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Quantization and Bosonic BRST Theory
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We show that BRST symmetry has a natural bosonic analogue in symplectic geometry. In
fact, bosonic BRST theory arises as a purely symplectic construction, which can naturally be
viewed as a specific instance of symplectic induction. In this context, both the BRST charge
and the total ghost number appear as the “components™ of 4 momentum map on an extended
symplectic phase space. Our approach to bosomic BRST theory is motivated by certain

“problems which arise in the quantization of constrained classical systems. We show that the
usual Dirac quantization prescription is incorrect when the system has nonunimodular
symmetries and demonstrate how bosonic BRST theory may be used to rectify this. As a
byproduct we also prove, under certain circumstances, that both the processes of induction
and reduction commute with quantization. © 1991 Academic Press, Inc.

I. INTRODUCTION

‘"We study the quantization of a system which is described classically by the
vanishing of first class constraints ¢,=0, a=1, .., L According to the Dirac
prescription [D7, the physically admissible quantum states of the system are those
¥ which satisfy : '

24, ¥1=0 )

for all a, where 2¢, is the quantum operator corresponding to ¢,.

Let 2 be the guantum Hilbert space and denote by #; the space of all wave
functions satisfying (1.1). If zero is in the discrete spectra of the operators 2¢,, then
H#, < # and #; inherits an inner product from . But if zero is in the continuous
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2 o DUVAL ET AL.

spectra of the 2¢,, as is often the case in applications, then wave functions n 3
are not square-integrable. Then #gn #" = {0} and consequently the inner product
on # no longer induces one on #5.

One way to recover the inner product on i is to quantize the reduced system
obtained by imposing the constraints ¢, =0 classically and then eliminating gauge
ambiguities. Provided this quantization can be carried out in a manner compatible
with that of the original system, the inner product so obtained can be used to
induce one on #%. This is a standard means of obtaining (positive definite) inner
products for relativistic particles (e.2, positive frequency solutions of the
Klein-Gordon equation) [Wo].

The above is an ambitious program and has been carried out in detail only in
certain special situations [G, GoS, GuS1, Sn2, T1]. The simplest case to consider
is that of a “constrained classical system with symmetry.” In this context, let (M, o)
be a symplectic manifold and @ a free and proper (left) Hamiltonian action of a
connected Lie group G on (M, w). We suppose that the constraint set is given by
J~Y0), where J: M — g* is the Ad *_equivariant momentum mapping for ¢ and ¢
is the Lie algebra of G.' Upon quantizing (M, w) we get a Hilbert space # and
(1.1) becomes '

25, [¥]=0 : (12)

for ail ¢ € g, where Jy(m) = (J(m), &Y. In general, #; < 5 when G is compact, but
not otherwise. It is the latter case in which our interest lies.

Since & is free and proper, J~'(0) is smooth and the symplectic reduced space
= G\J~1(0) is well defined [MW]." Consider now a quantization of A with
corresponding Hilbert space #: we need to examine the conditions under which
the quantizations of M and M are “compatible.” Roughly speaking, this means that
there exists a linear isomorphism s — & which intertwines the quantizations of (a
certain class of ) G-invariant observables on M and their projections to M.

To be definite, we carry out these quantizations using the Kostant—Souriau
geometric quantization theory [Sni, So, Wo], in which the obstructions to
compatibility are fairly well understood [G, GoS, GuSl, Sn2]. For the most part
they compr_i_se:thc conditions under which the various quantization structures {(viz.,
thé prequantization line bundle, the polarization, and the metaplectic structure)
are G-invariant and so pass to corresponding guantization structures on the
quotient M.

However, one obstruction is somewhat more subtle and lies at the core of the
problem we wish to consider: it is the unimodularity of G. (Recall that a group &
is “unimodular” if it carrics a bi-invariant volume element.) It has been recently -
discovered [DET, T1] that the correlation between the original and reduced phase
space quantizations breaks down when @ is not unimodular, even when all other

! For simplicity we consider only the case when the constraints are given by J=0. Also; it technically
suffices tor assume only that G acts freely and properly along J!(0). These matters will-be discussed
further in Section X .
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obstructions vanish. This is interesting for several reasons. One is that although
unimodularity was implicitly realized to be an obstruction to compatibility,” no
examples were known prior to [DET]. Another is that this obstruction appears to
be purely mathematical; there is no obvious physical content in it. More impot-
tantly, in order to regain the correspondence between the original and reduced
phase space quantizations, it was found necessary in [T1] to modily (1.2} as
follows:

27 [¥] = —%tr(adé)?’. (1.3)

Such a modification to the Dirac quantization prescription was effectively proposed
by Kostant and Sternberg in their paper [KS] on the quantization of reduced
Poisson algebras using BRST techniques.? Although the reason for this “correction”
is not evident from a physical standpoint, such shifts are well known in the context
of the theory of induced representations [M, V7. (This observation will prove to be
very uscful fater.)

In this paper we show how the unimodularity obstruction may be avmded using
a purely bosonic version of classical BRST theory. This is based on the observa-
tions, to be made precise later, that BRST symmetry has a natural bosonic analogue
in symplectic geometry and that in this context the BRST charge (together with the
total ghost number) appear as components of an orvdinary momentum mapping on an
extended symplectic phase space.

When G is not unimodular, we extend the original system by adjeining ghost-
antighost canonical pairs in a natural way. We also show how to extend the group
action, by effectively replacing G by T*G. The key points here are that (i) T*G is
always unimodular and (ii) the reductions of the extended and original systems coin-
cide. We then quantize this extended system along with its associated bosonic
BRST symmelry. Since by (i} we are now back in the unimodular case, we can
apply the Smooth Equivalence Theorem (Section V) which guarantees the equiv-
alence of compatible quantizations of a unimodular system and its reduction. This
equivalence enables us to induce an inner product on the space of T'*G-invariaat
states of the extended system. We then invoke (ii) to assert, roughly speaking, that
the quantization of the (constrained) extended system gives rise to a quantization
of the {constrained) original system. This happens in such a way that the quantiza-
tion condition (1.2), now written in terms of the momentum map for the action of
T*G on the extended phase space, is equivalent to (1.3), written in terms of the
original momentum map for the G-action—with the correction —(i/2) tr(ad,;) ¥
automatically included. We thereby obtain an inner preduct, not on the space of

2In [G, $n2] G was actually required to carry a bi-invariant metric. But this is an overly restrictive
condition; an examination of these papers shows that unimodularity will suffice.

3In Kostant and Sternberg's approach [KS], the correction in (1.3) is subsumed as an “extra” term
in the quantum BRST operator. This term does not appear in the standard BRST literature [GSW]
presumably because of factor ordering ambiguities, ¢f. Remark 9 in Section VL
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G-invariant states of the original system, but on the space of quasi-invariant states
(ie., those satisfying the modified Dirac prescription (1.3)). These results indicate
that the Dirac prescription (1.2) is appropriate only for unimodular systems, and in
the nonunimodular case should be superseded by the modified prescription (1.3).

Thus not only do we present a general scheme for quantizing systems with non-
unimodular groups, we also provide a natural geometric explanation for the
mysterious correction in (1.3) in terms of (bosonic) BRST theory. Our analysis
demonstrates moreover the significance of BRST techniques for analyzing the
structure, and in particular the quantization of constrained classical systems.

