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Main reference

The general area of geophysical fluid mechanics is truly interdisciplinary.
Ideas from statistical physics are now hcmg applied in novel ways to
complex

Nonlinear Dynamics and
g o : Statistical Theories for
this book, the basic ideas olgcophys!cs, probability theory, information
theory, nonlinear dynamics, and equilibrium statistical mechanics are . .
e e e S Basic Geop hys ical Flows

scale forcing, nonlinear stability, fluid flow on a sphere, and Jupiter's
Great Red Spot. The various competing approaches of equilibrium
statistical mechanics for geophysical flows are systematically compared
and contrasted from the viewpoint of modern applied mathematics.
Novel applications theory are utlized to g
R et s e
freedom. The book is the first to adopt this approach and it contains
many recent ideas and results. Its audience ranges from graduate students
to researchers in both applied mathematics and the geophysical sciences.
Itillustrates the richness of the interplay of mathematical analysis,
qualitative models, and numerical simulations, which combine in the
emerging area of computational science.
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Complete Statistical Mechanics

Liouville property

@ Approximate PDE by ODE system.
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Complete Statistical Mechanics

Liouville property

@ Approximate PDE by ODE system.
°
ox
d

= I:'()?), XeRrN F= (Fy,---,Fn), N>1, )?\,:0 = X.
S(t): solution semi-group.
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Complete Statistical Mechanics
Liouville property

@ Approximate PDE by ODE system.

°
dX 29 o N = _ .
E:F(X)?XERaF:(F17"'aFN)7 N>>1; X‘IZOZXO-
S(t): solution semi-group.

°

Example: Hamiltonian system.

><L
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Complete Statistical Mechanics
Liouville property

@ Approximate PDE by ODE system.

°
aX o o oy oz o
E:F(X)aXERaF:(F17"'aFN)7 N>>1; X‘IZOZXO-
S(t): solution semi-group.

°

N
- OF;
Jj=1
Example: Hamiltonian system.
° and its solution

op

L F.Vop=

ot +F-Vyp=0
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Complete Statistical Mechanics
Liouville property

@ Approximate PDE by ODE system.

°
dX 29 o N = _ .
E:F(X)?XERaF:(F17"'aFN)7 N>>1; X‘IZOZXO-
S(t): solution semi-group.

°

Example: Hamiltonian system.
° and its solution

@ Conservation
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Complete Statistical Mechanics

Maximum entropy principle applied to ODE

Wang, Xiaoming Complete Statistical Mechanics and Emergence of Large Scale Coherent Struc



Maximum entropy principle applied to ODE

@ Conserved quantities £/(X(t)) = E/(Xo), 1</<L
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Maximum entropy principle applied to ODE

@ Conserved quantities £/(X(t)) = E/(Xo), 1</<L
@ Statistical version of the conserved quantities
E/ = (E)p= [mn Ei(X p(X)dX, 1<I<L.
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Maximum entropy principle applied to ODE

@ Conserved quantities £/(X(t)) = E/(Xo), 1</<L
@ Statistical version of the conserved quantities
E/— Elp—fRNEl p(X)dX 1</I<L
@ Conservation of the statistical form (E) ) = (E)p,, for all t.
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Maximum entropy principle applied to ODE

@ Conserved quantities £/(X(t)) = E/(Xo), 1</<L
@ Statistical version of the conserved quantities
E/— Elp—fRNEl p(X)dX 1</I<L
@ Conservation of the statistical form (E) ) = (E)p,, for all t.
@ Maximum entropy principle

S(p*) = rpggS(p S(p /p )Inp(X) dX

c = { >o/ p(X)dX = 1 (E/)p:E,,1§I§L}
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Maximum entropy principle applied to ODE

@ Conserved quantities £/(X(t)) = E/(Xo), 1</<L
@ Statistical version of the conserved quantities
E/— Elp—fRNEl p(X)dX 1</I<L
@ Conservation of the statistical form (E) ) = (E)p,, for all t.
@ Maximum entropy principle

S(p") = maxS(p), S(p /p )Inp(X) dX,
c = { >o/ p(X)dX =1 (E/)p:E,,1§I§L}

@ Most probable pdf ( )

L
p*(X) = G5(X) = Z~" exp(— ZG/E/ Z:/ exp(— Y 0/E/(X)
RN 1=
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Maximum entropy principle applied to ODE

