

-- quantum mechanically or otherwise --  and hence [2] must "be treated as an essen- 

t i a l  element of cosmological theory." 

The RW~ models considered here furnish a handy laboratory for  studying quantum 

grav i ty ,  and the Kostant/Souriau theory allows one to quantize these models in a 

rather exact fashion. Even so, i t  is c lear that much remains to be done before any 

agreement can be reached regarding the issue of quantum collapse. One should 

therefore, as MacCallum [1] points out, properly regard the present work (and, in-  

deed, quantum cosmology in general) as "suggesting p o s s i b i l i t i e s  rather than pro- 

viding de f i n i t e  answers." 
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