Although by now standard in physics, there remains the problem of really under-
standing the BRST construction at its most fundamental level. To this end we
exploit the connection between the Dirac quantization problem and the theory of
induced representations hinted at above to show that the quantizations of the
_ extended and original systems are related by the process of unitary induction
[M, V1. The crucial observation is that an analogous result is true classically: we
prove that the extended system can be obtained from the original one by applying
symplectic induction [GuS82, KKS] to the subgroup G of T*G. Thus in this sense
bosonic BRST theory arises as a purely symplectic construction, which can be
naturally viewed as a specific instance of symplectic induction. The results on quan-
tization in this paper may then to some extent be interpreted as establishing, under
certain mrcumstances that both the processes of induction and reduction commute
with quantization,

The plan of this paper is as follows. In Section II we give the bosonic version of
BRST theory; our discussion here is mostly heuristic. Then in Section III we derive
the bosonic BRST formalistn by means of symplectic induction. The relevant
aspects of the geometric quantization procedure are briefly reviewed in Section IV,
and in Section V we study the quantization of unimodular systems. The main result
here states sufficient conditions which ensure, for such systemns, that reduction and
quantization commute. Next, in Section VI, we apply bosonic BRST theory to the
quantizationi of nonunimodular systems; this section forms the core of the paper. In
Section VII we examine the relationship between symplectic and unitary induction .
in this context, proving that induction commutes with quantization as well. We
work out the details for a simple example m Sectlon VIIL, and then conclude with
some remarks and open problems

Our conventions for notation and terminology are those of [AM] for symplectic
geometry and group l:heory, {Snl} for geometrlc quantization theory, and [BM]
for the BRST formalism.

I A BOSONIC FORMULATION OF BRST SYMMETRY
Fadeev and Popoy introduced ghosts as a byproduct of the path integral quan-

tization of gauge theories. The effective action they constructed was no longer
gauge invariant, but was observed to possess a new global symmetry, now called
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Becchi-Rouet—Stora-Tyutin invariance. This symmetry mixes the (fermionic) ghosts
with the other fields of the theory and is most naturally expressed in (coYhomo-
logical terms.

Since then it has been realized that this symmetry (or its associated generator,
the BRST charge) has a classical counterpart: indeed; there is a BRST charge
associated to every Hamiltonian system with first class constraints. The classical
version of BRST theory grew out of the work of Batalin, Fradkin, and Vilkovisky,
as generalized and reinterpreted by Henneaux, McMullan, and others. Overall
references include the papers by Henneaux and Teitelboim [HT], Kostant and
Sternberg {KS7], and Loll [L].

On the classical level the main use of the BRST/BFV formalism is to give
a cohomological description of the symplectic reduction process, as emphasized by
Kostant and Sternberg [KS] and Stasheff [St]. In the specific context of
constrained systems with symmetry, these techniques enable one to compute the
reduced Poisson algebra

Co(M)~ [C*(M)F1°

of physical observables without having to pass through the quotient C*(M)/ ¢,
where # denotes the ideal in C (M) generated by the components of the momen-
tum map J. The procedure may be nicely summarized in terms of supergeometry
[H21] as follows. {See [KS, L] for-detailed discussions.)

One considers the space

Q’:C“’(M)®A(y*@ g)

and equips it with a super Poisson bracket {-,-}, so that & becomes a super
Pmsson algebra. Let {p,} be a basis for gz and {n } the correspondmg dual basis
for g*. Then one defines the BRST charge to be

Q=J. " —31Cun" A n° A pe. {2.1)
Similarly, the total ghost number is
O=n" A p,. . (2.2}

Then one can prove that

Co(M)={fe?|{Q,[}=0={0,f}}/{Q 2}

It is possible to realize this super Poisson algebra as the Poisson algebra of a
super symplectic manifold and hence 2 and @ become super functions on this space
[L, T2]. Thus the super symplectic geometry of the BRST/BFV formalism is fairly
well understood, but the underlying bosonic symplectic geometry is not. What we
will do now is recover bosonic analogues of the BRST charge and the total ghost
number as components of a momentum map, purely in terms of standard sym-
plectic geometry, without any odd degrees of freedom in the formalism.
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The basic idea is to extend both the phase space and the group by adding new
bosonic degrees of freedom. Following the BRST/BFV philosophy, to every con-
straint J, = {J, p,> we will adjoin a ghost n*e #* and its canonically conjugate
antighost p,€ g**~ 4 to the set of variables describing the system classically.”
Geometrically, this amounts to extending the phase space M (o

M=Mx(*®4) (2.3)
with symplectic form
d=w+ao,, (24)

- where @, is the canonical symplectic structure on 4* @ g~ 7'*z* The manifold #7
is the ordinary symplectic manifold corresponding to the super symplectic manifold
which gives rise to the super Poisson algebra #.

Again appealing to the dictum that “for every constraint there is an associated
ghost,” we extend the group G to T*G.* We use the left trivialization to identify
T*G with Gx g* (which miakes the presence of the “group ghosts™ manifest) and
then endow the latier with a semi-direct product group structure- G (5) g* according
to

(& o) - (h, f)={gh AdZ-(B)+a).
It is readily verified that &: (G & ¢*) x M — # defined by

Bl 1, ) = (D,(m), Ad () + o, Ad(p)) (2.5)

is a free and proper left action of the extended group G (5) ¢#* on the extended
phase space AZ. It consists of three pieces: the originai action & of G on M,
the cotangent lift of the coadjoint action of G on g* to £*@ 4 and translations
along g*.

In fact, this action is Hamiltonian with momentum map J: &7 —
[Lie(G ® g*)]1* =~ 2*® 4 given by '

for all (¢, a}e ¢ ® g*. This momentum map is Ad*-equivariant with respect to the
semi-direct product structure on G () g* Writing J out with respect to the above
hases, we obtain :

Toay=Jal® = CLE NP+ oy, (2.7)

* OQur convention is that the ghosts 5* are elements of #* and that the antighosts p, are the dual
variables in g** = g (Thus, if M= T*C, the extended configuration space would be C=Cx g* and
A =T+*C, etc.) The distinction is important, however. For if we took the ghosts to be elements of 4
rather than g*, we would haturally be led to consider the group TG as opposed to T*G. But TG is not
automatically unimodular, and this would render our constructions pointless. (In fact, a computation
similar to that given in the proof of Proposition 6 shows that TG is unimodular iff G is.)
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where in this expression we regard #* and p, as being the coordinate functions on
‘g and g%, respectively

A comparison of (2.7) with (2 1) and (2.2) is provocative. To be more precise,
viewing ¢ =&%,, a=a,#® and J(c « as superfunctions in the obvious way, a short
calculation formally establishes

Tew=1{2, €} +{0,a). | (238)

We may conclude that J constitutes the bosonic analogue of the BRST charge and
the total ghost number together and that the action @ is the natural symplectic
counterpart of BRST symmetry.

The observation that borh @ and @ are just “components” of 7 is intriguing, as
it suggests that they are not of primary importance in themselves, but rather only
together in the combination J. This contention is supported by the work of
Carifiena and Ibort on Yang—Mills theory [C1]. There they showed, under certain
circumstances, that @ actually plays the role of the BRST charge as the generator
of BRST symmetry. Their construction also yields a natural symplectic interpreta—
tion of BRST symmetry and ghosts in the Yang-Mills case; in a sense it is

“reduced” version of that presented here.
Finally, we observe from (2.6) that the extended constraint set

T740,0)=J 1(0)x (*® {0})

is strictly larger than the original one. (The antighosts are constrained to vanish by
(2.6), but the ghosts remain freely specifiable.) Nonetheless, (2.5) shows that the
reduced spaces coincide:

(G® #N 0.0 G0 (2.9)

Remarks. 1. In the bosonic formulation (2.5) of BRST symmetry, the ghosts
and antighosts are completely decoupled from the original variables. The coupling
appears only in the superized theory and is a characteristic feature thereof. (See also
TFootnote 5 in this regard).