@ Conserved quantities £/(X(t)) = E/(Xo), 1</<L
@ Statistical version of the conserved quantities
E/— Elp—fRNEl p(X)dX 1</I<L
@ Conservation of the statistical form (E) ) = (E)p,, for all t.
@ Maximum entropy principle

S(p*)

maxS(p), S(p /p )YInp(X) dX,
peC

c = { >o/ p(X)dX = 1 (E/)p:E,,1§I§L}

@ Most probable pdf ( )
L
p*(X) = G5(X) = 2 exp(— ZG/E/ z- / exp(— > 0E(X)
R I=1
e Gibbs measure is invariant, F - V3G = 0. .
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Complete Statistical Mechanics

Josiah Willard Gibbs

Figure: Josiah Willard Gibbs, 1839-1903
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Complete Statistical Mechanics

Remarks on the maximum entropy principle

@ Entropy is conserved in the deterministic case.
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Complete Statistical Mechanics
Remarks on the maximum entropy principle

@ Entropy is conserved in the deterministic case.
o

B X+
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Complete Statistical Mechanics
Remarks on the maximum entropy principle

@ Entropy is conserved in the deterministic case.

o
dX .o dW
=F(X —
o X+
° (Kolmogorov, Smoluchowski)
b 2
87 +F.-Vyp— < Agyp=0
@ Equation for the density of Shannon entropy Q=-pinp
0
87(1‘24_ (FQ) - A Q= —|Vp|2
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Complete Statistical Mechanics
Remarks on the maximum entropy principle

@ Entropy is conserved in the deterministic case.

o
dX .o dW
=F(X —
o X+
° (Kolmogorov, Smoluchowski)
b 2
87 +F.-Vyp— < Agyp=0
@ Equation for the density of Shannon entropy Q=-pinp
0
a—? +Vy- (FQ) - A Q= —|Vp|2

@ Monotonicity of Shannon entropy S(p) = — [ plnp (noise
increases uncertainty)

F5(p(1) = 0.
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Complete Statistical Mechanics

Remarks on the maximum relative entropy principle

@ Relative entropy is conserved in the deterministic case.
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Complete Statistical Mechanics
Remarks on the maximum relative entropy principle

@ Relative entropy is conserved in the deterministic case.
o —
X =

% F(X)+e—-
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Complete Statistical Mechanics
Remarks on the maximum relative entropy principle

@ Relative entropy is conserved in the deterministic case.

o
aX _ gy, AW
° (Kolmogorov, Smoluchowski)
op €?

at+F Vb — 2A;(p:O

@ Equation for the density of relative entropy Q = —pIn g

oQ = €2 P _qpn
ot +Vyz - (FQ) - EA;(Q— 2—p¥\V5|
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Complete Statistical Mechanics
Remarks on the maximum relative entropy principle

@ Relative entropy is conserved in the deterministic case.

o
aX _ gy, AW
° (Kolmogorov, Smoluchowski)
op 62

ot
@ Equation for the density of relative entropy Q = —pln e
0Q 2 €? € p 2
a9t +Vyz (FQ)— 503;Q= 2pq2 \V—|

@ Monotonicity of relative entropy S(p,q) = — [ pIn £ i

d
41S(P(1). (1)) = 0.
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Complete Statistical Mechanics
Remarks on the maximum relative entropy principle

@ Relative entropy is conserved in the deterministic case.

o
aX _ gy, AW
° (Kolmogorov, Smoluchowski)
op 62

ot
@ Equation for the density of relative entropy Q = —pln e
0Q 2 €? € p 2
a9t +Vyz (FQ)— 503;Q= 2pq2 \V—|

@ Monotonicity of relative entropy S(p,q) = — [ pIn £ i

d
41S(P(1). (1)) = 0.