2. Within this framework we are automatically able to incorporate—without
introducing odd variables—the kinematical invariance of the system corresponding
to changes

Jn—)A::J;,

in the defining set of first class constraints, where 4e GL(g) [BM, HT]. Indeed,
transformations of this type arise from the action of GL(g) on g*@® 4 given by
(y, p) = (‘A ', Ap), with momentum map K: g*@® g —gl(g)* of the form K, =
n*E8 py,, where £ egl(g).

3. It seems clear that the formalism we have presented here can be
straightforwardly superized by allowing all ghosts and antighosts to become
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fermionic. Then, viewing 7¥G'~ G (5) g* as a supergroup acting on M, now regarded
as a super sympleetlc manifold, we obtam a super momentum mapping J: M -
#*@ g. If we view J instead as a map

J:Mx(g*(@g)x(g@#*)—’f{o

(where R, is the even part of the graded comumutative ring R which underlies the
super structure) and then appropriately restrict to the “diagonal” in (z*@® #)x
(#® £*), one recovers BRST symmetry in its standard form,* However, we do not
pursue this here as it is not needed for the rest of the paper.

I11. BQSONIC BRST THEORY AND SYMPLECTIC INDUCTION

We now place the bosenic BRST theory just developed on a more solid mathe-
matical footing, by showing that this construction is an entirely natural—and
symplectic—one. In fact, we will show that it is but a specific instance of “symplec-
tic induction.”

Symplect:c induction is a method whereby one can build a Hamiltonian K-space
(M, &, @, T), given a closed subgroup G of a Lie group X and a Hamiltonian
G-space (M, w, &, J). Thus one induces a symplectic realization of K from a
symplectic realization of its subgroup G. We will see in Section VII that it is the
classical counterpart of the unitary induction technique, where the link between the
two constructions is given by geometric quantization. Symplectic induction and its
generalizations are explained in [GuS2, We]; for our purposes the following
version will suffice [KKS].

Let G be a closed Lie subgroup of K, and consider a Hamiltonian G-space
(M, @, @, J). The group G acts on K by (g, k) > kg !, and on T*K by cotangent
lift, i.e., (g, (k, ©)) = (kg =", Ad¥:(x}). (Again we use the canonical left trivialization
to identify 7*K with Kx#£*) This action admits a canonically defined
Ad*-equivariant momentum map T*K — g* given by (k, k) — —i*ic, where i* is
the projection £* — 4* dual to the inclusion i: g - k.

We now construct an action @ of G on M= M x T*K by combining its actions
on M and T*K:

D (m, k, k)= (D, (m), kg%, Ad¥-1(x)).

This action is symplectic for the product symplectle form on M and moreover
admits an Ad*-equivariant momentum map J: M — g* given by Jim, &, k)=
Jim)—i*x. If we suppose that G acts properly and freely on M, then G will act
properly {as G is closed in K) and freely on M. We can thus construct the

3 By restricting to the «diagonal in ‘this fashion we effectively introduce the coupling between the
original variables and the ghosts and antighosts which is absent in the bosonic theory (cf Remark 1).
Note that the coupling is nonteivial only if the ghosts and antighosts are fermicnic.
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Marsden—Weinstein reduced symplectic manifold (#7, &)= G\J '(0), which is the
sought after induced symplectic manifold.

To obtain a Hamiltonian action of X on (#, &) is a straightforward matter. The
group K acts on itself by left translations, and this action lifts to T'*K as
(k', (k, x}) > (k'k, x). Let K act trivially on M, thereby giving rise to a Hamiltonian
action of X on (M, &) with canonical Ad*-equivariant momentum map L: M — £*
given by L(m, k, x) = Adj}-i(x). This action commutes with the G-action on M and
leaves J invariant; hence it induces a symplectic action & of K on #. Since L is
invariant under the G-action, it descends as an Ad*-equivariant momentum map
for the K-action on A7 which we denote by J. Then (M, &, &, J) is the required
Hamiltonian K-space.®

Now we return to bosonic BRST theory. The only “problem” with applying
symplectic induction here is that it is not immediately apparent what X should be.
But a glance back at the previous section tells us that we should take K= T*G,
and indeed this is the simplest most natural choice under the given circumstances.
Turning the symplectic induction crank as applied to G < T*G, -a series of routine
verifications establishes:

BosoNic BRST Teeorem. (M, @, &, J), with these objects defined as in Sec-
tion I, is the Hamiltonian T*G-space symplectically induced from the Hamiltonian
G-space (M, w, @, J).

Thus the bosonic BRST theory of Section II, which admittedly looks rather ad
hoc in that context, is actuailly a canonical symplectic construction. In particular,
our definition (2.3) of A7 as a trivial vector bundle is by no meéans arbitrary; this
answers a question of Loll [L, p. 515].

IV. ELEMENTS OF GEOMETRIC QUANTIZATION THEORY

In this section we give a rapid review of the relevant aspects of the geometric
quantization procedure. For further information the reader is referred to [Sni, So,
Wol. '

Let (M, w) be a 2n-dimensional symplectic manifold, For our purposes, the
supplementary structures needed for the geometric quantization of (M, w) are a
prequantization line bundle and a polarization, '

A prequantization of (M, @) consists of a complex line bundle /: L - M with a
connection V and a compatible Hermitian structure (-, -) such that

curvature V= —(1/2r) [ *w,

where we take units such that Planck’s reduced constant £/2z = 1.

#
$ Note that symplectic reduction plays an essentiai role in the symplectic induction process. This fact
will be important for our considerations in Section VII.
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A (real) polarization of (M, ») is an involutive n-dimensional Lagrangian dis-
tribution P on M. We assume that P is “strongly admissible,” ie., the leaf space
M/P is a manifold and the projection p: M — M/P is a submersion. We {urthermore
suppose that the leaves of P are simply connected so that there are no Bohr-
Sommerfeld conditions. '

Remarks. 4. We consider only real polarizations in this paper. Analogous
results for Kihler polarizations are given in [GuS1}

5. TFor the sake of simplicity, and since we will not be moving polarizations,
we do not utilize metaplectic structures or half-forms. Thus we shall focus on the
half-density quantization. This captures the essence of our ideas and constructions
without introducing undue complications; in any case, the extension to the half-
form quantization should be straightforward.

Fix a polarization P of (M, w) and let FP be the linear frame bundle of P;itis
a right principal GL(n, R)-bundle over M. Let 4: GL(n, R) >R be defined by
A(A)=idet 4|2 The bundie |A"P| > of half-densities relative to P is the complex
line bundle associated to FP on which GL{n, R) acts by multiplication by 4. This
bundle has a canonically defined partial flat connection covering P. Each section v
of |A"P|¥? can be identified with a function v*: FP — C satisfying

v*(£A4) = A(4) " v (£) ' (4.1)

for all frames fe FP and all Ae GL(n, R).

Consider the bundle L® |A"P{Y2. 1t carries a partial flat connection covering P
induced from those on L and [47P|"2 Denote by I'(L® |4"P|"?) the space of all
smooth sections of L& |A”P|'2. A section ¥e (L& {A"P|'*) is said to be polarized
if it is covariantly constant along P. Let £ be the subspace of all polarized sections.
Flements of 4 are interpreted as smooth wave functions, ie., £ is the smooth quan-
tum state space associated to (M, @)} by the geometric quantization procedure in
the representation defined by the polarization P. .

We construct an inner product on # as follows. Let (e, f) be a symplectic basis
for T,,M such that fe F,,P; then Tp(e) is a basis for T, (M/P). If ¥=4®v and
Y =y ® p are any two elements of £, we pair them to obtain a density (¥, ') on
the leaf space M/P by setting

O, YY(Tp(e)) = (Am), x(m)) v (£) * (),

where the bar denotes complex conjugation. Then we define

KETY=[ #T. (42)
_ MIP _
The completion of the space of all compactly supported (modulo P} clements of #
with respect to this inper product is the quantum Hilbert space #.

To complete the geometric quantization program, we must indicate how to
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quantize (certain) classical observables. Let keC ®{M) preserve P, ie,
[X,, P]c P, where X is the Hamiltonian vector field of k. Then the corresponding
{formally) self-adjoint quantum operator 2k on # is given by

H[P]=(ZiVy +E) ARV —ih® By, (4.3)

where ¥ =1 ®v and & denotes the Lie derivative.

For future reference we give local expressions for the inner product (4.2) and the
quantum operators (4.3).- Choose Darboux coordinates (g", p,), i=1,..,n, on an
open set I/ M which are adapted to P in the sense that :

_ (i i)
dp.” " Opx

is a local frame field for P. Define a half-density v for P according to v¥* «f=1. Fix
a 1-form @ with w| U= —d# and let 4 be a trivializing section of L | U which is
normalized to unity and is such that VA= —if# ® 4. Then, relative to these choices,
every polarized section ¥ of L® |4"P|"? can be written locally as

Y| U=$(g)i®>. (4.4

The inner product of two such wave functions becomes

@ ry=| waupdy (5)

and, after a short computation, (4.3) reduces to

Sk[¥P]| U= {[—iXk—(XkJ6)+k—'-;-tr(Af(Xk)):| l,ll} A&V, (4.6)

where the components aj. of the matrix A4;(X}) are found from

271 & @
[X%’a]— 2 G

J=1

V. QUANTIZATION AND UNIMODULAR GROUPS

Now consider the case of a constrained classical system with symmetry. As
before, we assume that the action of G on M is free and proper. In particular, then,
0 is a regular value of J. Let dim A =2r and dim G=r, s0 that 27 :=dim M =

2(n —r). Denote the projection J~ H0) -+ M by .

We will show, when G is unimodular, how the reduced phase space guantization
can be used to induce an inner product on the space of G-invariant wave functions
defined by (1.2). Then, when G is not unimodular, we will “extend” the system to
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a-unimodular one using the bosonic BRST theory developed in Section II, and
- apply the above strategy. This section (slightly) generalizes the results of [G],
which were restricted to the cotangent bundle setting.

Our first task is to obtain compatible quantizations of (M, &) and the reduced
space {M,®). Let (L, V) be a prequantization line bundie for (M, w) and P a
polarization.

ProrosiTION 1. Suppose that the action of G on M lifts to a connection- preserving.

action on L | J~1(0). Then the prequantization line bundle (L, V) for (M, w) induces
a prequantization line bundle (L, V) for (M, &).

Proof. Since the action of G on M is free and proper, the lifted action on
L | J Y0) is also. Thus L= G\(L | J~(0)) is well defined and has the structure of
a complex line bundle over M. Moreover, since G acts by connection-preserving
automerphisms, the connection V on L induces a connection ¥V on L. That (L, V)
actually provides a-prequantization of (M, ®) now follows from Theorem 3.5 of

[G]. |

The hypothesis of this proposition will be satisfied if, for example, G is simply
connected or M is a cotangent bundle and the action is lifted from the base [G].

PROPOSITION 2. Suppose that ‘the polarization P of (M, w) is G-invariant and
satisfies

P T/ YOt = {0} (5.1)
Then P induces a polarization P of (M, @).
Here, L denotes the symplectic polar with respect to .

Proof. Taking polars in (5.1) yields

P4+ TIH0)=TM|J(0).

Since 0 is a regular value of J, it follows that P~ T/~ '(0) is an (n— r)-dimensional'

distribution along J~*(0) transverse to the orbits of G. As P is G-invariant,
P=Tn(Pn TJY0))

is an A-dimensional distribution on M. It is clearly involutive and Lagrangian, and
so defines a polarization of the reduced space. [

With these assumptions the guantization structures on (M, w) project to quan-
tization structures. on (M, @). We suppose that P is strongly admissible. Let £ be
the smooth quantum state space corresponding to the data P and L on (M, @).

To ensure the equivalence of thse two quantizations, we need one further restric-
tion on' the polarization P. We say that P is compatible with the constraints
provided that, in addition to theé assumptions .of Proposition 2, every leaf of P
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intersects J~'(0).” We always assume this intersection is connected. Since the quan-
tum wave functions are covariantly constant along P, compatibility implies that
each wave function is uniquely determined by its restriction to the constraint set. In
essence, this means that the quantization of the constrained system (M, ) is insen-
sitive to what happens “off shell.” This requirement is crucial, since the reduced
phase space quantization is totally “on shell” For a more detailed discussion of this
point, see [G, GoST.
Our main result is the

SMOOTH EQUIVALENCE THEOREM. Let P be compatible with the constraints and
assume that G Is unimodular. Then there exists a canonical isomorphism between the
space of G-invariant smooth sections of L® |A"P|Y? which are covariantly constant
along P and the space of smooth sections of L® |A™P|'? which are covariantly
constant along P,

Proof. We will prove the theorem in several steps.-First we establish some
technical results.

Let E be the characteristic bundle of J~'(0), i, F is the vector subbundle of
TJ~'(0) whose fiber at meJ '(0) is E,=7,J"'(0)". Since G acts freely on
J1(0), there is a canonical G-equivariant identification of J~*(0)x 4 with E given
by (m, £) = &,(m), where £,, is the fundamental vector field on M corresponding
to {e g [MW]. By assumption G is unimodular, so ¢ carries an Ad-invariant
volume. By transference, F carries a G-invariant volume. In other words, the
structure group of E can be invariantly reduced to SL{r, R}. This will enable us to
relate half-densities for P on M with those for P on A7, _

To this end fix a global frame e={(e, .., ¢,) for E which has volume one. Con-
sider the subbundie B of FP|J~}0) consisting of frames of the form f=(u, v),
where u is a frame for P~ T/ '(0) and v is canonically conjugate to e; that is,
o(v;, e)=d;for i, j=1, .., r. Then B is a right principal H-bundle, where

v .
H={(0 m‘UEGL(n,R)}

is the subgroup of GL(n, R) that stabilizes B. Let X be the subgroup of H consisting
of those matrices which leave invariant the projection of u to T(M/P); explicitly,

=i )t

It is a normal subgroup of H and H/K=~ GL(%n, R). We may therefore identify
B/K ~n*FP. (5.2)

71 M is connected and J~'{0) is compact, then any polarization satisfying {5.1) is necessarily com-
patible with the constraints, cf. [GoS].
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PROPOSITION 3. There exists a canonical isomorphism | AP | T-H0) =
* A" P2,

Proof. Fix meJ '(0) and consider ve|A"P|Y%. Then (4.1) implies that
v¥(fA)=v*(f) for all fe B, and all 4 € K. It follows from (5.2) that for fe B, the
equation

V*([f])=v*(f) (5.3)

defines an element v of (n* |4°P|'?)},,, where the brackets denote K-cquivalence
classes. Conversely, given 7 (n* |4"P|"?),,, (5.3) defines an element ve|A"P|¥2
since, according to (4.1), any half-density is completely determined by its restriction
to B,,.