@ Noise enhances mixing and statistical uniqueness. ®
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Complete Statistical Mechanics

Adriaan Fokker, Max Planck, Andrey Kolmogorov,

Marian Smoluchowski

Fiqure: Figure: Figure:
Figure: Plganck. Kol- Smolu-
Fokker, ’ mogorov, chowski,
’ 1858- 1903- 1872-
1887- 1947
1972 1987 1917
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Complete Statistical Mechanics

Barotropic quasi-geostrophic equation with topography

@ Barotropic quasi-geostrophic equation

%‘Z+VL¢-Vq:0, q=A¢+h
q: potential vorticity, ¥: stream-function, h: bottom topography,

Q =(0,27) x (0,2r), per. b.c.
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Complete Statistical Mechanics

Barotropic quasi-geostrophic equation with topography

@ Barotropic quasi-geostrophic equation

q

at+vw Vg=0, g=A¢+h

q: potential vorticity, ¥: stream-function, h: bottom topography,
Q =(0,27) x (0,2r), per. b.c.
@ Conserved quantities: kinetic energy E and total enstrophy £

]
E = -3 . YA dX,

£ = ,i/ dx
290 o7
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Complete Statistical Mechanics

Application to barotropic QG: general strategy
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Complete Statistical Mechanics

Application to barotropic QG: general strategy

@ Finite dimensional (Galerkin) truncation (approximate PDE by
ODE)
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Complete Statistical Mechanics

Application to barotropic QG: general strategy

@ Finite dimensional (Galerkin) truncation (approximate PDE by
ODE)

@ Verify (i) the conservation of energy enstrophy and (ii) the
Liouville property
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Complete Statistical Mechanics

Application to barotropic QG: general strategy

@ Finite dimensional (Galerkin) truncation (approximate PDE by
ODE)

@ Verify (i) the conservation of energy enstrophy and (ii) the
Liouville property

@ Apply equilibrium statistical mechanics theory to the truncated
ODE.
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Complete Statistical Mechanics

Application to barotropic QG: general strategy

@ Finite dimensional (Galerkin) truncation (approximate PDE by
ODE)

@ Verify (i) the conservation of energy enstrophy and (ii) the
Liouville property

@ Apply equilibrium statistical mechanics theory to the truncated
ODE.

© Compute the mean state of the Gibbs measure of the truncated
system and study limiting behavior as the ODE converges to
PDE.
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Complete Statistical Mechanics

Jule Charney, Robert Kraichnan

Figure: Jule Charney, 1917-1981

" Figure: Robert Kraichnan,
1928-2008
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Complete Statistical Mechanics

Truncated QG

@ Fourier basis: By = {exp (iE-)?) |1 <[k < A}.
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Complete Statistical Mechanics

Truncated QG

@ Fourier basis: By = {exp (iE-)?) |1 <[k < A}.

]
o= Y et =— 3 ISZQE(t)e’”,
1<[k]2<A 1S|R|2sA| |
hy = Z /A'IE(t)eI;E,
1<|K[2<A
wn o= > GEFK = 3T (K1) R,

1<[k]2<A 1<|K2<A
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Complete Statistical Mechanics

Truncated QG

@ Fourier basis: By = {exp (ik : )?) |1 <[k < A}.

]
N . 1 -
(T— Z wE(t)elx»k:_ Z E2@E(t)e/xk’
1<[k]2<A 1S|R|2sA| |
h/\ = Z /A'IE(t)eI;E,
1<|K[2<A
wn =Y Gpt)eFR = ST (—IKPO()eRE,
1<|K12<A 1<|K2<A
o
(VEen - V(wn + hn))
di; ~om.
dtk — |T|2 wT(w,ﬁ+h,7,) =0
I <A .
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Complete Statistical Mechanics

Conservation of truncated energy and enstrophy and

Liouville’s property
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Complete Statistical Mechanics

Conservation of truncated energy and enstrophy and

Liouville’s property

@ Truncated energy and enstrophy
_ 1 L 2 H_l P22
Ev = g [IVrelaR=5 Y KRG

1 2 43 K2y + g2
& = 2|Q|/(w/\+h,\) dX =5 > |- IkPdg+ Al
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Complete Statistical Mechanics

Conservation of truncated energy and enstrophy and

Liouville’s property
@ Truncated energy and enstrophy

_ 192 I 2121712
Ev = g [ IV edi=5 30 IRFIGRE

1<|K2<A

1 PP P20 B2
& = 2|Q|/(w/\+h,\) dX =5 > |- IkPdg+ Al

1<[K[2<A
@ Liouville property (detailed)

Fj()_e): I:](X1a 7)(j—1a)(j+1a"' aXZM)a

Rel//;k';, |m1;,€1'7 T »Rei/;k;,’ |m1/3k;,,),
{k1, e ,kX,,}: defining set of modes such that
€S=-k¢S SU(=S)={1<|kP<A}L .

2‘1 »n X
Il
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Complete Statistical Mechanics

Prediction of the truncated system
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Complete Statistical Mechanics

Prediction of the truncated system

@ Gibbs measure

« 0 TN
Gaun = ZwAeXp(ff > |- IkP wk+h\)f§ > kPR,
1<[k[2<A 1<|K[2<A
6 — — ~ =
= Zaunexp(-35 > kPP + p) (g — D)%)
1<|K[2<A

= I_I/Zﬂ g{)z,,u,/\()(/')

a, 0 Lagrange multipliers for enstrophy and energy, u = %

Wang, Xiaoming h.f edu Complete Statistical Mechanics and Emergence of Large Scale Coherent Struc



Complete Statistical Mechanics

Prediction of the truncated system

@ Gibbs measure

« 0 TN
Gaun = ZwAeXp(ff > |- IkP wk+h\)f§ > kPR,
1<[k[2<A 1<|K[2<A
6 — — ~ =
= Zaunexp(-35 > kPP + p) (g — D)%)
1<|K[2<A

= I_I2 1g ;LA(X)

a, 0 Lagrange multipliers for enstrophy and energy, u = %
@ Mean state and equation

E,; Ea, Pa(X,t) = Z E,;eiﬁ

1<[k]2<A

pon — Ay = hp
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Complete Statistical Mechanics

Continuum limit

@ Asymptotic constraints
lim <E/\>g = E(),/\”_>mOo <g/\>g =&p.

N—oo

= 1 kPl 1
(Eg = EntEr=5 > —k 45 N
2 2)2 2 2

1<iipen (1K) 1<ifpen T 1K

- 1 PP o k>
g = Entbr=5 > k4 N T
2 2\2 2 2

1< geen (1 HIKE) 1< e M 1K

HA = oo, LA — OO.

Aauoo +h= /‘00@%0
oo € (—1,00): E(3,,_) = Eo. .
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Emergence of large scale coherent structure

Large coherent structure

hilubble,
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Emergence of large scale coherent structure

Large coherent structure

@ Understand the
emergence and
persistence of such
large scale coherent
structure
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Emergence of large scale coherent structure

Large coherent structure

@ Understand the
emergence and
persistence of such
large scale coherent
structure

@ Prediction

Complete Statistical Mechanics and Emergence of Large Scale Coherent Stru
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Mathematical model

One layer model (Two dimensional fluid system for potential vorticity)

% +Viy Vg = D(-A) + F,
g = Mp+By—Fip+h
D(-A) = ) d(-AYv
j=>1

d;: Ekman damping, d»:Newtonian viscosity, dj,j > 3: hyper-viscosity
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Emergence of large scale coherent structure

Equilibrium/empirical statistical mechanics
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Emergence of large scale coherent structure

Equilibrium/empirical statistical mechanics

@ Undamped/unforced setting customary
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Emergence of large scale coherent structure

Equilibrium/empirical statistical mechanics

@ Undamped/unforced setting customary

@ Information theoretical approach: maximize Shannon entropy
with given information
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Emergence of large scale coherent structure

Equilibrium/empirical statistical mechanics

@ Undamped/unforced setting customary

@ Information theoretical approach: maximize Shannon entropy
with given information

@ Conserved quantity becomes constraints on p
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Emergence of large scale coherent structure

Equilibrium/empirical statistical mechanics

@ Undamped/unforced setting customary

@ Information theoretical approach: maximize Shannon entropy
with given information

@ Conserved quantity becomes constraints on p
@ Mean field equation
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Emergence of large scale coherent structure

Equilibrium/empirical statistical mechanics

@ Undamped/unforced setting customary

@ Information theoretical approach: maximize Shannon entropy
with given information

@ Conserved quantity becomes constraints on p
@ Mean field equation

a=36()

@ Most of them are stable under appropriate assumptions
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Equilibrium/empirical statistical mechanics

Undamped/unforced setting customary

Information theoretical approach: maximize Shannon entropy
with given information

Conserved quantity becomes constraints on p
Mean field equation

a=9()
Most of them are stable under appropriate assumptions
Majda and W.,

, CUP, 2006
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Emergence of large scale coherent structure

Dynamical approach / non-equilibrium
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Emergence of large scale coherent structure

Dynamical approach / non-equilibrium

@ Forcing on the largest scale (Yudovitch, Marchioro,
Constantin-Foias-Temam)
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Emergence of large scale coherent structure