The association (5.3) is the desired isomorphism. To prove that it is canonical,
it is only necessary to show that it does not depend upon the choice of the
frame e for E. But if in the above constructions we replace e by e’ =el for some
Ve SL{r, R), then this has the effect of replacing f= (u, v) by f’' = (w’, v'), where

(u', ¥')=(u, v} (é ’Vgl)'

Since V is unimodular, it follows from (4.1) that v*{f') =v#(f). Thus the choice of
frame e is immaterial. J

The action of G on FP gives rise to a left action of G on |A4"P|'* by pull back.
Since the volume on E is G-invariant, the argument immediately above shows that
this induced action is compatible with the isomorphism (5.3). Thus Proposition 3
yields G\(|4"P{"* | J=1(0)) = |A"P|" . Combining this resuit with Proposition 1,
we have

CorOLLARY 4. GA\[(L® [A"P|"?) | T {0)]~ L& |4"P|'~.

We are at last ready to prove the Smooth Equivalence Theorem. The polariza-
tion P is G-invariant, so the components J, of the momentum map are directly
quantizable according to formula (4.2). Thus the assignment &-» 271, provides a
representation of g on 4. Let 4, < £ be the subspace consisting of G-invariant states;
%y is thus given by (1.2). We must establish the existence of a canonical
isomorphism 4, 4.

Let ¥e4,. By Corollary 4, ¥ | J~'(0) projects to a smooth section ¥ of L®
| 4P| Since ¥ is polarized, Proposition 2 shows that ¥ is also. Thus ¥ e 4. The
association ¥ — ¥ is injective: for if ¥=7, then (¥ - T)|J~'(0)=0. But then
=Y as P is compatible with the constraints.

To show surjectivity, let ¥ 4 Corollary 4 and Proposition 2 show that @ pulls
back to a unique G-invariant section ¥, of (L®|A"P|¥?)|J~'(0) which is
covariantly constant along P 77 '(0). Since every leaf of P is simply connected
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and intersects J (0} in a connected set, parallel transport along P produces a
globally defined polarized section ¥ of L®|A"PIY? which agrees with ¥, on
J~1(0). Now consider the polarized sections ¥, 1= 2J [¥] for each £ € 4. Bvery ¥,
is uniquely determined by its restriction to J~'(0). But ¥, | J71(0)=0 by construc-
tion, so ¥, =0 for all £ and hence ¥ < 4,.

Finally, the isomorphism 4, — 4 so obtained is canonical since all our construc-
tions are.® ||

Compatible quantizations thus have canonically isomorphic spaces of physically
admissible wave functions. But compatibility must ensure more than this: it should
also intertwine the quantizations of G-invariant observables. More precisely, let
ke C*(M) be G-invariant in which case it reduces to ke C*=(M), and let 2k and
9k be the corresponding operators on #, and £, respectively.

THEOREM 5. Let k be a polarization-preserving G-invariant observable. Then k is
polarization-preserving, both 9k and 3k exist and the diagram

,goﬁﬂ,éo

commutes, where the vertical arrows are the isomorphisms provided by the Smooth
Equivalence Theorem.

The proof is given in [G].

We now turn to the question of the inner product on 4,. When the G-invariant
states in # are not normalizable in #, but G is unimodular, we may use the
isomorphism #, — 4 provided by the Smooth Equivalence Theorem to induce an
inner product on #, from that on 4 Upon taking completions we obtain a unitary
equivalence of the corresponding Hilbert spaces #; and 2. If G is compact, whence
A5 < A, 1t is straightforward to show that the two induced inner products on %y
coincide up to a scale factor [G].

V1. QUANTIZATION OF NONUNIMODULAR SYSTEMS

But what if G is not unimodular, so that the Smooth Equivalence Theorem, as
stated, is no longer applicable? To circumvent this problem we “unimodularize” the
system by replacing G by T*G according to the bosonic BRST construction. Ou
approach rests on the following fundamental observation. '

® Strictly speaking, the isomorphism 4, — £ is not quite canonical, as it depends upon the choice of
an Ad-invariant volume on ¢ But any two such volumes differ by a nonzero multiple, and so the
isomorphism is canonical when viewed as an eguivalence of the corresponding projectivized {pre-)
Hilbert spaces (which are, after all, the actual quantum state spaces).
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ProPOSITION 6. T*G=G () g* is unimodular.

Proof® Infinitesimally, a group G is unimodular iff the' trace of ad;: ;—»;
vanishes for all e g : N
For the group G G) 4*, we have Lie(G ® g*)= ¢ ® #* with

ad(s,a)(‘:, By= (adf(C)> adg*(“) - adé*(ﬁ))' {6.1)

With respect to the dual bases { pa} of g and {n*} of g%, (6.1) takes the matrx
form

ﬂce 0
adg o pe 1) =(pe1") (5 D )

abC:f _éacgf )
T_‘hen
tr{ad s ) = E{(Ce— Ci=0. 1

We quantize the extended system (M, @) with momentum map J let Pbea
strongly admissible polarization of (M, ) which is compatible with the constraints
J=0 and let V,. be the vertical polarization on 4* @ g~ T*z*. Then F=PaV,.
is a strongly admissible polarization of (M, @) which is compatible with the con-
straints J=0. The leaves of P are simply connected if those of P are. Similarly,
L=Lx(g*®y)isa prequantization line bundle for (M, &), where L is one for
(M, w). Moreover, if the G-action lifts to L | J (D), then the T*G-action lifts to
L[| 710, 0). Thus if the quantization structures on (M, w) satisfy the conditions
set forth in the Smooth Equivalence Theorem, then these induced quantization
structures on (M, @) do also.

Note that the reductions of J~1(0,0) and J~'(0) are the same by (29), so the
reduced phase space quantization is fixed.

Since G (&) #* is unimodular we may apply the Smooth Equivalence Theorem to
the extended phase space quantization, obtaining a canonical isomorphism %, — 4,
where :

Zo={FeZ| BT [F1=0forall ({a)e 5 ® ¢}

is the subspace of (G (& g*)-invariant states in the extended quantum represenia-
tion space #.

Remarks. 6. The quantization structures we use on (M, @) are very natural,
but are by no means the only possible ones. In particular, any real polarization on
(#%, @) will do, as long as it is compatible with the constraints J =0, etc. However,
other choices of P may yield different quantizations and do not necessarily give rise
to polarizations of ,the original phase space (M, w). On the other hand, since

9 Alternately, one verifies that vol(g, ) = [det(Ad,)] &(g, «) is a bi-invariant volume element on
G ® g*. where ¢ is the Liouville volume.
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#*® 4 is contractible, cvery prequantization £ of # must be of the form
L=Lx{z*@® z) for some prequantization L of M.

L3

7. In contrast to the fermionic case, the inner product we obtain on the
extended Hilbert space 4 is positive-definite.

We now turn to a discussion of the quantum constraint conditions
37 o[ F]=0. (6.2)

First observe that these conditions are more restrictive than the original quantum
constraints (1.2}, since here we require the wave functions to be (G @ #*)-
invariant as opposed to merely being G-invariant. This is partly a reflection of the
fact that there are more variables in the extended system than originally. Notice,
however, that the G-actions on A7 and M are nor the same—ﬁ-incorporates, in
addition, the cotangent lift of the coadjoint action of G on #% to g* @ o We shall
exploit this circumstance momentarily. .