Dynamical approach / non-equilibrium

@ Forcing on the largest scale (Yudovitch, Marchioro,
Constantin-Foias-Temam)

@ Selective decay (decaying flow) (Foias-Saut, Majda-Shim-W.,
Montgomery, McWilliam etc)
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Emergence of large scale coherent structure

Dynamical approach / non-equilibrium

@ Forcing on the largest scale (Yudovitch, Marchioro,
Constantin-Foias-Temam)

@ Selective decay (decaying flow) (Foias-Saut, Majda-Shim-W.,
Montgomery, McWilliam etc)

@ Large scale structure: ground energy shell
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Emergence of large scale coherent structure

Damped driven environment
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Emergence of large scale coherent structure

Damped driven environment

@ unresolved small scale in forcing (small scale convection on
Jupiter weather layer, storms for the oceans’ mixing layer )
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Emergence of large scale coherent structure

Damped driven environment

@ unresolved small scale in forcing (small scale convection on
Jupiter weather layer, storms for the oceans’ mixing layer )

@ random small scale forcing (in Jupiter’s case: predominantly
positive)
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Emergence of large scale coherent structure

Damped driven environment

@ unresolved small scale in forcing (small scale convection on
Jupiter weather layer, storms for the oceans’ mixing layer )

@ random small scale forcing (in Jupiter’s case: predominantly
positive)
@ Newtonian viscosity needed
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Emergence of large scale coherent structure

Simple model

Two dimensional Navier-Stokes equation (vorticity-stream function)

@+VL¢-Vq = vAgQ+F,

ot
Ay = q,
Qli=o = qo(>0)
Yv=q = 0,0n0Q

Q=1[0,7] x [0, 7]
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Emergence of large scale coherent structure

Impulse(kick) random small scale forcing

25

15

05
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Emergence of large scale coherent structure

Impulse(kick) random small scale forcing

25

15

05

oo

F =" 6(t—jAt)Av(x—X;)
j=1
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Emergence of large scale coherent structure

Impulse(kick) random small scale forcing

15 °
T F = 6(t—jAt)Awv (X—X;)
j=1
°
(1—|x- x-\2/r2)2
wl’(x) = 0 ! '
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Emergence of large scale coherent structure

Impulse(kick) random small scale forcing

15 °
T F = 6(t—jAt)Awv (X—X;)
j=1
°
(1—|x- x-\2/r2)2
wl’(x) = 0 ! '

@ X;: uniform distribution
on Q, =
[I’o,?‘(‘ — fo] X [I’o,ﬂ' — fo]
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Emergence of large scale coherent structure

Prediction via statistical theory (Grote-Majda)
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Emergence of large scale coherent structure

Prediction via statistical theory (Grote-Majda)

@ EEST leads to the ground state sin x sin y
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Emergence of large scale coherent structure

Prediction via statistical theory (Grote-Majda)

@ EEST leads to the ground state sin x sin y
@ PVST or ESTP leads to sinh-Poisson
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Emergence of large scale coherent structure

Prediction via statistical theory (Grote-Majda)

@ EEST leads to the ground state sin x sin y

@ PVST or ESTP leads to sinh-Poisson

@ crude closure (tracking energy and circulation only) works very
well

Complete Statistical Mechanics and Emergence of Large Scale Coherent Stru
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Emergence of large scale coherent structure
.
Numerical results

Figure: Contour Figure: Vorticity

£ t=10 t=20
02 02 02
01 i 01 (oo |

L
o 0 o
2 2 2 2 2 2

0o

t=50 t=100 t=150
02 02 02

| | ;

01 0.1 ) 01
0 0
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Emergence of large scale coherent structure

Numerical results (correlation, Dirichlet quotient,

energy)

Figure: Correlation and D quotient Figure: Energy
corr.wand sin(q) * sinly) Dirichlet Quotient o014 Energy
.
(/‘ 012
0s
o1
0s
o7 100 0.06
os
os
03] 50 0 100 200 300 400 500 600 700 80 900 1000
02
o1
0 50 100 150 ZDD‘ o 50 100 150 200
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Emergence of large scale coherent structure

Stochastic approach
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Emergence of large scale coherent structure

Stochastic approach

@ Decomposition of the kick as mean plus fluctuation

- / -
wr =&y +w,, wr=Euw,
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Emergence of large scale coherent structure

Stochastic approach

@ Decomposition of the kick as mean plus fluctuation
Wr = Q_.)r + w’l—7 (:}r - ECUr

@ cumulative forcing effect (deterministic part)

t
LA
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Emergence of large scale coherent structure

Stochastic approach

@ Decomposition of the kick as mean plus fluctuation
Wr = Q_.)r + w’l—7 (:}r - ECUr
@ cumulative forcing effect (deterministic part)

t

LAI‘JA@

@ deterministic part remain order one requires

A=~ At or A= c At
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Emergence of large scale coherent structure

stochastic forcing (fluctuation part)
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Emergence of large scale coherent structure

stochastic forcing (fluctuation part)

@ cumulative forcing effect (fluctuation part)

2 At

/’}_, :AW?(”*'”*W;(LA%J) 1
° at
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Emergence of large scale coherent structure

stochastic forcing (fluctuation part)

@ cumulative forcing effect (fluctuation part)

) el [T
/°F*A Ey At

@ Donsker’s invariance principle

t , A B
/0 P~ 226l = oGt
e = VAt
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Stochastic continuous version
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Emergence of large scale coherent structure

Stochastic continuous version

@ The continuous equation

0 dGg
877 + VJ'LZJ . Vq = VAq + Cr(:)r + Cr€E7

q = AY
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Emergence of large scale coherent structure

Stochastic continuous version

@ The continuous equation
0 _ dGg
aictl + VJ‘LZJ . Vq = I/Aq + Crwr + Cr€E7
q = Ay

@ existence and uniqueness of solutions well known, existence of
invariant measure, random dynamical system, existence of
random attractor well-known (Benssouson-Temam,
Vishik-Fursikov, Schmalfuss, Crauel-Debussche-Flandoli...)
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Heuristic limit
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Heuristic limit

@ heuristic limitase — 0

oq° 1,0 0 0 -
W‘FV Y -Vq = vAQ + G,

qO — Awo
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Emergence of large scale coherent structure

Heuristic limit

@ heuristic limitase — 0

0q° 1,0 0 0 -
— +V Y -Vg = vAqQ + ¢,

ot
qO — Awo

@ limiting behavior in time for relatively small ¢.@,

Vil vl = vA%Y0 + @,
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Heuristic limit

@ heuristic limitase — 0

0q° 1,0 0 0 -
- tV ¢ -Vqg = vAqQ + cr,

ot
qO — Awo
@ limiting behavior in time for relatively small ¢.@,

VY0 vQl = vAPy® + ¢

@ limiting behavior as ¢, — 0
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Heuristic limit (approximation)

&y corr. mand -4 (1)
. comoemd N M
P
08 08/
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Heuristic limit (approximation)

) corr. wand-A" (1)
° T~
_ 5 08 08/
wr = r o ‘
os|l
04
02 04
0
i 02
2 2
1 0
P o 50 100
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Heuristic limit (approximation)

ATy corr. wand-A™ (1)
o L e e
5 08 08 “}
wr=r e :
04 ol
02 04
[*]
0
. 02
2
2 ! ’
0 recr o K ” m
~
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Heuristic limit (approximation)

ATy corr. wand-A™ (1)
o N
5 08 08 “}
wr=r °° :
04 ool
02 04
[*]
0
. 02
2
2 ! ’
0 recr o K ” m
~

_ 16 : .
(-A)'(1) = Z 72Wsm(k1x)sm(k2y)

kjpos.odd,j=1
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Heuristic limit (approximation)

° e
s ]
° "
@~ Do) e
°
A=Y = sin(k)sin(key)
Kpos.odd,j=1,2 T kiko|k|?
°

corr(sinxsiny, (—A)~'(1)) ~ 0.99
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Heuristic limit (approximation)

° P
s ]
° "
@~ Do) e
°
A=Y = sin(k)sin(key)
Kpos.odd,j=1,2 T kiko|k|?
°

corr(sinxsiny, (—A)~'(1)) ~ 0.99
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Pathwise convergence (Majda-W. 2006)

Wang, Xiaoming Complete Statistical Mechanics and Emergence of Large Scale Coherent Struc



Emergence of large scale coherent structure

Pathwise convergence (Majda-W. 2006)

@ Theorem

1g = @°lle=(0,7:12(2)) — 0, @s.
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Pathwise convergence (Majda-W. 2006)

@ Theorem
g — qo||Loo(o,T;/_2(Q)) —0,a.s.