Now suppose in (6.2) that we set « =0. Then, by comparison with (2.8), we see
that the resulting quantum constraints form the bosonic analogue of the quantum
BRST condition 9Q{¥]=0 [KS, T27. This indicates that our formalism is physi-
cally correct. Similarly, setting £ =0 in (6.2) and recalling that we are quantizing in
the vertical polarization on the 7% ® g factor, we obtain the bosonic counterpart of
the requirement that the physically admissible quantum states have total ghost
number zero: 20[ F]=0.

To gain further insight into the quantum constraints (6.2) we work ont their local
expressions. In Darboux coordinates (g°, Di» Par ) adapted to M = M x (*® g)
and P=Pg V .+, & local frame field for P is F=(f, {), where

8 FRY a 8
= ., = d ={—=, ., =
f (ﬁpl’ ’ﬁpn) an s (811‘ 611’)

are local frame fields for P and V.« Tespectively. Then, as in Section IV, every
element ¥ e 7 can be written

=g, p)I®7,

where 7oT=1 and 7 is a normalized locally trivializing section of .
‘Taking £=10in (2.7), the extended version of (4.6) yields

a
dp

3T 0l P]= ( —ia, ) 127,

a

and (6.2) then implies that ¢ ={(q) only. Thus we may factor ¥ = ¥® 5, where
¥ £ and & is the covariantly constant half-density on g* @ 4 defined by §#({) = 1.
Setting &= 0 in (2.7), this enables us to reduce the expression (4.6) for .@'.7(5,0) to

WpolP®s]= {(ﬂfc + % tr-(adg)) [?’}}@ 8. (6.3)




18 : . DUVAL ET AL.

Thus the effective content of (6.2) is'®

2, [¥]= -é tr(ad,) ¥. (64)

We have therefore recovered the meodified Dirac quantization condition (1.3).
When the group G is not unimodular, we conclude that the physically admissible
quantum states are not those which are G-invariant (with respect to the action @),
but rather those which are quasi-invariant or, equivalently, those which are
(G & g*)invariant (with respect to the action @). Put somewhat differently, in
the nonunimodular case it is essential to take into account the (bosonic) BRST
symmetry of the theory, even though this symmetry appears only when the system
has been appropriately extended. '

Remarks. 8. In this connection we emphasize that the original Dirac prescrip-
tion {1.2) can lead to demonstrably wrong results in the presence of nonunimodular
symmetries [DEGT, T1], despite claims to the contrary [1, Section VIIL3]. See
also the example in the next section.

9. Referring back to Footnote 3, £q. (6.3) shows that our quantum BRST
operators 37, o) automatically incorporate the required modification to the Dirac
quantization prescription. Since they are formally self-adjoint in addition, this
indicates that the Kostani-Sternberg factor ordering is the correct one (as their
quantum BRST charge shares these features, of. [KS]).

10. There is no shift here in the quantum ghost number relative to the classi-
cal ghost number as there is in the fermionic BRST theory [HT, KS]. This is
because the operators 37, are already formally self-adjoint, and so no factor
reordering (which is responsible for' the shift) is necessary. Ultimately, this is a
consequence of the decoupling of the ghosts/antighosts and the original variables in
the extended momentum map J, cf. Remark 1. :

To summarize: the Smooth Equivalence Theorem states, for unimodular systems,
that reduction commutes with guantization. But the results of this section show
that we can remove the unimodularity restriction, provided we either (i) perform
the bosonic BRST construction classically and then quantize the extended system
so obtained using the Dirac prescription (6.2), or (i) quantize the original system
using instead the modified Dirac prescription (6.4).

10 e must be somewhat careful in interpreting (6.4). The “correction term” on the right-hand side
causes a shift in the eigenspaces of the operators 27, consisting of physically admissible states from
eigenvalue 0 to eigenvalue — (if2) tr(ad,). It may seem odd that the latter eigenvalue is imaginary, since
2J, is formally self-adjdint. However, this is not a problem since states satisfying (6.4} cannot be
normalizable, and on domains including non-normalizable states the notion of self-adjointness is not
defined.
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VIL INDUCTION AND QUANTIZATION

We have shown that the bosonic BRST construction yields a Hamiltonian action
of T*G on the extended phase space (#, @) which, when quantized, gives a unitary
representation of 7*G on the extended quantum state space £ But there is another
way Lo generate a unitary representation of T*G: first quantize the original phase
space (M, w) and then apply unitary induction to G = T*G. In this section we show
that these two procedures give identical results. That this is so should not be
surprising in view of the Bosonic BRST Theorem, since symplectic induction is the
classical analogue of unitary induction. Qur goal is to make this correspondence
very precise; in doing so, we prove more generally that “induction commutes with
quantization.”

We first recall the basic facts concerning induced representations. By analogy
with its classical symplectic counterpart, unitary induction manufactures a unitary
representation of a Lie group X, given a unitary representation of a closed sub-
group G.

So let U: G — %(4) be a unitary representation of & on an inner product space
4, and let 9'?(K) denote the space of all smooth half-densities on X, We then have
the product representation U of G on 4£=4® 2Y2(K) given by

U(¥®38)=U, PR R 3.
The inner product on £ is

CF Ty =] <. Ty000), (7.1)

where V=¥ ®4, F=17 ®@p, and -, ) denotes the given inner product on 4.

The induced representation space will be the subspace 7 of quasi-invariant states,

ie., -
A= {Pek|U,¥=[det(Ad,)] " ¥ for all ge G}, (7.2)

where the adjoint representation is taken with respect to the reducing group G. The
inner product on # can be described intrinsically as follows: Fix a frame  for 4 and
set Lxlk)=TL,-( For ¥, YeZ consider the density o= ¢, YH(6®5) on K
appearing in (7.1) and observe that, by virtue of (7.2), ¢({y, -) is the pullback of
a density on G\K. Integrating this latter density over G\K then gives the inner
product on 4. Note that a different choice for § changes the inner product by a
constant factor.
Now consider the representation of X on £ defined by

(k, P®5) - TR LY. 6.

This representation clearly commutes with {7 and so restricts to a representation 7

‘of K on £ Finaily, it is gasily verified that this induced representation is unitary.
To forge the link between symplectic and unitary induction in general, we now

suppose that geometric quantization applied to (M, w, &, J) yields a unitary
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representation U of G on the quanium state space #. Assume that the polarization
P and the prequantization line bundle L on M satisfly all the conditions set forth
in the Smooth Equivalence Theorem. The aim is to prove that the representation
of K on the extended quantum state space obtained via the geometric quantization
of the induced sympiectic manifold (i, &, @, J) exactly coincides with the induced
representation of X on £ just described.

For the most part the proof simply consists of a comparison of the two
approaches. We start by applying geometric quantization to the symplectic
manifold M =M x T*K. Equip T*K with the vertical polarization Vy and define
on M the composite polarization = P@ V. We shall use the natural identifica-
tion of the space of covariantly constant half-densities relative to ¥y with @'(X).
Similarly, take the prequantization line bundle on M to be L = L x T*K. Then this

. quantization data (P, L) on (M, &) will satisfy all the hypotheses of the Smooth
Equivalence Theorem as well.

The quantization of (A, d3) is then clearly # with the inner product (7.1).
Moreover, it is obvious that quantization intertwines the actions of G and K on M
defined in Section III with the representations of G and K on £ defined above. Thus
the first steps of the two induction procedures are identical,

We must now consider the classical reduction from (M, &) to (M, @). We first
remark that, by construction, the quantization data on (M, &) induces compatible
quantization data on (M, &). (When K=T¥*G, this data is just that given in
Section VI.) But the Smooth Equivalence Theorem, in conjunction with the
observations at the end of the last section, shows that the quantization of (#7, @)
is equivalent to the quantization of (M, &) provided the modified Dirac conditions

I ¥ = —étr(adf) ' (7.3)

hold for all £e 4. But this is simply the infinitesimal version of the defining
property (7.2) of the induced representation space 4! Thus (modulo several routine
verifications) we have proved:

InpucTiON EQUIVALENCE THEOREM. Suppose that the quantization data on
(M, w) satisfies all the assumptions of the Smooth Eguivalence Theorem. Then there
exists a canonical unitary equivalence of the quantization of the symplectically
induced Hamiltonian K-space (M, &, ®,J) with the representation of K unitarily
induced from the quantization of the original Hamiltonian G-space (M, w, @, J).

Succinctly, the diagram

(M’ @, @’ J) Geometric guaniization (é’ U)
Sympleciic [Induction Unitary | Induction
(M’ w, 4)’ J) Geomelric quansization ’ ('é’ U]

commutes.
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Remarks. 11. Note that G need not be unimodular; the effects of non-
unimodularity are automatically taken into account by means of the modified Dirac
conditions (7.3).

12. We caution here against one possible source of confusion. In this section
we are studying the BRST extended phase space (7, &, &, J)—viewed as an
unconsirained system—and its quantization; we have shown that the former can be
obtained by the reduction of an even “grander” constrained system (M, &, &, J).
We have also demonstrated how this quantization can be unitarily induced from
the unconstrained quantization of (M, w, D, J). But none of this has anything to do
with our original problem, viz., the constrained quantizations of (M, &, ®, J} and
(M, w, ®,J) and their relation to the quantization of the reduced phase space
(M, @). These are separate issues altogether, In particular, the modified Dirac
conditions (7.3} and (6.4) occur in entirely different settings; the former arise via
unitary induction as we have seen, whereas the latter (apparently) have no connec-
tion with induced representations.

VIH. AN EXAMPLE

We iilustrate here our results on BRST quantization in the specific case of a
nonunimodular reducing group.
~ To construct the example we consider the simplest nonunimodular group: the
Borel subgroup G of SL(2, R). This is the set of all 2 x 2 matrices of the form

@n=(g )
with geR, and beR. Let
a3 3) w an() )
be the standard basis for g; note that
tr(ad,;l) =2 and tr{ad,,)=0.
We let this group act on R* xR by
(a, b) -(q, 1) = (ag, a*t + ab).
The cotangent lift of this action to M = T*[R>xR) is given by
(a,0)-(q, p. t,e)={ag, a™'p, a’t + ab, a=2e).
With respect to the duab basis for 4*, the momentum map is

J(g, p,t,e)={(p-q+2et, e).
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An elementary calculation shows that the reduced space G\J —Y0) is symplec-
tomorphic to T*S? with its canonical symplectic structure.

We now quantize M in the vertical polarization and with the trivial prequantiza-
tion line bundle. This yields in the usual way the quantum Hilbert space # =
L*R3x R), clements of which we identify with functions (g, #) by the choice of the
Lebesgue measure. In this representation the quantized operators read:

. Jd 5 N,
.@J§]=—I(q-v+2fa+§) and inzﬁmla.

Imposing the modified Dirac quantization conditions (1.3) gives ¥ =w{g) along
with
q-Vi=—3¢. ' (8.1)
Going over to polar coordinates on R?, this implies that

Y(q)=r"""2¢(6, o). (8.2)

Thus the space #, of quasi-invariant states may be identified with L?(S?); the
Smooth Equivalence Theorem tells us that the induced inner product is actually
given by integration over S? with respect to the standard volume.

Let us now investigate what would happen if we quantize the system using the

w_ﬁcorrected Dirac conditions (1.2). We find that (8.1) is replaced by
g-Vi= 3
and thus in this case

Ylg)=r""¢(6. ¢). (8.3)

Again we may identify the space # of G-invariant states with functions on S2, but
we no longer have a theorem that tells us how to put an inner product on this
space. :

We now show that the apparently innocuous difference between these two quan-
tizations is crucial and that the unmodified Dirac prescription is not consistent with
the quantization of the reduced phase space. To do this we consider the observable

L=|q| {v, p>

on M, where v is any fixed nonzero vector in R’. It is clearly G-invariant and hence
induces an observable L on the reduced space 7*S2. As L is linear in the momenta,
it is quantizable and we obtain

.

: 1v-q)
9L = — Vo4 .
z(llqil vV (84)
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as an operator on L*(R*x R). On the other hand, we may quantize the reduced
space M= T*S? directly; as an operator on 2 ~ LYS?), ‘

o . 0 a1 :
4 —Mz(v9E+v¢(cscﬂ)%~—2U,). (8.5)

Then a calculation establishes that the isomorphism #, =~ A given by (8.2) inter-
twines the operators (8.4) and (8.5) (as it must according to Theorem 5). But the
correspondence #;, =~ # defined by (8.3} does noz, due to the different dependence
on r, ‘

Remarks. 13, We have been content here to merely illustrate the essential role
played by the modified Dirac prescription. (It would be overwhelming to exhibit
the full paraphernalia of the bosonic BRST machinery in this case.) To see this
machinery in action, we refer the reader to the treatment of the pseudo-rigid body
given in [DEGT]. .

14. If so desired, one can give this example a physical flavor by viewing the
reduced phase space as that of a spherical pendulum. Aithough we will not pursue
this, we point out that the setup here can be used to provide a nice interpretation
of the “homogeneity trick” employed by Guiliemin and Uribé in their paper [GU]
on the quantum mechanical spherical pendulum.

IX. Discussion

There has been much interest in the Dirac quantization program for constrained
systems. The motivation is that the reduced phase space quantization is often hard
to describe (the reduced space itself may not even exist in any reasonable sense),
since it requires taking a quotient; whereas quantum reduction essentially consists
of computing subspaces of (rigged) Hilbert space and so is in principle casier. But
regardless of how one proceeds, one needs theorems. to the effect that first quantiz-
ing and then reducing on the quantum level gives the-same results as first reducing
on the classical level and then quantizing. Our results here are of this nature.

While certainly an improvement over previous work in that (i) the unimodularity
requirement in [G, Sn2] has been lifted, and (ii} one is no longer confined to either
the cotangent or Kiihler categories of ['G, GuS1], our theorems are in some ways
still far from optimal. To obtain hard results we found it necessary, for instance, to
place severe restrictions on the group action and the choice of polarization. Tt is not
at all apparent how one might relax these restrictions to any significant extent.