0 dG
8—7 + VY- Vg =vAq+ e+ Crer
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Pathwise convergence (Majda-W. 2006)

@ Theorem
g — qo||Loo(o,T;/_2(Q)) —0,a.s.

0 dG
8—7 + VY- Vg =vAq+ e+ Crer

@ Forg=q—ceG

% 4 VL + CreAG) - V(G + CreG)
_ VAG + Gy + vCreAG
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Pathwise convergence (Majda-W. 2006)

@ Theorem
g — qo||Loo(o,T;/_2(Q)) —0,a.s.

0 dG
8—7 + VY- Vg =vAq+ e+ Crer

@ Forg=q—ceG

% 4 VL + CreAG) - V(G + CreG)
_ VAG + Gy + vCreAG

eForqgd=4-¢°

% 1 Vi VG + VW + ced ' G) - VP
= vAQ +vceAG
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Rate of convergence (Majda-W., 200

Wang, Xiaoming Complete Statistical Mechanics and Emergence of Large Scale Coherent Struc



Emergence of large scale coherent structure

Rate of convergence (Majda-W., 2006)

@ Theorem
E(llg - q°|1%) < ke?
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Rate of convergence (Majda-W., 2006)

@ Theorem
E(llg - q°|1%) < ke?

°eqg=qg-¢
dq’ + (—vAq + V¢ - Vg + V' - Va®)dt = cedG
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Rate of convergence (Majda-W., 2006)

@ Theorem
E(llg - q°|1%) < ke?

°eqg=qg-¢
dq’ + (—vAq + V¢ - Vg + V' - Va®)dt = cedG

@ |to’s formula =

d oy
SiEUdIE) < (V—*Ilq I2)E(lQ"17) + c2e® D b

where
G(x, 1) =) _ brew(X)k(t)
{ex(x)} o.n.b., {Bk(t)} Brownians
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Convergence of attractors (Majda-W., 2006)
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Convergence of attractors (Majda-W., 2006)

@ Theorem
|irT?) dist(Ac(w), Ao) =0, a.s.
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Convergence of attractors (Majda-W., 2006)

@ Theorem
|irT?) dist(Ac(w), Ag) =0, a.s.

@ random dynamical system
©:RT xQx H— H,(tw,u) — p(t,w)u

p(0,w) =id, ¢(t+s,w)=p(t 0w)op(s,w)
(Qa f} P7 (et)tER)a
0; measure preserving, 0y = id, 0;,s = 005
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Convergence of attractors (Majda-W., 2006)

@ Theorem
|irT?) dist(Ac(w), Ag) =0, a.s.

@ random dynamical system
©:RT xQx H— H,(tw,u) — p(t,w)u
p(0,w) =1id, ¢(t+ s ,w) = p(t 0sw) o p(s,w)
(2, F, P.(01)ter)

0; measure preserving, 0y = id, 0;,s = 005
@ random attractor .4(w)(compact, measurable)
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Convergence of attractors (Majda-W., 2006)

@ Theorem
|irT?) dist(Ac(w), Ag) =0, a.s.

@ random dynamical system
©:RT xQx H— H,(tw,u) — p(t,w)u
e(0,w) =1d, ¢(t+s w) =t bsw)op(sw)
(2, F, P.(01)ter)
0; measure preserving, 0y = id, 0;,s = 005

@ random attractor .4(w)(compact, measurable)

(]
p(t,w)A(w) = A(bw)
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Convergence of attractors (Majda-W., 2006)

@ Theorem
|irT?) dist(Ac(w), Ag) =0, a.s.