Since our approach ta the quantization/reduction problem is closely tied to the
bosonic BRST formalism, it is natural to try to ascertain the circumstances under
which the latter will be well defined. There are two main avenues of generalization
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here. One is to consider non-free actions. In this case one has some idea as to how
the (fermionic) BRST formalism goes [FHST]; one must imtroduce ghosts of
ghosts of ... depending upon the degree of redundancy between the components of
the momentum map. Is there a purely bosonic analogue of this procedure in sym-
plectic geometry? Is symplectic induction the appropriate construction in this con-
text as well? A second generalization is to consider the case when the constrained
system is defined by the vanishing of globally defined functionally independent first
class constraints which however do not arise from a group action. Here again the
fermionic theory is reasonably well understood, although it is complicated by the
fact that one now has structure functions instead of constants [BM, H1, H2, HT,
St]. A possible first step would be to try to extend the bosonic BRST framework
to the cotangent bundle setting and replace the group action on’ the configuration
space by a foliation. Some results in this direction have recently been obtained in
T2, T3]

But the bosonic BRST formalism aside, one can ask: what is the counterpart of
the modified Dirac prescription in these types of situations? A study of what hap-
pens when all isotropy groups are conjugated to one another can be found in [T1].

Another major problem is to obtain results valid for more general types of
polarizations, One expects that there should be versions of the Smooth Equivalence
Theorem for a variety of polarizations (viz., those not satisfying the compatibility
condition (5.1)), but there are no results as yet other than [GuS1] Other dif-
ficulties are easier to circumvent. For example, it should be straightforward to
extend these results to the case when J=p, provided pe g* s Ad*-invariant (so
that J(p) is coisotropic in M or, equivalently, the constraints J, = {y, &) are
first class); see [G] in this regard. If e ¢* is not invariant, then our constructions
may still be applied provided we make use of a standard trick, of. Section 26 of
[GuS2].

A further conundrum concerns one of the tenets of the BRST/BFV philosophy:
that one should be able to dispense with- the reduced phase space altogether. But
we are unable to avoid having to implement the classical reduction—in fact, we are
quite unable to do withour the reduced phase space—because otherwise there is in
general no way to construct the inner product on the reduced quantum state space.

So there remains much interesting and hard work to be done. But even in the
absence of resolutions of these many problems, we hope it is apparent that, con-
trary to some popular belief (e.g., [L]), it is profitable to study constrained systems
in purely symplectic terms, gither super or not.

ACKNOWLEDGMENTS

We thank J. Harnad, B. Kostant, R. Schmid, J. Stasheff, and 5. Zakrzewski for very helpful conversa-
tions. .




i

faM]
[BM]
[c1]

D]
[DEGT]

[DET]
[FHST]
[G]
[GoS]
[GSW]
[Gus1]
[GuS2]
[GU]
[H1]

[H2]
[HT]

[KKS]
[K5]
(L]
[M]
(MW ]
[Sn1]
[Sn21

iSo]
£st]

[Tt]

QUANTIZATION AND BOSONIC BRST THEQRY 25

REFERENCES .

R. ABramam aND J. E. MarspEN, “Foundations of Mechanics® Znd ed., Benjamin-
Cummings, Reading, MA 1978.

A. D. BROWNING AND D. McMuLLax, The Batalin, Fradkm Vitkovisky formalism for higher
order theories, J. Math. Phys. 28 (1987), 438-444.

J. F. CARINENA aND L. A. IBORT, Canonical setting of ghost fields and B. R. S. transforma-
tions, Phys. Lett. B 164 (1985), 99-101.

P. A. M. Dirac, “Lectures on Quantum Mechanics,” Academic Press, New York, 1964,

C. Duvay, J. BLHADAD, M. J. GoTAY, AND G. M. Tuynman, Nonunimodularity and the
quantization of the pseudo-rigid body, in “Hamiltonian Systems, Transformation Groups
and Spectral Transform Methods” (J. Harnad and J. E. Marsden, Eds.), pp. 149-160,
Les Publications du CRM, Montréal, 1990.

C. Duvay, J. ELHADAD, AND G. M. TuyNMan, The BRS method and geometric quantization:
Some examples, Commun. Math. Phys. 126 (1990), 535-557.

J. Fiscu, M. HEenNgaux, J. STAsHEFF, AND C. Tarrersomd, Existence, uniqueness and
cohomology of the classical BRST charge with ghosts of ghosts, Commun. Math. Phys. 120
(1989), 379407,

M. J. Goray, Constraints, reduction, and quantization, J. Math, Phys. 27 (1986), 2051-2066.
M. J. GoTay anp J. SniaTycki, On the quantization of presymplectic dynamlca] systems via
coisotropic imbeddings, Commun. Math. Phys. 82 (1981), 377-389.

M. B. Green, J. H. ScEwarz, anp E. WiTIEN,; “Superstring Theory. 1. Introduction,”
Cambridge Unjv. Press, Cambridge, 1987.

V. GUILLEMIN AND §. STERNBERG, Geometric quantization and multiplicities of group
representations, frvent. Math. 67 (1982), 515-538.

V. GUILLEMIN AND S, STERNBERG, “Symplectic Techniques in Physics,” Cambridge Univ.
Press, Cambridge, 1984.

V. GUILLEMIN aND A. URiBE, Monodromy in the spherical pendulum, Comwmun. Maik. Phys.
122 (1989), 563-574.

M. Henngaux, Hamiltonian form of the path integral for theories with a gauge freedom,
Phys. Rep. 126 (1985), 1-66.

M. Henneaux, “Classical Foundations of BRST Symmetry,” Biblicnopolis, Napoli, 1988.
M. HennEAUX AND C, TEITELBOIM, BRST cohomology in classical mechanics, Comumum, Math,
Phys, 115 (1988), 213-230. '

D. Kazupan, B. XOSTANT, aND 8. STERNBERG, Hamiltonian group actions and dynamical
systems of Calogero type, Conmun. Pure Appl. Math. 31 (1978), 481507,

B. KOSTANT AND S. STERNBERG, Symplectic reduction, BRS cohomology and infinite dimen-
sional Clifford algebras, dnn. Phys. {(N.¥.) 176 (1987), 49-113.

R. LoLL, The extended phase space of the BRS approach, Compmun. Math. Phys. 119 {1988),
509-527.

G. W. MackEy, “Induced Representations and Quantum Mechanics,” Benjamin, New York,
1968.

J. E. MARSDEN aND A. WEINSTEIN, Reduction of symplectic manifolds with symmetry, Rep.
Math. Phys. 5 (1974), 121-130.

1. Sn1atyexr, “Geometric Quantization and Quantum Mechanies,” Appl. Math. Sci., Voi. 30,
Springer-Verlag, Berlin, 1980.

1. SNIATYCKI, Constraints and quantization, in “Lecture Notes in Mathematics,” Vol. 1037,
pp- 301-334, Springer-Verlag, Berlin, 1983.

J-M. S8ouRriAU, “Structures des Systémes Dynamiques,” Dunod, Paris, 1969.

J. StasHEFF, Homological reduction of constrained Poisson algebras, University of Morth
Carolina, preprint, 91988.

G. M. TuynmaN, Reduction, quantization and non- ummodular groups, J. Math. Phys. 31
(1990}, 83-90. .

ot s e




I

26

[T2]
[T3]
vl

[Wel

[Wo]

DUVAL ET AL,

G. M. TuynMaN, Geometric quantization of the BRST charge, Mathematical Sciences
Research Institute preprint, 1989.

G. M. TuyNMAN, Quantization of first class constraints with struéture functions, CPT-CNRS
preprint, 1990.

D. Vogan, “Unitary Representations of Reductive Lie Groups,” Princeton Univ. Press,
Princeton, NJ, 1987. )

A. WEINSTEIN, A universal phase space for particles in Yang-Mills felds, Letr. Math. Phys. 2
(1978), 417-420.

N, WooDHOUSE, “Geometric Quantization,” Clarendon, Oxford, 1980.

Printed by Catherine Press, Litd., Tempelhof 41, B-8000 Brugge, Belgium