@ random dynamical system
©:RT xQx H— H,(tw,u) — p(t,w)u
e(0,w) =1d, ¢(t+s w) =t bsw)op(sw)
(2, F, P.(01)ter)
0; measure preserving, 0y = id, 0;,s = 005

@ random attractor .4(w)(compact, measurable)

(]
p(t,w)A(w) = A(bw)

Ilmt_,oodlst(gp(t, G_tw)B, A(W)) =0
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Convergence of attractors (Majda-W., 2006)

@ Theorem
|irT?) dist(Ac(w), Ag) =0, a.s.

random dynamical system
©:RT xQx H— H,(tw,u) — p(t,w)u
p(0,w) =1id, ¢(t+ s ,w) = p(t 0sw) o p(s,w)
(2, F, P.(01)ter)

0; measure preserving, 0y = id, 0;,s = 005
random attractor .4(w)(compact, measurable)

p(t,w)A(w) = A(bw)

Ilmt_,oodlst(gp(t, G_tw)B, A(W)) =0
generalization of Caraballo-Langa-Robinson e
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Commutative diagram (Majda-W., 2006)

Theorem

q(t,w) — Qgw(w)
I N[
P — 9%
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Uniqueness of invariant measure
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Uniqueness of invariant measure

@ Invariant measure po(du)

| Flapuoew) = [ EF((t.w.w)o(al)
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Uniqueness of invariant measure

@ Invariant measure po(du)

/ F(u)po(du) = / Flp(t,w, u))po(0l)

@ Invariant measure is unique for small data
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Uniqueness of invariant measure

@ Invariant measure po(du)

| Flapuoew) = [ EF((t.w.w)o(al)

@ Invariant measure is unique for small data
2 1
°qd=9-gq

)ig'|[?

d /112 ||Vq1H2
_ < (— _
91 < (~2v— i
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Uniqueness of invariant measure

@ Invariant measure po(du)

| Flapuoew) = [ EF((t.w.w)o(al)

@ Invariant measure is unique for small data
2 1
°qd=9-gq

IvVq'|?
14

d, ., /
gl <(-2v—c )ig'|[?

@ Main ingredient: contraction, lto+Burkholder (with mean forcing
and dependent Brownian motion)
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Uniqueness of invariant measure

@ Invariant measure po(du)

| Flapuoew) = [ EF((t.w.w)o(al)

@ Invariant measure is unique for small data
2 1
°qd=9-gq

d /112 ||Vq1H2 /112

_ < (— —

G191 < (-2v —ct—)|d|

@ Main ingredient: contraction, lto+Burkholder (with mean forcing
and dependent Brownian motion)

@ E, Eckamnn, Flandoli, Hairer, Kuksin, Mattingly, Maslowski,
Schmalfuss, Sinai, Shirikyan, ...
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Summary

@ Random small scale bombardments could induce large coherent
structure
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@ Random small scale bombardments could induce large coherent
structure

@ Large structures well predicted by equilibrium statistical theory
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Summary

@ Random small scale bombardments could induce large coherent
structure

@ Large structures well predicted by equilibrium statistical theory

@ Random bombardment could alter sign as long as the mean is
not zero
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Summary

@ Random small scale bombardments could induce large coherent
structure

@ Large structures well predicted by equilibrium statistical theory

@ Random bombardment could alter sign as long as the mean is
not zero

@ Different large coherent structure could emerge depending on
different distribution of small scale forcing
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Summary

@ Random small scale bombardments could induce large coherent
structure

@ Large structures well predicted by equilibrium statistical theory

@ Random bombardment could alter sign as long as the mean is
not zero

@ Different large coherent structure could emerge depending on
different distribution of small scale forcing

@ Generalizes to other geometry and more general one layer
system, or multi-layer system
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Emergence of large scale coherent structure

Summary

@ Random small scale bombardments could induce large coherent
structure

@ Large structures well predicted by equilibrium statistical theory

@ Random bombardment could alter sign as long as the mean is
not zero

@ Different large coherent structure could emerge depending on
different distribution of small scale forcing

@ Generalizes to other geometry and more general one layer
system, or multi-layer system

@ Long way to go to reach our goal
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Questions

@ Geophysical effects (8, F, topography, Ekman, ---)?
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@ Geophysical effects (8, F, topography, Ekman, ---)?
@ What if smallness assumption is violated?
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Questions

@ Geophysical effects (8, F, topography, Ekman, ---)?
@ What if smallness assumption is violated?
@ What if the mean of the forcing is zero?
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Questions

@ Geophysical effects (8, F, topography, Ekman, ---)?
@ What if smallness assumption is violated?

@ What if the mean of the forcing is zero?

@ Vanishing viscosity and noise?
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Questions

@ Geophysical effects (8, F, topography, Ekman, ---)?
@ What if smallness assumption is violated?

@ What if the mean of the forcing is zero?

@ Vanishing viscosity and noise?

@ Convergence from discrete to the continuous case?
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